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PEEFACE. 


The present work is not a mere revision of any of the text-books 
on Algebra with which my name is connected The last edition of 
Hall and Enight’s Ekmenixmj Algebra published in Dr Knight’s 
life-time was the sixth, issued in 1890 Since that time there have 
been fifteen reprints besides three new editions Several of the 
chapters have been re-wntten, and I have added more than 100 pages 
of new mattei But it is not easy to make changes satis&ctonly in 
a text-book uhich is being widely used , it is inconvenient both to 
teachers and pupils if two or more editions are in use in the same 
class Some teachers, fully alive to this inconvenience, have imploi ed 
me to make no more dianges Others, \Mth equal insistence have 
urged that the Elementarg Algebra should non undergo a thorough 
reinsion, involving a new presentment of the subject-matter covered 
by the existing contents, and the addition of much that is new, both 
m text and examples The foimer suggestion would only satisfy a 
few, while the latter would entail insuperable difficulties in a book 
that IS stereotyped 

Guided by such considerations I have undertaken the present 
work To a laige extent it will be found to differ in plan and detail 
from my other woiks, though I have not sacnficed utility to novelty 
of treatment At the same time 1 have attempted to preserve those 
characteristic features which contnbuted so largely to the success of 
my earliest effort in mathematical writing 

In planning the succession of the vanous parts of the subject, 
the needs of beginners have constantly been kept in view A few 
articles and sets of examples have been marked 'nith an asterisk to 
indicate that they may conveniently be postponed for a second 
readmg As the chapters aie usually divided into short sections, 
eadi complete m itself, further deviations from the order of the 
text can be easily made, if necessaiy. The full Table of Contents 
will enable teachers to map out for themsdi es the course best suited 
tb their own classes 
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The followiDg special features may be mentioned 

(i) The early use of symbols is made to anse nstorally out of 

Gmieralized Anthmetio 

(ii) New techmeal terms and definitions are mtroduced as they 

become necessaiy, and are not crowded together m an imtial 
chapter 

(m) Only the easier cases of Mnltipbcation and DiTision are at first 
dealt with See Chaps iv ondv 

(iv) To relieve the wearisome monotony of that part of the subject, 
Resolution into Factors has hem divided mto two separate 
sections Chap xir fomishes an easy first course of Faotonza* 
tion, suitable for beginners At ^e end ofi this chapter, 
suggestions are offered for practice m the simpler applications 
of factors See page 147 

Factorization is resumed m Chap xvn , which oondudes with 
examples in the Converse Use of Factors, Easj Identities, and 
the solution of Quadratic Equations by means of Factors 

(t) Chap XV contains harder cases of Multiplication and Division In 
this chapter some prominence is given to Detached Coefficients, 
Functional Notation, and the Remamder Theorem 

(vi) AU the sections on Equations and Problems are unusually full m 
detail Irrational Roots are usually given to two places of 
decimals, and a Table of Square Roots is given on page 263 

(tu) Graphical work has been kept within reasonable limits The 
dementaiy pnnoiples of graphs are discussed fully m Chap xi , 
and some specially useful types m Chaps xxrv , xxvni , and 
xxxvm Elsewhere graphs ore uiterwoven with the text, not 
so much for their own sake as for the purposes of illustration 

(vui) A chapter for tevisiQn has been given to illustrate harder 
applications of elementary processes It also includes some 
miBcellaneons theorems and examples, useful at this stage In 
* particular, it contains further applications of tlie Remainder 
Theorem, and some of the uses of Undetermined Coefficients, 
uioidenti^y prqianng the way for Partial Fractions in Chap 
xui 

(i\) In the chapter on Permutations and CombinationB, on attempt 
has been made to provide against the mental confusion so 
common in this part of Algebra By careful classification of 
different cases, illustrated by suitable examples, the student is 
led on by ea^ stages to a set of miscellaneous examples which 
he should lie able to attack with some degree of confidence 
Similar remarks apply to Uto chapter on Yariation ' 
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(x) Ample provision has been made for exercise m the practical nse 

of Logarithms and the Binomial Theorem as applied to ap- 
proximations Tables of Logarithms and Antiloganthms are 
given on pages 364-367 

(xi) Ten sets of hLscellaneous Examples have been proiaded These 

are airaiiged in the foim of Bevision Papers, of moderate length 
As papers of this kmd Bometimes defeat then object by being 
too hard, I ha\e tried to make each set reasonably simple for 
the place it occupies 

(xu) Fagmation has received very careful attention Throughout the 
whaie bool—vAeiher m theorems or eaamjiies—the readei 's atten- 
tton te neier dtatracted by turning oier a page This feature, if 
not unique, must at least be ^et 3 ' rare in a mathematical text- 
book 

My aim has been to provide all that is essential in a School Course 
of Elementary Algebra, sufficient for all students who are not 
specializing in matheiuaticSi Those who ate destmed to become 
mathematicians in any real sense will pursue the study of Algebra 
m more advanced works, and in due course will fill some gaps which 
form part of a deliberate plan in the present text-book I refer, 
in particular, to the latter half of Chap xu , pages 482-494, and 
Chap XLiii, where I have emphasized the practical use of the 
Bmomial, Exponential, and Loganthmic Senes, though omitting 
proofs of theorems uhich cannot be established satisfactorily without 
a considerable digression on Convergency and Divergency of Senes 

The difficulties connected with the Exponential Theorem and 
Logarithmic Senes were discussed a few } ears ago at a meetmg of 
the Biitish Association, and in some subsequent papeis in the 
Mathematical Qatelte Among the methods of proof there suggested 
there was not one which was in the least suitable for an elementaiy 
book Further, from the views expressed by some eminent mathe- 
maticians who took part in the discussion, I quote the following 
remaiks 

“The less begmners are troubled with questions of convergency 
of senes the better ” 

“To base the exponential theorem on the limit of i when 

71 IS infinite, is logically quite wrong The loganthmic expansion 
IS more difficult and may well be postponed for a while ” 

After a personal expenence of nearly thirty years I have been 
bi ought to concur with these views, tiiough I once thought differently. 
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The conveigeiicj of senes is a part, of Algebra which very few 
jtnathematieians really understand until they reach a much later 
jstage in their reading ; and to ask the immature schoolboy mind to 
grapple with all their mherent difficulties before being allowed to 
make any use of the binomial theorem for any exponent^ or of the 
expansions for cF and log«(l+a;)^ in some of their easy and useful 
applications, seems to me unwise and unpractical. Be this as it may, 
1 venture to think that the examples and illustrations which I have 
given on pages 489-494, and in Chap XLiii , ^wiU fumi^ useful 
matter for numbers of pupils whose algebraical work will never go 
far beyond the limits of this book, and who m no circumstances 
would ever find a profitable study in a completely logical treatment 
of infinite senes 

It would have been easy to give incomplete, though plausible^ 
proofs of the theorems in question, but it would have been at 
variance with the spint of the ^mes There is a growing feeling 
that it is better to give results without proof rather than to offer 
proofs, in which all the difficultif» are glos^ over, and which after* 
wards have to be abandoned as unsound 

H. S HALL 


^^ 1912 . 
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OHAPTIB I 

G-ENBRALIZED AmTHMETlG SYMBOLS SUBSTETUTIOE 

1 ALaEBRA m its simplest applications is a generalized form of 
Anthmetic Thus m the first place, algebraical usage includes all 
the definitions and processes of Anthmetic Such definitions and 
processes are aftent^s extended m such a way as to make them 
of \nder and more general use, so that they may be apphed to 
numbers and quantities \ 7 h 1 ch have no place in ordinary Antibrnetm 

2 In Arithmetic all the numbers we use are expressed by 

means of the dints 0, 1, 2, 3, 9, each of which has a smgle definite 

-value In Alg^ra, besides the ordmary anthmetical numbers we 
use symhds which usually hare not a single definite value In 
some cases the symbols may stand for any numencal values we , 
choose to give them , m others tbe value or values of any symbol 
may be restncted by the conditions of the question we are con- 
sidenng 

The symbols generally used are the letters of our own alphabet. 
The Greek letters a, j9, y, are also occasionally used 

8 Signs of operation and thnr use The signs +, -, x , 
have the same meanmgs as m Antlimetic A few other signs will 
be introduced as occasion requires 

( I ) Thus 7+5=12 means that by addmg the numbers 7 and 5 we 
obtain 12 as the swm 

In Algebra a+5=c is a statement which asserts that the turn of 
two numbers denoted by the symbols a and h is equal to a number 
denoted by c 

Thus if e stands for 15, a and h mw stand for any pair of numhers 
whose sum is 15, such as 12 and 3, 1 and 14, 9 and 6, ana so on 

( II ) If Smith has x apples and Jones has y, they together have 
«+y apples, an algebmcal result which has a general -value, and is 
true for any -values we choose to give to x and y 

Thus if a;=2, y=3, then !r+y=2+3=5, 
if af=7, y=6, then x+y=7+6=12 

From this we see that we can get smgh definite values from the 
general algebraical value, and when we say “let we do not 
mAZiQ A 6 
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that a must always have the value 2, but that 2 is the value 
to be given to « m the particular wcample we are considenng 
Moreover, we see that we may work with symbols without giving 
them any particular value , indeed it is with such operations that 
Algebra is chiefly ooncemed 

(ill) Again, 7 -5»2 states that the dtference between 7 and 6 is 2 
And a-h=2 states that a and b stand for two numbers whose 
d^erence is 2 

Thus besides the values 7 and 6 for a and h respectively, we might 
have 8 and 6, 11 and 9, 30 and 28, and so on 

(iv) When we say 5 x 7=7x5 we merely state that 5 multiplied 
by 7 gives the same result as 7 multiphed by 5 But if we ^low 
a and 6 to stand for any numbers whatevei, then a x 5=6 x a states 
the same principle quite generally, that is not foi 5 and 7 only, 
but for any and every pair of numbers 

(v) Division 18 often expressed by writing the divisor undeT* or 
after the dividend with a Ime between them 

Thus 30-5 play be wnttm or 30/5, 

a-h r, or afb 

0 

30 

The anthmetical statement ^—6 admits of one and only one 

interpretation, whereas in the algebraical statement ^=6, besides 

the values 30 and 5 for a and h respectively, we might have a=6, 
5=1, a=48,5=8, a=60, 5=10, and so on 

4 In the ordinary notation of Arithmetic, signs of operation are 
-often omitted without nsk of confusion Thus the number nventy- 
three is wntten 73, and we understand these figures to mean 7 tens 
together with 3 vnuts If we use algebraical notation we ought to 
write the number in the form 7 x 10-f3 If now we replace 7 and 3 
by the letters a and 5, we may use ax 10+5 to represent ateTU 
together with bumis In other words ax 10+5 represents any 
number whose units' digit is 5^ and whose tens’ digit is a That is 
by giving to a and 5 different numencal values from 0 to 9, we may 
make ax 10+5 stand for any number less than 100 

5 Again, we use £5 6« as a short way of stating 5 pounds 
together with 6 skillings together with 8 pence If we wish to express 
algebraically the number of jience m the above sum we should wnte 
It in the form 5 x 240+6 x 12+8 

Similaily if we have a pounds, y shillings, and z pence, the equiva- 
lent in pence will be ;i;x240+y x I2+s 

No numerical result can be given to this number of pence unless 
some defimte numencal values are assigned to the symbols sr, y, ands; 
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6 The foregoing illustrations will serve to esplain 

(i) the way in which letters may be used just as if they were 
the ordinary numbers of Anthmetic, 

(u) some points of difference m algebraical as compared with 
anthmetical usage , 

(m) the way in which a symbol, or collection of symbols, may 
have different numencal equivalents accordmg to the numencu 
values the symbols are supposed to represent 

7 The followmg easy examples will further illustrate these 
points 

Example 1 Ftnd a munber greater than x a 
n the answer is not obvious take a similar numenoal question Fmd 
a number greater than 70 by 6 ” The process of addition which gives 
the answer supplies the neoessaty hmt , and just as tiie number which is 
greater than 70 by 6 is 70+6, so the number which is greater than xbya 
iBX+a 

Example 2 By how much does x esxeed 12^ 

Take a numerical instance “ By how much does 20 exceed 12 * ” 

The answer is obvioudy 8, and is obtained by subtxactmg 12 from 20 
Hence the excaa of x over 12 is a;-12 
Similarly the dtfect of x from 12 is 12-a; 

Example 3 If a is one part of 4d, the other part is 45-a; 

If X IB one part of y, the othmr part is y-x 

Example 4 If x+6=ll, x must stand for 5 
If y-7=8, y must be equal to 15 

Example 5 A man is x years old, how old was he y years ago ^ Sow 
(Ad wiU he be z years hence ^ 

By thinking the question out first with numbers instead of letters, it 
18 easy to see that y years ago his age was x-y years, and m z years’ 
time ms age will be x+e years 

EXAMPLEvS L a 

(Many of Biefdlmnng Examples may he taken ordBy ) 

1 The quantaties a, b, e are to be added together Express this 
algebiaically What is the answer if a=5, b=7, c=ll* 

2 The quantity r is to be taken from the quantity s How do you 
express this^^ What is the answer if r=27 and 8=41 ’ 

3 A boy starts playmg with x marbles and wins y BT preaa the 
number he tW has If x=25 and y=9, what number has he * 

4 The same boy plays with his moreased number and loses z Ex- 
press the number he then has If z=17, how many has he left! 
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6. A fanner takes / sheep to maAet and seUs g of them How 
many has he left ’ What is the remamder if /sGi and ys=4S ’ 

6 Another farmer takes I sheep to market and returns with Z of 
them How many has he sold* If 1=75 and Z=32, whatis theunmoer 
be has sold* 

7 The quantity & is to be subtraoted tiom a, and e added to the 
difference How do you express this* Give the result if 0=15* 5=9f 
e=l If a=l3, 6=7* e=0, what is the answer* 

8 If » denotes a oertam number, how would you express (i) the 
number next aboie n, (ii) tke next above that, (iii) the number that is 
greater than » by 5 * 

9 How would you express the number next bdow a;, (it) the next 
below that, (lu) the number less than a; by 6 * 

10 By how much does x exceed 3 ’ By how much is y less than 10 ? 

11 What must be added to x to moke 5* What must be taken 
from y to make 7 * 

12. What 18 the number greater than m by n * 

13. What IB the number less than n by m * 

14. If 10 16 greater than a by 4, what 18 a* 

15 If 16 is less than h by 5, what is 5 * 

16 The sum of two numbers is x, and one of them is 8 , what is the 
other* 

17 The difference between two numbers is y, and the greater of 
them IS 11 , what is the less* 

18 I possess £50 How many pounds shall I have left (i) if I spend 
£16, (ii) if I spend £c, (ui) if 1 fiist spmid £16 and then spend £e * 

19, How many slullmffl have I loft out of £1 if I spend (i) 4 shiUmgs, 
(ii) X shillings, (ill) y shilhogs ? 

20 What IS the cost of 16 books (i) at 3 b each, (u) at p shillings 
each * What is the cost of x books at y shilhngs each * 

21. How would you express (i) the number of shilhngs in £&, (u) the 
number of pence in c shilhngs, (ui) the number of owt in p tons * 

22 How many pounds ore there (i) in 80 shilhngs, (a) in d shillmgs * 
How many shilhngs are there (i) in 72 pence, (ii) in c pence * 

23 A boy is 11 years old How old will he be (i) in 5 years, (ii) in 
8 years, (in) in m years* How dd iras he (i) 5 years ago, (ii) 8 years 
ago, (ill) m years ago* 

24 A man is m years old, how old will he be m n years’ time * How 
old was be p years ago * 

25 A man is p years old, and bis son is gyears younger , bow bid is 
the son* 

26 How old will a boy be in 12 years if be was x years old 3 years 
ago* 
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27. In 5 yeai^ time a boy Tnll be jl years old, bow old was be 5 years 
ago’ 

28. Wbat number must be snbtiaoted from a;+ 13 m order to obtain x! 
If x+ 13=20, what is the value of x? 

29 Wbat number must be added to y-6 m order to obtain If 
y-6=13, w^t IB ibe value of y ’ 

If X stands for an unknown number, state its value when 

30. x+5=ll 31. 6+x=17 32 x-4=10 

33. 25-x=15 34. 15=x+3 35 21=x-5 

36. xx4=20 37. xx6=6 38 5xx=30 

Give the value of y when 

39. y-2=8-2 40 27-y=17 41. y+2=3+6 

42. y-3=8 43. 7=y-2 44. |=7 

45. How would you express a number less than 100 if the units’ digit 
was h, and the tens’ digit was p ’ 

46 How would you express the number whose three digits m order 
from left to nght are q, and r ’ 

8 When two or mote numbers are multipbed together the 
result IS called the product One important difference between 
the notation of Arithmetic and Algebra should be here remarked 
In Arithmetic the product of 2 and 3 is wntten 2x3, whereas m 
Algebra the product of a and h may be wntten m nny of the forms 
axb, a 5, or ah The form o& is the most usual ^us, if a=2, 
5=3, the product ab=ax5=2x3=6, but in Anthmetic 23 means 
tumty-thiree^ or 2x10+3 

It sbould be here carefully noted that, m Algebra, the multiph- 
cation signs (x or ) must he expiessed hetweei^lgrifres, otherwise 
they retam their place values, as m Anthmetic tiiuB 

254 means tmUmdredandfifty-foWi or 2xlOO-r5xlO+4 
But 2 5 4 means 2x5x4, or 40 

When ^mbols are multiplied by a number, the number is usually- 
placed berore the ^mbols, with no sign of multiplication between. 

Thus 3a5 means 3 times the product ah, or 3 x a x h 
253^ „ 25 „ „ ay, or25xxxy 

9 The distmction m meaning between mm voA. prfdwst of two 
algebraical symbols must be caremlly noted For instance, 

the sum of the two quantities a and h is wntten a+&, 
and doR product „ „ a and 5 is wntten a& 

Thus, if a=7, b=9, 

the sum of a and b u 7+9, that is, 16: 
thepro(Zue< of a and h is 7x9, that is, 63 
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10 Each of the quantities multiplied together to form a product 
16 called a factor of tlie pioduct 

Thus 5, a, h, are the faotors of the product Sot 

11 Wheii one of the factois of a product is a numerical quantity, 
it is called the coefficient of the remaining factois 

Thus, in the product Sab, S is the coefficient 

Sometimes it is convement to consider any factoi, or factors, of a 
product as the coefficient of the remaining factors 
Thus, m the product Scibe, 6a is the coefficient of he 

A coefficient irhich involves lettert is called a literal coefficient. 
Nois When the coefficient is umty it is usually omitted Thus ive 
do not wnte la, hut simply a 

EXAMPLES L b 

(Sheamjoks 1-13 map he taken maUp ) 

1. What do you understand 83 and by 6 3 * 

2 What 18 meant by 45xp and 4 Bvp* If ^s4, pssB, give the 
anthmoticol value of each 

3 Which 18 the greater 245 or 2 4 S, and by how much * 

* A Wnte down the product of t and u m three ways 

5 If 6 boys each have p sbilhngs, express algebraically how many 
they have in all. 

If jis:25 what is the number* 

6. Wnte down in two ways the quotient when t is divided by u 

7. Wnte down in two ways the quotient when u is divided by t 

S If a; cakes are to be ehored equally among 6 boys, express alge- 
braioally bow many each will have 

IE ie=42 what is the number * 

9 If 64 books are divided equally among c boys, express each boy’s 
share algebraically What is the anthmeticm ^ alue if c=: 6 * 

10 Wnte down tilio sum and product of the three quantities a, h, c 
If a=B, b=7, c=6, what is the value of each * 

11 Supjiose a day’s work consuts of 5 lessons, and a boy’s maik for 
eooh of them is 0 , what is his score foi the day * What is the value of 
(i) 0x4, (ii) 0x9, (m) 11x0, (iv) Oxamilhon* 

12 If a man earns 25 shilhngs a week, and a boy 8 sbiUmgs, at this 

rate what are the weekly eonungs of (i) 4 men and 6 boys, (u) of p men 
and g boys * * 

IS A bookshelf has m shelves, each holding p books, end n shelves, 
each holding g books Express algebraically the total number of books 
What is the numenoal eqmvalent when f»s=3, ^73:15, n=:4 q=20* 
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12 ExAsonui 1 If a=s3, ba5, os8, fnd the vcdve of (i) aboj 
(u) 9b, (lu) 7bo 

(i) abcs=3x6x8=120, (u) 9ba9x5=:45, (lu) 7be=7x6x 8=280 
Examhjb 2 ff x=5, y=3, z=6, find the lalue of 


Here 


16x2^ 16x5x3 3 s 
25s “ 25x6 “ 5 “^^ 


£ j[AMFLES L b (CoR<tnuet2 ) 


If as=3, 5=2, c=l, x=4, ^=10, z=S, find the value of 


14. 

3a 

15 

5b 


16 

7c 


17. 

ax 


18. 

»*• 

19. 

X 

S 

20 

b 

e 


ZL 

Bab 

22 

2asy 


23. 

3bc. 

2i 

20pz 

25 

25ex 


26 

6b 


27. 

?y 


28 







X 



z 



e 

If m 

=6, n: 

=4, e=i 

3, «=! 

v= 

2, find the value of 





29 

mnx 


80 

USX 



31 

283;^ 


32 

Bmx^ 

S3 



34 




35 



36 

9ny 


12 


3n 



ns 


16ma 


37 

nty 

24z 


38 

nsxy 

2m 

1 

' 39 . 

19na 

20mzy 


40 

—mnaxy 


1 3 The product obtained by multaplyiiig together several factors 
all equal to the aatue number is called a power of that number. 

Thus 4x4 IS called the second pover of 4, 

6x8x6 third pcvrez of 6, 

(txaxaxa fourth pover of a, 

and so on 


For the sake of brevity the following notation is used 
4x4=4^, 6x6x6=6^, axaxax 0 =ct^, 
and the small figure which indicates the number of equal &ctors is 
called the mdez or exponent of the power 

Thus m 4‘, the indtcea are 3, 5, and 6 respeotively 

14 The second and third powers of a number aie known as its 
square and cube respectively 

Thus the square of 8, or 8^=8 xS =64, 
the cube of 7, or 7*=7 x7 x7~343 


0 ?* is usually read “a squared”, o* is read “a cubed”, ofi is read 
" a to the fourth ” , and so on 


The first power of a number is the number itself 
not wnte a% but simply a 
Thus ct, la, a^ la^ all have the same meamng 


Hence we do 


/ 
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1 5 The beginner must be careful to distuguidi between eoeffctaxt 
smdiviidex 

Example 1 WhcA is iht dijfertum m meamng hetmen 3a and a”? 

By 3a we mean the product of the quantities 3 and a 

By 0 * we mean the third power of a, that is, the product of the 
quantibes a, a, a 

Thus, if a=4, 30=3x0=3x4=12, 

a*=axax 0=4x4x4=64 

EzAUFin 2 1/ b=5, dutvngm^ btiumn 4b^ and 2b* 

Here 4Zi‘=4x&x&=4x5x5=100, 

whereas 2b*=2xbxhx&xh=2x6x6x6x6=1250 

Example 3 If a=4, z=l, find the value of 

Here 5a:*=&i:*=5xe:xa:xnxa;=5xlxlxlxls5 

Note Ereiypower ofiis L 

16 In Anthmetic the &ctors of a product may be wntten m any 
order. Thus, for example, 

3x4=4x3, 

and 3x4x6=4x3x6=4x6x3 

As all the symbols we are usmg denote anthmetical numbers, we 
shall assume for the present that the same prmciple holds good for 
an algebnucal product Thus the products abo, aeb, hoc, bea, cab^ cba 
have the same value It is usual, however, to wnte the i^tors of 
such a product m alphabetical order 

17 Fractional coeffaments which are greater than unity are 
usually kept m the form of iinpioper fractions 

Example If a=6, x=7, s=6, find ihe value of ^aaos, 

Here ^aas=^x6x 7x5=273 


EXAMPLES I. c. 


1. What 18 the difference between “ twice 3 ” and " 3 squared ” ’ 

2 Wnte down the expression for thrice d,” also that for the 
“ oube of d ” Give the ontnmetioal values if d=2 

3 Distinguish between **four times z” and to the fourth” 
Wnte down toe respective values when asS 

4 The qnan^ e is to be raultaphed by the quantity x How is 
this expressed^ Wnte down the product if c=7 and a;=3 

5 If X factors, each equal to e, are to be multiphed together, 
express this algebraically What is the value if a:=3, and ilie factor 
e=7’ 
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6 If I Tralk y miles per hour for y hours, erqtress the length of my 
mlk aJgehrsically If y =4, what is tiie answer ^ 

7. What 18 ihe area of a square room each side of which is m feet* 
Give the nnmenoal value if ma 16 * 


If a 

=7, 6=:6, c 

al, ys:2, find the value of 



8. 

2a 

9 

a« 10 3h 

11 5» 

12. 

4c 

18. 

c* 

14. 

7<? 16 6y« 

16. a:® 

17. 

3/® 

18 

2f^ 

19 

4a> 20 3b* 

21. 2b». 

22 


If a 

=8, &a2, c 

=:5, xsl, y=:3, find the valne of 



23 

h ^ 


26 -a 

or 

27. 

33^ 

28. 

% 

256* g» 4y» 

I6? 9fi» 

^ m 

32 

oca; 

If a 

=3, h—bt e 

=:4, £=1, find the value of 



33. 

2“ 

34 

3* 35 0^ 

36 X“ 

37. 

*. 

ac 

38 

® 39 

tt® 

~ 40. ^ 

OCX a* 

^5ea; 

42 

6* 


18 When powers of several duferent quantaties are multiplied 
together, a notation similar to that of Art 13 is adopted ^ns 
cmlMcddd is wntten c^lAcd^ And, converse!}', has ihe same 
meamngasTxaxaxaxcxefxd 

Exauple 1 If 0 = 3 , ds=5, find th& udw of ISo'd’ 

Here 16c*(P= 16 X 3* X 5»= (16 X 6*) X 3‘=2000 X 81 = 162000 

Hote The begumer shoold observe that by a suitable combination 
of the factors some labour has been avoided 

ExAAimE 2 If p=4, q=9, r=6, ii=d, find the tofue 

XT 32gr*_32x9x6'‘_ 32x9x0x6x6 3 

^®”81i)'‘“ 81x4» “81x4x4x4x4x4“4 

19 If one factor of a product m equal to 0, the product must be 
equal to 0, tduUeoer vdlaea the a^jer foKtore may have 

A factor 0 is usually called a zeio factor. 

For instance, if x=0, then contains a zero factor Therefore 

af?xif={i when a;=0, whatever be Ihe values a, h, y 

Agam, if c=:0, then c*s0 , therefore abVssQ, whatever values a and 
t may Imve 

Note Every power of 0 is 0 
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examples. I. d. 


If a^B, b-S, m-10, n=l, x-0, a=6, find the value of 


1 


2 . 

alP 

3 

am®. 

4 . 

a®m 

5 . 


6 


7 

aafi 

8 . 

cPx 

9 . 

a5^ 

10 . 

bos? 

11 


12 . 

bnM 

la 

nPtaP 

14 . 

0*3!% 

15 . 

mW 

If d=l, e 

II 

JO 

=0, p=4. 

a=6, 

find the value of 



16 . 

BdV 

17 . 

3(P«» 

18 . 

7e!/- 

19 


20 . 

2cPga, 

21 . 

my 

22 


23 . 

4/*pa‘ 

24 . 


25 

cPs 

26 

pa® 

27 . 

1 

28 

1^ 

29 

rJV* 

17a 

30 . 

gtP 

\3dy 


20 Any collection of numbers and symbols connected by tbe 
signs +, X, - IS called an algebraical es^ssion. Farts of 
an expression separated by the signs + or - are called terms. The 
signs X and do not separate terms 

Thus 7tt+3bxc-4d+xy-a—b is an expression oljivt terms Here 
35 X c IB a single teim , so is a— 5 

Hors When no sign precedes a term the sign + is understood 

21 Expressions are either simple or compoimd A em^ 
expremon consists of one term, as ba A compound expresnon 
consists of two or more terms An expression of two terms, as 
3a- 25, 18 called a binomial expression, one of three terms, as 
2a-35+c, a trinomial, one of more than tjvree terms a multmoniial 
Simple expressions are also spoken of as monomials 

22 In the case of expressions which contain more than one term, 
each term can be dealt with singly by the rules already given, and 
by combining the terms the numerical value of the whole expression 
IB obtained When brackets () are used, they will have the same 
meaning as m Arithmetic, indicating that the terms enclosed within 
them die to be considered as one quantity 

Exauflg 1 When a=6, find vcim ofi o*-4o+2o*-3(^ 

Hoie c*=6«5s5x 6x5x6=625, 

4c=4x6=20, 

2c»=2 X 6»=2 X 6 X 5 X 6=250 , 
3<?=3x6*=3x6x6=76 

Hence tbe value of the expression 

=626-20+250-75=780 

Exaiiple 2 If a=7, b=3, o=2, find the value of 

a(b+o)®-o(a-b}* 

Theexpres8ion=7(3+2)®-2(7-S)>=7 6S-2 4»=176-128=47. 
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men n=s5, b=3, o=%l, Jind the utlue qf 


a-b 

b+2o 


-b8 


a-o 

(a+o)8 


The e^«»Km=ff'x 

2 4 

=10-1=9 


2S By Art 19 any term which contains a zew f outer is itself 
zero, and may therefore be called a zero tern 

Esasipeb 1 If a=2, b=0, x=5, y=3, find theiahe of 
5a* - ab?+ 2x^ + 3bxy 
The expression=(5x2®)-0+(2x6®x3)-‘-0 
=40 t150=190 

Note. The two zet o terms do not affect the result 

ExAurw .T. 2 Find the xodves of the esrpremon x*- lOx+21 uAen x has 
the talves 0, 2, 3, 7, S 

Here the following tabular arrangem^t uuU be found oonvement 


X 

0 

2 

3 

7 

8 

z? 

0 

4 

9 

49 

64 

Vko 

0 

20 

30 

70 

80 

a?-10x-21 

21 

5 

0 

0 

5 


Thus the required values are 21, 5, 0, 0, and 5 

24 In working examples the student should pay attention to the 
following hmts 

(i) Too much importance cannot be attached to neatness of style 
and arrangement The beginner should remember that neatness is 
in itself conducive to accuracy 

(u) The sign s should never be used except to connect quantities 
which' are equal Beginneis should be particularly careful not to 
employ the sign of equahty in any ■rogue and inexa^ sense 

(lu) Unless the expressions are veiw short the signs of equality in 
the steps of the work shoidd be placea one under the other 

(iv) It should be clearly brought out how each step follows from 
the one before it , for this purpose it ■will sometimes be advisable to 
add short verbal explanations , the importance of this will be seen 
later 
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TnrATVTP LES L e. 

[In this Exerms mdy a few (fJBxana^ 1-24 nud be vwked As soon 
as suffiaeM acewracff u securedpuptls should pass on to Exan^ple 25 ] 

If a=4, 6=3, c=6, <2=6, *=7, y=0, find the value of 


t 2a+36-c 2 46-2o+3y 

4. 3»-4y+26 5. 6c-6<2+2|y 

7. 7a-4a;-4y+2<j-36 8 

9 2<2x-a6c+46e 10 


, a6e 

a «»-a+ir 


12 


3 6a-36-2(2 
6 4«-5c+7(» 
7c-4fl:+a-25+9y 
abp+hey+dty 

^ ^ ^ 

86 a&^4a 


If a=2, 6=1, e=3, «=4, y=6, z=0, find the value of 


18 a!»-a»+<!®-a« 

15 o®+6^+c®+ajy8 

17 -6+26»+36»-46< 

19 66»+^-3ab*+a® 
23. 


14 c*-46-3»+a® 

16 36ea;-tzex+3<z6a;-y® 
18. 4<»‘-3<**+2o®-a 

20 . 


(g+y)® 6(<^-g) 
ja!-z)'^“7(a®+a:) 


22 . 


24 


6® 

a®-6® (g+64-g)® 
o®6® (6+c-z)® 


25. I^ind the values of ai®+7a;+2 when z has the values 0, 1, 3, B, 7 

26 When x has the values 0, 1, 2, 3, 4, find the values of the ex- 

pression a^-5a;+8 

27 Sheiv that 9^-70+12=0 if 0=3, and also if 0=4 YThat is its 

value when 0=8? 

28 What are the values of the expression 7 --7+ 10 when 0 has the 

volucs 2, 4, 6, 8» * ^ 

29 Wlien 0 has the values 1, 4, 7, 10, find the values of 16 -0+0^ 

30 Show, by substituting 0 for 0 and 3 for y, that the two expressions 

4(0-y)+6(0+y), 7(0+y)+2(x-3y) 

are equal 

Test their equality also when 0=10, y=0 
3L Show that 9^-90®+230=15 when 0 has the values 1, 3, or 5 
32 B} substituting 10 for p and 5 for g, shew that the expressions 
8(p-g)+3(p+g), 2{p+2g)+^[p-q) 

are equal 

Test their equality when p=5, q=:i 

S3 Shew that y®+ 19y is equal to 4(2y®+3) when y=l, 3, or 4. Wluoh 
expression is the greater when y=2? 



CHAPTER n 

Negative Quantitibs Addition Simple Beackeis 


26 Hiiehesto in an expression inrolvmg a connected chniTi of 
additions and subtractions the sum of the subtractive terms bu 
never been greater than the sum of the additive terms, and if an 
example \rere to leduce to a result such as +4-9 the subtraction 
could not be arithmetically perfoimed As an algebraical result, 
however, such an expiession can be explained, moreover a sub- 
tractive term, such as -o, can stand alone, and have an mtelhgible 
meaning gi^en to it 


26 We shall begin with some concrete illustrations suggesting 
extended meanings for the operations of addition and subtraction 

Suppose a meichant in the course of his busmess mins £100 
and then loses £70, the lesult of his trading is a gaxn, of £30 That 
is, as an algebraical statement we may say 

+£100 -£70= +£30 

and +£30 denotes that he m £30 better off than before 
But if he gained £70 and lost £70, the loss would exactly balance 
the gain, 

that is, +£70-£70=£0 

Thus he would be in the same position as when he began 

If, however, he gained £70 and lost £100, the result of his trading 
would be a loss m £30 Now if we regard the loss of £100 as 
represented by one of £70 together with another of £30, the result 
of ms trading may be stated as 

+£70-£70-£30, 

and smce +£70-£70=£0, we see that 

+£70-£100=-£30, 

and - £30 denotes that he is £30 worse off than when he began 
In other words - £30 denotes a lots or dsU of £30 

(u) Agam suppose a man to walk 5 miles due East and then to 
walk back 3 miles due West, hia position relative to the startmg 

point would be miles-S miles, or +2 miles, 

where +2 miles denotes the distance he was ultimatdy due East of 
his star^g pomt 
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If he had iralked 3 miles due East and then back $ miles due 
West, his position relative to the startiug point would be 
+3 miles -5 miles, or -2 miles, 

where -2 miles denotes the distance he was ultimatelj due West of 
his startiug point 

Thus we see that -2 miles denotes a distance equal in* magnitude 
but opposite in direction to that denoted by +2 miles 

In general, if we denote a series of steps taken in one direction by 
quantities with the + sign prefixed, we may represent a senes of 
steps taken in the opposite direction by quantities with the - sign 
prefixed 

This may he illustrated graphioally as follows 

-5 -4 -3 -2 -1 +1 +2 +8 +4 +5 

i 1 i — 1 — ^ 1 — 1 — i — I — 

w 6 0 Abe 

Let 0 be the starting pomt and let the line WOE be murlrad m 
centimetres, each centimetre represeutmg 1 mile il lan let the direotion 
OE (from left to right) be considered as due East, and OW (from right 
to left) as due West Let the suooessive nules Eastwards ^ marked 
+ 1, +2, +3, , and those Westwards -1, -2, -3, 

Then 5 miles Eastwards followed hy 3 miles Westwards will he 
represented by motion from 0 to E followed hy motion in the opposite 
direction from E to A. 

Thus OAsOE — EAs+S cm —3 ora *+2 cm , which represents +2 
miles 

Again, 3 miles Eastwards followed hy 5 miles Westwards will he 
represented hy motion from 0 to B followed hy motion in the opposite 
direction from B to 0 

Thus OC=OB-'BC=+3 cm —5 cm — —2 om , which represents —2 
miles 

(m) On a Centigrade thermometer 16" 0 means 16" above the 
freezing point or zero, and -16"C means 16* below zero 

27 From the experience of ordmary life, as shewn m the fore- 
going illustrations, we see that we frequently meet with concrete 
^entities which are capable of existing in two opposite states 
liGnc6 in Al^obrsi w© find it convBnicnt to uso tho + ond — signs 
not only as indicating the actual operations of addition and sub- 
traction, but as denoting a guoftlly possessed by the quantities to 
which they are attached In this sense, since an algebraical quantity 
le affected by the sign which precedes it, the signs + and - are 
called stgia of affection 

28 Quantities preceded by the sign + are said to be positiTe, 
those preceded by the sign - are said to he negatiTe. Quantities 
to which no sign is prefixed are counted as positive 
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29. When the value of a number is considered numencallj \ath- 
out reference to the sign affectmg i^ it is called its absolute value 

Thus +5 and -5 have the same absolute value, namdj 5 

30 Whatever quantities vre happen to be dealing with, those 
with the + sign attadied may be considered as possessmg a certain 
quahly, while those with the - sign attached may be considered as 
quantities related to the former but possessing the opposite quahty 

Thus, if the quantities are sums of money we may suppose +5 to 
denote a gam, and then -5 will denote a loss of the same absolute 
amount 

Or we may suppose +5 to denote a loss, and then -5 will denote a 
gam of the same absolute amount 

In other words, when the + sign has been attached to either of 
the two related quantities we are thmking of, then the - sign must 
belong to the other quantity 

Thus in the language of Algebra a/all of 3” m the thennometei may 
be spoken of as a me of -3” 

Or, if two runners, A and JB, are placed 10 yards m front of ‘ scratch * 
and 10 yards bdimd ‘ soratoh ’ respectively, we may say that 

A has a start of +10 yards, 

S has a start of - 10 yards 

} In xacmg language B would be said to owe 10 yards 

EXAMPLES n a 

{Most of these Examines may he talen oiaUy } 

L What IS a man worth in each of the followmg cases * 

(i) If he has £6 m his purse, and owes £8 
(u) £10 and has unpaid bills of £8 and £2 

2 How much is a man m debt 

(i) if he has £5 in hand, and owes £7 1 
(u) if he has £o m hand, and owes £12* 

How much is he wotih m each of these oases * 

3 Two places arc respectively 12 miles and 7 miles dne West of 
Bristol Cathe^l How far are th^ apart * 

4 What IS the distance between two places whicdi are a miles and 
h miles North of St Paid’s, (x) when a is greater than h, (u) when h is 
greater than a* 

6. A ship sails due North from &e Equator till her latitude is 40" ; 
if she then sails due South tall her latitude is -20”, how many degrees of 
latitude has she covered * 

6 I have £a deposited m a bank , if I draw out £6, how mnob have 
11^* If a=s20, and&s=2S, bowiatheanswertobemterpreted* 
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7 How muoh must 1 pay m to my bank in order to bring my deposit 
of up to a sum of £g» Alter the wording of the qaestion so as to 
make it apply to the case in which p=15, and g^lO 

8 Two onoket teams each play 24 matches , one wins 12. draw 4, 
and loses 8 matches, and the other wins 6, draws 8, Md loses 10 All<w* 
mg one point for a wm, nothing for a draw, and deduotmg one pomt tor 
a loss, express the two results 

g A owes me £5, so that his debt is r^resented by -£6 If I 
cancel or take an ay the debt, how muoh better off is .4 than before » 
How much have 1 practically given him’ Hence shew that -(-o) is 
the same as +5 

10, At 6 p m the temperature is 12 " 0 , at 9 a m the following day 
it 18 6" 0 , now far has mo mercuiy fallen during the night ’ 

11, At 3 a m the mercuty stands at 4" C , and at 0 a m it is colder 
by 10” Between 9am and 1 p m the temperature rises 6” What are 
the readings of the thermometer at 9 a m and 1pm’ 

12, On a Centigrade thermometer what is the rise between -6” and 

20“’ It -6+a;^20, what is x’ 

13, What IS the nao between - 16" and - 4“ ’ 

If - 16+x* -4, whot IB x’ 

14, What 18 the nse between 16" and - 4" ’ 

If l6+x= -4, what IS x’ 

16 Two men each fire 16 shots at a mark and agree to register 
3 points for a hit and to deduct 2 points for a miss One hits the mark 
9 times, the other 5 times Express their scores algebroioally 

16 Three bc^s, A, B, and G, each bowl 20 bolls at a wioket, and 
agree to record o pomts for a hit and to deduct 2 points for a miss , A 
hits the wicket eight times, B five times, and 0 six times Plaoe them 
with their respeotive scores in order of mont 

17 From a point 0 two boys A and B run due E and W respec- 
tively for 30 seconds, and then due S and N respectively for 20 seconds 
If the East and North directions are regarded os positive, and A runs 
8 yds eiery second, while B runs 42 yds every 6 seconds, express their 
final distances E and N of O Illustrate by a diagram 

18 A has £p and B bos £q' A owes £a to B, and B owes £& to A 
How many pounds will each man have when their debts are paid ’ 


Addition of Like Terms, 

31 Definition When terms do not differ, oi when they differ 
only in their numerical coefficients, they are called like, otherwise 
they are called unlike Thus, 3a, 7a , 5a%, 2a^b , -4a’h^ are 

pairs of like terms , and 4fl^ 36 , 7a‘, 9a’6 are pdirs of umike tenns 
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32 Thougli yre have now to consider the addition of positive and 
negative quantities generallj (te without direct reference to any 
concrete unit) the beginner will find it helpful to frequently re-assure 
himself by thinking out the different cases m connection with some 
concrete illustration For example, he will readily admit the truth 
of the following statements 

(i) TZe sum of tm or more gains ts a gam 
(u) sum of two or mote losses is a loss 

(in) A number of gams aesociaied with a number of losses vnU residt 
m a gain or a loss according as the sum of the gams u greater or less 
than the sum of the losses 

The rules for the addition of like terms are only a generalization 
of these principles 

Examfle 1 Fmdt1ieialueof9a.+os. 

Whatever number a stands for, if we take it 8 times and then 5 tunes, 
we take it 13 times m all Hence 
just as 8 tens + a tens= 13 tens, 

so 8a+5a=13a, 

that 18 , the coefficient of a m the result is the sum of the ooeffioients of a 
m the two like terms 

Similarly 86+56+6+26 + 66=^26, 

by addmg the coefficients of the several terms 

Exaiiflb 2 Tofndihesumqf -3z, -5z, -7x, “X 
Here we have to express, as one subtractive quantify, the sum, or 
total, of four subtractive quantitieB of hke character To subtract m 
succession 3, 5, 7, 1 hke tnmra would have the same effect as to take 
away 3+5-<-7+l, or 16, such wings m one operation 

Thus the sum of -3®, -5®, -7®, -® is -16® 

Hence the following rule 

Buie I The sum of a number of like terms^ all of the same sign, ts 
a tingle like term of the scone sign And the numerical value of its 
coefficient is the sum of the numerical values of the several co^eients 

Exascple 3 Find the sum of 17x and - Sx 

A gam of 17 followed by a loss of 8 would result in a gain of 9, for the 
difference of 17 and 8 is 9, and the gam, or positn e term, is the greater 
In the same way the sum of 17® and -8a=9T 

EXAIIFLE4 The sum of -Uxond Sv=-9v 

Example 5 Find the sum of 8a, -9a, -a, 3a, 4a, - 11a, a 

Addmg up the coejhcienis from the left, takmg each one with the sum 
of all which precede it, we have 

— 1, —2, t 1, +5, —6, — S, 
thus the requited sum 16 -5a. 


HALO 


B 
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OrflmB: 

Tho sum of tlie ooeffioients of the poastive terms is 16, 

„ „ „ negative „ 21, nvmmcdOy 

The differenoe of these u 6, and the sign of the gi^ter is negative, 
hence the required sum IS -6a 

Hence the following rule 

Rule n The sum of a number of like terms, not all of the same 
sign, IS a single Uke term To obtain its coefficient add together the 
nwmencod vcmes of the positive terms, and the numen<ud wdves of 
the negative terms Take the differenoe of idme two results cmd prefis 
the sign of the greatei 

33 Fiom Example 6 we infer that the order m which the terms 
are taken does not affect the result so long as the teinis preserve 
their positive or negative character We may adopt any oidei we 
find most convenient The process is called collecting tenns. 

SvaiiPiJS What is the value of -Sx^y+dx^y-Tr^+x*^* 
-3x®y+6ai^-7ai®y+®*y-“10*V+6»Vs= -^a?y 

34 When quantities are connected by the signs + and the 
resulting expression is called their algebraical siun. 

Thus lla-27a+ 13as -3a states that the algebzaioal sum of llo, 
-27a, 13a is equal to -3a 

, Nora Tho sum of two quantities numenoally equal but with opposite 
signs 16 zero Thus the sum of 5a aud - 5a is 0 

EXA31EPLES U b 

1, Add together the foUowmg pairs of numbers aud read off the resulte 

+7, -6, -7, +6, -8, +6, -8, +13, +19, -16, 

-27, -2, -8, -0, -16, -12, -16, -12, -20, -16, 

2. Read off the values of 

(i)+5-ll, ( 11 ) -18+9, (m) - 15-7 (iv) -16+26; 

(v) +11-16+4, (vi) -16+3-8-6, (vii) -8-7-2+13 
Fiud tho sum of 

3 3a, 2a, a, 6a, 9a 4i 4x, z, 8x, Ho;, 3a; 

6 Ip, Up, 5p, 9jc 6 d, lOd, lOOd, lOOOd 

7 -2y, -4y, -8y, -lOy 8 -tn, -9m, -11m, -19m. 

9 - 21 a, -z, - 172 , -82 10 -26c, -7c, -c, - 21 c 

11 . - 6 , 26, 6 , - 66 , -26 12 8z, - 10 ®, 3 ®, - 6 ®, - 6 ® 

13. Sab, —4ab, — 6 a 6 , 7a6 14, —zy, Szy, —lOzy, Oay 

15. ■^’Icd, —3cd, 4cd, —5cd 16, pq, 3gp, — 6 pg, 7gpt 
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Find the valae of 
17. -7<?+<?+4c=-8(? 

19. -tf62-4fl=b=+9a=6S-3a«fc« 

21 S^^+yh?-l2^+2yht- 

23 lahed-9ahcd-llcibed 


18 35»-26J-668+46S. 

20 -2a?y+6a?jr+8a?V-12a^ 
22 -4c<d+6c«d - 8c«d+ lOt^d 
24. 6xgz-Byzx-2i2Xff 


25. n the sum of 2ii:, 5x, and 7a; is 42, what is the value of a * 

\By coUecitng terms, 1^=42, whence x=^=3 ] 

26 The algebraical sum of 15r, -8v, and 3x is 100 , what is the value 

ofa;9 

27 What IS the value of x if the sum of 4x, x, 3v, 7x, and 9x=24 * 

28 Fmd the value of y when ^y - lly + 16y - 3^ is equal to 18 


35 The addition of like teims may now be appbed m solving 
easy problems 

Exauflb 1 One number ta 5 tmea aa great aa another, and thetr 
difference ta 48 , what are they f 

Let X represent the smaller number, then SxwiU represent the greater 
Now the difieienoe of the two numbers is 48 ; 

&c-a;=s48, 

that IS, 4a;s:48 

Dividmg by 4, we get a;=^=:12 

Hence 5a;=60, and the required numbers are 60 and 12 

EsaiSple 2. I thmh gf a numba , I douMe tt, trdfle it, and mtdfiply tt 
by B I add these (htee resdta togeiher and from Vie sum subtract four 
tmea Vie number first thought of If Vie result now cornea to 66, what waa 
Vie number thought qff 

Suppose X represents the number, then 2x, 3x, Bx have to be added 
together, and 4a subtracted from the sum Tlus gives 2a;+3a+6a-4a; 
But by the question the result is 66 , 

2a; + Ou + Sa - 4a= 66 
Collecting the terms, ’ 6a;=66 , 

a;=Y=ll 

Thus the required number is 11 

The answer may be checked or xertfied as follows 

Twice 11=22, three times 11=33, five times 11=55 

The sum of these three numbeFS=110 

Four times 11=44 And 110-44=66 

Ail the examples in the following Exercise should be venfied in a 
similar manner 
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1. There ate fcero numbers one of whibh is 7 times as great as the 
other , if their sum is 96, ivhat are the numbers ^ 

2 Dmde 70 into two parts so that one may be four times tiie other 

3 One number is 16 times as great as another, and their difierenoe 
IS 75 , find them 

d, Fmd two numbers differing by 57 so that one of them is 20 tunes 
the other 

5 Fmd two numbers whose sum is 52, such that one of them is 
one twelfth of the other [Lei x t epreaent the smaller number ] 

6 Find two numbers whose di&renoe is 88, suoh that one of them 
18 one-ninth of the other 

7 Find three numbers whose sum is 56, suoh that the second is 
equal to twice the first, and the third equal to four tunes the first 

8 Dmde 84 mto three parts suoh that two of the parts are equal 
and the third is five times as great as either of the equal parts 

9 Having thought of a number, I multiply it successivelT by 4, 5, 
and 8, and a& the results I then subtract the double of the number 
thought of and find that the result comes to 45 What number did I 
thmk of ^ 

Exasifle 3 Dmde £63 hetiocen A, D, and 0 so that B may have (tmce 
as much as A^ and 0 thru itmes as much as B 

Let a; be the number qf pounds A has , then Six will represent the 
number of pounds B has 

And smoe C has three times as much as B, he will have 6a; pounds 

The sum of the three shares is £63 , 

x+2x+6x=B3 

Collecting terms, 9a;=63 , 

»=-jp'=7 

Hence A has £7, B has £14, 0 has £42 

Example 4 Fs age ts one third of A’s, and one JiJih of G*s Thm 
combined ages are 72 years, find them 

Let X years represent JS’s age , then since A is three times as old os B, 
his age will be 3^ years Similarly C's age will be 6x years 

But the sum of the ages is 72 years , 

a;+3a;+5af=72 

Collectmg terms, 9:c=72, 



Hence H is 8 years old Therefore J’s age is 24, and C*s age is 40 

Kote It is veiy important to remember that the symbol x for 
a numier , in Ex 3 it is a number of pounds, and in Ex 4 a number of 
years The beginner is especially cautioned against the use of loose and 
mexaot expressions such as "Let x=A'a share” or "let x^^Fa age ” 
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10 Divide £24 between A, and G so that A may have S tunes, 
and B 6 tunes as much as 0 

ILet X denote the number of pounds G has ] 

11 Divide £3 5s between A and B so that B may have 4 b for eveiy 
shillmg that A has 

{Let X denote the number of shillmgs A has Express everything in 
* shillmgs ] 

12 Divide £2 Ss between A^ B, and G so that A and G may each 
have 7 times as much as B 

[Let X denote the number of shillmgs B has E^^press everything in 
dnUmgs ] 

13 In a month’s bnsmess a man has 4 gains, each of the last three 
bemg double of the precedmg one If his total gam is £150, what was 
the amount of his first gam * 

14. A man who balances his accounts at the end of every quarter 
finds that he has three gams followed by a loss The thud gam is 
4 times the second, and the second is three tunes the first The loss is 
twice the first gain If on the whole he gams £112, find the amount of 
the loss 

[Let X denote the number of pounds in the first gain ] 

16 Divide 48 shillmgs m wages for a man, a woman, and a boy, on 
the supposition that the man gets tour tunes, and the woman three tunes 
as much as a boy 

16 Divide 2 gumeas between a man and a woman so that the man 
may have 4 shilhngs to every 3 shiUmgs that the woman has 

17 A man is four times as old as his daughter, and the dijSerence 
between their ages is 36 years Fmd their ages 

18 A man is twice as old as his son and 10 times as old as his grand- 
son Their combmed ages amount to 96 years , how old are they ’ 

19 A father is nine times as old as his son and three times as old as 
his daughter Their combmed ages make up 65 years , find them 

[Let X be the number of years in the son’s age ] 

36 Brackets () are used to indicate that the terms enclosed 
withm them are to be considered as one quantity The full use of 
brackets will be considered in Chapter vi , here we shall deal only 
with the simpler cases 

The expression 8+(13+6) means that 13 and 5 are to be added 
and their sum added to 8 It is clear that 13 and 5 may be added 
to 8 separately or together without altermg the result 

Thus 8+(13+6)=8+13+5=26 

Similarly, if the letters a, 6, c are used to represent; any numbers, 
a+((+c) means that the sum of h and c is to be added to a , and 
since h and c may be added separately or together, it follows that 

a+(6+c)=a+6+c . . (1) 
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Again, 8*^(13-5} means that to 8 Tre are lo add the escess of 
13 over 5 , now if we add 13 to 8 vre hare added too znnch hj 5, and 
mast therefore tahe 5 from the result 

Thus 8J-a3-5)=8+13-5*16 

Siimlarlr a-^d-c) means that to a we are to add diminished 
bf e If therefore we add b we mast afterwards sahtract e 

Thus . (2) 

^Toxz. It must be ohseiTed that m this last case we hare assnmed 
that b iS not less than e. Otherwise we cannot snhtraot c from h 
antametieallr We shall retain to this pcnnt later 

By considering the resalts numbered (1) and (2) above we are led 
to the following rule 

£lil& ITlien oi expremon bracf'Bts u preceded by (he -h, 

ifts IracLets can he r&mted vUhotU moHflg any change m the 
evp^eenop 

Thus <i-6~c-W-e-/)=a-6-c-d-e-/ 

37 The eirpression 9— (’3-^2) means that from 9 we are to 
Siihtraet the sum of 3 and 2 To take the mm of 3 and 2 from 9 
is clearly to obtain the ^one resiJt as to subtract them teparatdLy 
from 9 

Thus 9-(3'f2;«9-8--2 

Similarly . (8) 

ifoiE. This last resnlt assumte that o is not les* than the snm of 
Zisnae 


means that from 9 we are to snbtiact the excess 
of 3 ovCT 2 Ii we subtract 3 we ^hall hare taken away too mncih 
oy 2, and must therefore add 2 to obtam the correct remit 

Thus 9--f3-2)=9~3+2 

Similarly a~(&-c;=a-&+c . . (4) 

^oix. Here It is assumed for the present that h is not less than c, 
and a not less than 0 


fofcSg numbered (S) and (4J we hare the 

Buie Men an expretsUm vntkin hracihete u preceded hu (he 

^ <*oy fcm 

in may ka witten 

ct— 6— c— <?+^— « 

ExAimx 1 Smphfg 7 a - f 3 a- 2 a) 

7 a-( 3 a- 39 )s= 7 fl - 3 a- 2 aasl(te - 2 a= 8 a 
Ex4mpis 2. 5inp^i/y 6t=-/2x*-5z») 

62*-f2a^>-Ja?js:6*8-2a;'+5a?=lla?*2a?=9a?. 
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38 The rules for remoruig brackets bdve ouly been proved 
stnctly for values of the symbols which make all the operations 
arithmetically possible But we may remark that whenever any 
new symbols or operations are mtroduced m Algebra we may give to 
them what meanmg we like provided that we alvtays employ sndk 
meaning, and that our meaning is not inconsistent with prmciples 
already established for arithmetical numbers Hence we shall d^ne 

a+(&'c) as being eqmvalent to a+h-(^ 
a-(h+e) „ „ a-b—df 

a-(b-e) „ „ a-b+c, 

no matter nAat numbers the symbds represent And we shall accept 
the condusions to which these meamngs lead ns 

The following special cases should be noted 

+(+«)= +fl, +(-c)=-o, 

“(+o)®‘— Cl, -(-o)=+a 


BTA1VrPT.P.R n. d. 


Simplify, by removmg brackets and coUectmg like terms, 

1. 27+(9-4) 2. 13-(9-4-3) 3 9~r5-7+l) 

4. -6xJ-(9'c-3t) 5 9x-(5a.-2x) 


6 . 

8 

10 

12 

14 

15 
17 


(8a-5a)-10a 
lSy-(6y-2y+7y) 
7m*+ (2ni®+4ro'®) - ISm® 
3y+9y+(2y-3y)+8y 


7. l^-(^+2;>) 

9. a!y+(®y-3a?y+9xy) 
11 (8y»-3^)+(7y“-4y=) 
13 


(4?+3a?) - (5x®+2w»)+ (aj®-9a?) 

4c»-(7c»-^8c>-c*)-(2c*-3c») 16 -(6d»-4d»)-(2i»-3d»)+d» 

lix* - (Sx^+Sx*) + (7x* - 9x*) - (8x*- llir) 


Addition of Unlike Terms. 

89 When two or more like terms are to be added together we 
have seen that th^ may be collected and the result expressed as a 
sinqle like term If, however, the terms are unhle they cannot be 
collected and expressed as one term 
In Arithmetic the sum of 2 yds , 1 ft .and 11 in can be expressed 
only as 2 yds 1 ft 11 m , unless we reduce the three quantities ce 
the same denomination Similarly, m Algebra, unless we know 
their numerical values, m finding the sum of two unlike quantities 
a and h, aU that can be done is to connect them by the sign of 
addition and leave the result m the form a+b 
Agam, the sum of 3a, 46, e, mid 3d is 8a+4&+c+2c^ and cannot 
be written in any simpler form 
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We have now to consider the meaning of an expression like «+(-&), 
By the rule for removing hiackets 

a+(— 6)=«-6 

Hence to add -bis the same thing as to subtiact h 

40 The wider use of the word sum m Algebra should bo carefully 
noted In Anthmetic we use it to denote the addition of jpostfive 
quantities only , whereas in Algebra we have seen that an expression 
such as 6-9 means that Ihe negative quantity -9 can be a^ied to 
the positive quantity 6, and that the result of the addition is the 
negative quantity -4 

Thus in Algebra a-h means not only the siditracUon of h from a 
but the sum of the two quantities a and — 6, whatever may be the 
relative values of a and h 

41 In finding an algebraical sum we may assume that the result 
is the same in whatever order the terms are taken From the 
nature of addition this must be so, ]ust as in making up an account 
the several gams and losses may be taken in any order 

42 We now proceed to find the sum of compound expressions 

Exasiplg 1 /As sum q/* 3a -fib +20, 2a+3b-d, -4a+2b 

The sum sa(3a“66+2c)+(2a+36-d) + {-4tt+26) 
as3(t-fih+2e+2a+3&-d-4a+26 
=3a+‘2tt-4a-fii+3&+26+2c-d 
=r(»+2e-d, 

1^ colleotmg like terms 

When there are several expressions to be added together it is 
more convenient to use the following rule 

Buie Arravge the expremms xn lines so that the Itke terms may he 
tn the same vertical columns then add each column banning 
that on the left > 

3a-fi&+2e The algebraical sum of the terms in the first 

column IS a, that of the terms in the second column 

-to+2p le zero The sm^e terms in the third and fourth 

a +2c - d columns are brought down without change 

EVA31F1.E 2 Add together 

-Sab+6bo-7ao, 8ab+3ao-2ad, -2ab+4ao+fiad, bo-3ab+4Bd 
•<-fiab->-6be-7ac 

Sob +3m;-2od Here we first re-arninge the expressions so 

-2ab +4a<;+fiod that like terms are iii the same vertical columns, 
-Sab+ be +4ad and then add up each column separatdy 
-2ab+7bc +7od 
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Pind the snm of the following expressions 
1, 2a-«-36-c, -o+6+Sc, 3a-&+e 
2 2a;-y+3z, a;+4y-z, 4v+^-2z 
3. i»+3g-47 , 3^j-g+r, 5p+g-2r 
4 5a-46-c, -2a+6+2c, -3a+3&+e 

6 6x+y-2z, -Bv-ff+ 2 , -aj+Sy-z 

6 , 81-2jn+5n, -6Z+7«i+4n, -l-m-8n 

7 7a;-6y-7z, ^-3y-3z, 6x-3y+2z 

8 3e-4d-r5e, -2e+8d-Se, e-4d+3e 

9 4a-76+5a;, 2a+5i-3x, a-^+4at 
10 W-Sjm+IOb, -37+5»»-8b, 2l~m-n 
U, -16a-105+5c, 3o+56-c, 10a+5&+e 
12 -16a+S®+8c, a+16&-4fl, 14a-19&+4& 

Add together the following expressions 
18 6ab+3be-ca, 2db-4Jbc, -cA+ca 
14 -zff+yt+zx, -3T;y-2yz+3za,, xy+yz-zx 
16 o-2h+3c-(2, 6-3c, 2c+3d> 2a-5+d 

16 4c-y+z+Z, y-z+3Z, z-W, a;+2z ^ 

17 2)g-37y+4gr, 3gj-pq, 2pq-3qt+4Tp 

18 17a6-13W-6^y, 7ay, ITU-Sab, 3xy-^ 

19 5-0-6, 7-*-2o, 36-2c, -4+a-26 

20 P“7+7*’+3, 2g-3r+S, 3 j + 2y, y-8-7r. 

21 6-T-2y, 4+3x, 2x-By, -3+x-5jf 

22 lxy-6jfZt -2yz+3zx, 4Ty-3yz+6zi 
23. 3a-26+6c+2, 4a-36+5c+8, 36-5c-5 


Dimension and Degree 
Ascending and Descmiding Powers 

43 Each of the letters composing a term is called a dimension of 
the term, and the number of letters involved is called the degree 
of the term Thus the product abc is said to be of three dimetmons. 
or of the tJaid degree , and tnr* is said to be of five dimeneum^ or of 
the fifth degree 

A. numencal coefficient is not counted, l^us 80^6^ and a-h^ are 
each of seven dimensions. 
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44 Hie degree of an expression is fcbe degree of the term of 

h^best dimensions contained m it , f^us cr*— \s an ex~ 
pression of ths fowth degree^ and cPx—llrsfi is an amression of thi 
fifth degree Bat it is sometimes useful to roeab of we dimensions 
of an expression intb regaid to some one of the letters it involves 
For instance the espiession is said to be of three 

dimensions in x 

45 A compound expression is said to be homogeneous vrben aU 
its terms are of the same dimensions Thus 8(i°— is a 
homogeneous expression ofsus dxmsimom 

46 Different powers of the same letter are •mWe tei ms ; thus the 
result of adding together 2a? and Ba? cannot be expressed bj a 
single term, but must be left in Ihe form 

Similarly the algebraical sum of and — h* is 

Tms expression is in its simplest form and cannot 
be written in anj shorter waj 

47 In adding together several algebraical expressions contaming 
terms with diffeient powers of the same letter, it is convenient 
to arrange all expressions in descending or ascending powers of 
that letter This will be made clear bj the following examples 

ExAMPin 1 Add together (he foWowmgeaepiesstons 
Si^-T+Bx-oi^, 2s?'*8-9x, 4 x-2tc*-*-3x®, Sx®-9x-x®, x-a?-x*+4 

3x»-oir*-«'6r-7 

2ar>-9r-8 

-2a?»-3!eS-*-4a- 

3x»- a?-2x 
- a?~ a?~- a;J-4 

3a^-23?-7r-*-3 

The hipest power of x m the first ei^iession is ^ We write the 
term Za? first, then that mvolving a^, then that mvolving x, and then 
that which does not contam x The terms are said to be atranged 
m descending order The other expressions are arranged m the same 
way, so that m each column we have like powers of the same 

ExAHEUS 2 Find the sum of 

3alP-2b*+a®, 6a®b-alr-3a*, 8a*x5b*, 9a®b-2a®-*-ab® 

-2&»-3a5S + a® 

- cdP+ 5aV>-3(? 

56* J-Sfl® 

gy-x. 9g^-2a® 

35®T3o^-*-14o2&-x.4fl? 

Here each expression contains wwers of two letters, and is arranged 
according to descending powers of 6, and ascending powers irf a 
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n] EZA^IFLES IN iiDDinON. 

EXAJVTPT.BS n. f. 

Add together the folloTnng expressions 
1, a*-a5+6®, 2a®+a&-6®, o®-a6+26®. 

2 2afi-x+3, a^+2x-S, 3st^-x-3 
8. -c?+3c-l, -2c2-6cV6, 3c?+c-8 

4 3ja^-pg+g’‘, -^+pq-^, V-3p?+9*. 

5 6o®+2a-3, 3a®-4a+5, 2aH3a+l 

6, -2}»*+43n+2, »i®-6jn+3, 3m®+3m-5 

7, 4a?-3, 2a:+8, -3a^-7, a?+5x 

8, a?-2a?+»-7j 3a?+5«+2, aj*+2iE®-6af 
9 2-4a+a®-3o*, l-2a®+o®, 3oTo“-6a* 

10. 5-6+6», 2+36»+66», -6t4&+7B® 

£^d the snm of the following expressions 

11 »*+3j/®, 6a^-7y; 4y-8, y*+2/=+l 

12 3^+3a?+a?-’4x, -2x*-3a?+x, 5a:*+2a?+3x 
18 6a*+3o®, -2a*+7o®i -5a®-2a, ofi-cfi 
14. 36»-5, 4B®+36, 6^-86®, 76*-25® 

16 -2o®+2a®6-2aft®-6®, -3a®5+6*, -4ffl®6+6a6® 

16 a!*-2a^y®+y*, -3a;®y+2a^, 6't?y-p^, a^-x* 

17 jn‘*-TO®-6, m®+3m®-4, -2i»+3+m* 

18 7-2a+3o*, -2+o*+o*, -6+2o-B*-tr*+a* 

19 8c>+8, 3(?+ll, -4c®-2c®, c^-c®- 19 

20 2J*+l2p*, -8p®+^, -^-3p, ^~3 

21 If a=3pP-S^+7i 6=8-2j^, c=4p+j^-15, find the Tslne of 

a+b+c 

22 Distinguish between file and vnlike terms Find the algebiaicd 

sum of the hke terms in the expression 

7x* - 3a^ + 2^ + fix^ - 5x®y + ly* + lOa^ 

23 What is^the degree of a term in an algebraical eiqiression* Di the 

expresmon 6 ce‘6-8oV+6*-9o®J®, what is the degree of each 
negative term ® 

24. In the expression 

rt* - 3a*6» + 7a6* - 0=6% - 8a^, 

whioh terms are hie, and which are homogene<m2 



CHAPTER m. 

SlTBTRACTlON , 

SnMiachon of Simple Expressions. 

48 The simplest cases of Subtraction have already come unde 
tbe bead of addition of like termS) of which some are negative 
[Art 32] 

Thus 5a-da=2(t, 3a-7a--iet, -3a-6a=i-Qa 

In these three examples we have added neffative quantities, oi 
what IS the same in effect, subtraoted poeittve quantities 
Also by the rule for removing brackets [Art 37], 

3ffl-(-8a)= 3a+8a=lla, 
and -3a-(-8a)=s— 3a+8ass 5a 

Again, a-(+6)=a— 5, 

and a-(-6)=a+& 

Thus we see that to evdAract a pmtive quantity we must adi 
a negative quantity of the same absolute value, and to ttibtract i 
n^ative quantity we must add a posOive quantity of ihe sam 
absolute value 

Rule Ghcmge the sign of the term to be subtracted and add t 
the other term 

49 In expressing tbe difference between two numbers ii 
Arithmetic, we place the gieatei number fost and the smalle; 
number follows the - sign If however we are using symbol 
whose values are not known, another symbol ~ is used 

Thus ar^b means the onthmetioal difference of a and 6 withoui 
specifying whether a or 6 is the greater 

The expression a-b in Algebra always means “6 subtractec 
from a” whatever values a and b may have 

50 If a - 6 18 positive, a is said to be algebraically greoAsr than 5 
If a - 6 18 n^atvoe, a is said to be algebraically less than b 

The sign > is used for the words “ is greater than ” 

„ < “is?e«s than” 

Thus 4>-5, because 4-(-6), or 4+6 is positive, 
and -8<-3, „ “8-(-3), or -8+3 is negative 

(Jenerally, —a<-b if -o-(-6), or -a+6 is negative, that i 
if the absolute value of a is greater than that of b 
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EZAHFLES m. a 

From 


1 

2 take 4 

2 

2 take -4 

3 

-2 take 4. 

4 

-2 take -4 

5 

7a take 3a 

6 

7a take -3a 

7. 

-7a take 3a 

8 

-7a take -3a 

9. 

13y take 9y 

10 

13y take -9y 

IL 

-13y take -9y 

12 

-13y take +9y 

13 

2a; take -2x 

14 

-2a; take -4a; 

15 

-3z take -26z 

16. 

-9y take45y 

17. 

-db take ah 

18 

-ab take -ah 

19 

ITcd take 7cd 

20 

12edtake -7cd 

21 

-3a? take 6a? 

22. -^take-9y® 

Subtract 

23 

5a^ take 8a^ 

24 

yz* take -2yz* 

25 

-fFh from Sa?6 

26 

5a?zhoTa.sfiz 

27 

5from2(? 

28. 

2(^£rom5 

29 

-5 from 2^ 

30 

5® firom a® 

31 

-5® from a® 

32. 

-aft? from a? 

33 

-73y from 9a;y 


Subtraction of Oomponnd Espressions 

61 In dealing with expressions wbidi contain unlike terms we 
ins 7 proceed as in the following examples 

I Example! Subtract from 

The differenoe 

s4a-3t+5c-(3a--2&-c) The expression to be subtracted is first 

=4a-3b+fic-3a4'2b*f c enclosed in brackets with a mmns sign 

=4a-3o-36 +26 +5c+c ^ the ^ckets 

oi/T-ow-r w-T-v terms are combmed by the rules 

=a-6+6c alread} mEplained in Art 32 

It 18 , howerer, more oonrement to arrange the work as follows, the 
signs of all the terms m the lower Ime bemg changed 

4a -36+ 5c The like terms are wntten in the same 

"3a+2&- c Tcrtical column, and each column is treated 

hyaddittoa, a- 6+6c sspamtdy 

Buie Change the sign of every term in the expression to be 
subtracted, and add to the other expressim 

Note It is not necessary that in the expression to be subtracted the 
signs should be aetmtly changed, the operation of changing signs ought 
to be performed mentally 

Example 2 From 5x®+xy Azie 2x®+8xy-7y® 

5a^+ xy In the fist column we combine mentally Sa^ and 

-2x^, the algebraic sum of which is 3a^ Smiilarly m 
3a^-7xv4'7i/^ the second column we combme xy and -Sxy In the 
column the sign of the term -Iff has to be changed 
before it is put down m tiie result 
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[OEAF 


Terms containiDg different po^rers of the same letter being wddee 
must stand m different columns 

Exauplh 3 SubtrcuA 3i^-2x/rom l-x* 

0l 

-a? +1 In the first and last columns, as there is nothing 

3a^-2e to be subtracted, the terms are put down without 

jA gjj I 2 j .j change of sign In the second and third columns 

~ each sign has to be changed 

The rearrangement of terms m the first line is not neceautry, but it is 
convenient, because it gives the result of subtraction m descendmg 
powers of x 


EXAMPLES m. b. 


From 

L a+b take 2b 
3. a+b take a-b 
6, 7e+Bd take -3c -2d 
7 b+3c-d take 2b+2e+d 
9 ^-Qq+2r take ^-2g+6r 
11. a+2b-3c take -2a-3b 
18. x-2y-2ii take ~x-2iy 
13 2(tb-2cd+2ezc take -ab+2ed 
16 take x]f~2yz-43sx 

18 o’+l take o^+a-1 


2 a-b take -2a 
4 2x-9y take a;+4y 
6 -m+Sn take -4m-3n 
8. 3x+y-z take 5x-4y+2z 
10 -ic+y-fit take -x-y-5e 
J2 7a-Sb take -a+9b-4c 
14 -2m+4n take 2n-2p 
3ao 

17, -7np take -nm+Tnp-^pm. 
19, a®+a^ take B®-2Ba;+*®+3 


20. »^+a?+»+l take as*+a?+l 
21 a?jf+3xj^-xyz take 2a?y-x^+3a!yz 
22. o*+3a?+a take -o^-a?+3a 23 m*+9n.*+l take 
24, 1 - 0 * take 2o*-3o’%+2Bb*-6® 


Subtract 

25. a^“3*y* from a*+3a^+3»y®+y* 

26. a^-y® from a?-3a^+3a.y°+y® 

27. 4-*+a?+a!® from 6+«-a? 

28 «t®-3»*-4m»®-«i*» from 4jM«®+n®-9»»*» 

29 d*-l+d-<P from l-<i+d*-d®-d* 

30. from 8a^+2a^-6y* 

What must be added to 

31 c-d to give c’ 32, aj+ytogivey» 

33. a-6-c togive o+c» 34 togive 3a?-2y®+4i^’ 

35, aj*-l togive a^-a^+ay*’ 36. o^-ol^ togive a*-b*T 
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37 Take i? from 1, and the result from 1 

38 Item 3a+4c take 2a-3&-f7(^ and from the result subtraot 

“20+36-C , 

39 Take the mim of and m^+2]nV-ffln‘ from 

and give the numerical value if >n=0, n=l 

40 Take the sum of 3a^+a?+y®, a:^-a^-2;^, and 3^+29^-4a^ 

from -2a?+y*+a^+2a;y® 


62 The following equivalents have been established in Art 38 

fl+6-c®=fl+(6-fl)i «-6“C— a-(6+c), a-6+c=a-(ft— c) 

Hence the rules for lemoving biackets may be stated conversely 

Buie I Any peat of an expretmn may be endosed mtkin heuskete 
and the myn + pruned Ike sign of every term within the biailets 
lemaviMig imaltered 


Buie n Any part of an expremon may be esneksed •mkxn brackete 
and ihe s^n - prefixed^ promded the sign of every term within the 
bracUte he changed 

Examfixs (i) a+i-c+d-esa-T^lh-e+d-e) 

as<i+6-c+(d-e) 

(n) a-b-^c+d-e^a-l+h— c— d+e) 

=a-6+c-(— d+e) 


53 The follo-ning results m connection with addition and sub* 
tl%ction have now been established 

I AddOum and subtractions may be made in any order 

[See Art 41] 

Thus a+h-c+d-«-f=a-c+6-a+d-/ 

sia+b-hd-c-e-f 

This is known as the GonmntatiTe Law for Additidn and 
Subtraction 

n 77ie terms of an expremon may be grouped in any manner 
Thus a+6-c+d-s-/=(a+h)-c+(d-e)-/ 

^^a+{b-e)+(d-e)-f—a+b-{fl~-d)-(e+f) 

This IS known as the AsBociatiwe Law for Addition and 
Subtraction. 
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ALGEBRA 


MZSGELLAJKTEOnS EXAMPLES L 
Exercises eob Revision 
A 

I Simphfy (i) 4T-2a?-(2!B-3fl^), 

(ii) 3a-4&-(35+a}-(6a-8&) 

2. To the Bum of 2a-3&-2c and 2&--a+7c add the sum of 
a-ic+Tb and e-6b 

3. When a=3, y=2, 2=0, find the value of 

0 ) («) 

4 Define index, coefficient In the expressions 4a^+3a;, 2a^+a^ 
3^+721, find (i) the sum of the indices, (ii) the sum of the ooefiSoients 

5. Prom 5afl+3x-l takethesumof 2i);-5+7a^and 3a^+4-2a;’+a; 

6 If 2a;+3x=2S, find the value of 2a^-3afl 

B 

7. Distinguish between It&e and wUtke terms Fiok out the like 
terms m the expression 

o® - Stx6 + 6* - 2o* - o®+ 36“+ 6a6 + 7a® 

8 Wnte down in os many ways as possible the result of adding 
together x, y, and z 

9, Subtract 6a^+3a;-l from 2a^, and add the result to $a^+3x-l 

10. Express a; lbs m ounoes, y owt in stones, and z lbs in cwt 
If fljsS, y=s6, and 2 = 784, what are the answers * 

II Wnte down in algebraical symbols the result of diminishing 
2a by the sum of 36 and 6c 

12. When x=l, y=2, 2=3, find the value of the sum of 6a^, -2aAe, 
3y* Also find the value of 7^-3^ 

0 

13 Add the sum of 2y-3^ and l-6y® to the remainder left when 
l-y+^ 18 subtracted from 5y® 

14 Explain clearly why «- (y-z)=a;-y +2 

15, If x=4, y=3, 2 = 2 , a=0, find the value of 33 ^- 22 ^- ax + 600 ^ 

16 Simphfy 2a“6-(3o-26)+{2a-36)-(a-26) 

17. Pind the algebraical sum of the hke terms m the expression 
5o® - 4o®% + 6 * + 60 ^ + 7a6® - 3o^ + 4o6® + 8o*ft 

!i8 A boy works x+y sums, of which only y~22 ore ngnt, how 
many are wrong® 
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19 la the expression point out the highest powerj the 

lowest power, the positive terms, and the coefficient of er 

20 Thke a?-f^ from and add the remamder to the sum of 

4»y-a?-3^ and 2a?+6^ 

21 A man who can row S miles an hour m still water rows for one 
hour against a stream flowing at the rate of 2 miles an hour He then 
turns, and, nsmg the same mroe, rows mtA the stream for one hour 
Illustrate by a diagram, and express his final distance from his startmg 
point with the proper sign 

22 What IS the dajn u of a term in an algebraical expression ’ In the 

expression what is the degree of the negative term* 

23 I^nd the sum of 5a-lh+c and 3b-9a, and subtract the result 
from C-4& What is the value of the answer when a=5, &=3, es=15 * 

21 If x=3, tf=i, p=8, 9 = 10 , find the value of 


xyp 


p-y 


25. Express the sum of a pounds, b shillings, and e pence m pence 
What IS the answer if a=3, bsll, and e=8* 

26 What are the meanings of g’, 3y, What is the numencal 
value of each if g=3 ’ ® 


E 

27 If X represents the date 10 a d what will - 3x stand for * 

28 Add together and 2a?+Sx-3, and diminish the 

result by 3a?+2 

29 ^ the expression 

4o*b® - + 3o^ + St* - aWx + 2aAi6 + abx* - a®6*, 

S omt out which terms ore Ale, and which are homogeneous What is the 
egree of the expression* 

30 A man starts on a journey of x miles and walks at the rate 
of a miles per hour for t hours How far has he still to go* If 
x=40, a=4> t=7, what IS the answer* 

31 A man walks 2a -b miles due North from a fixed point 0, and 
then walks a distance 3a+2t miles due South , what is his final position 
with regard to 0 * 

32 In a tram there are 3x+^-e oassengers , of these x-y+z are 
first class, 2x+3g-z are third class Give me aigebraic expression for 
the numW of second class passengers What are the nummrs in each 
class if x=45, y=36, z=5* 

33. From the squate^of m take the square of n, and subtract 2nin+n® 
from the result 

34 A man has two sons, one of whom is twice os old as the other if 
the man’s age is six tunes that of the younger, and if the sum of the 
three ages is 63 years, what is the age of each* 

HALO C 



C5HAPTER IV 

Multiplication 


Simple EzpiesBioiiB or Monomials. 


64 In Arithmetic -we know that the factors of a pioduct may be 
taken m any order 

Thus 3x4=4x3, 7x6=5x7, and so on 



3 4 3x4 4x3 
7^6"7x6 5x7 


4 3 



Hence also in Algebra cu long as a and b donote ang positive 
guantihes, whole orj^honal, 

axb^bxOf or ab=ba 


66 Multiplication by a negative quantity Buie of Signs 

Multiplication in its primary sense is repeated addition 

3 X 4=3 taken 4 timra 
=3+3+3+3 

-IS (0 

Similarly (-3)x4=''3 taken 4 times 

= -3-3-3-3 

= -12 (ii) 

At present a result such as 4x(-3) has no anthmetical meaning 
In accordance with the principle laid down m Ait 38, we shall 
.assume that the geneial law expressed by axb<=bxa is univeisally 
true, and we sball accept the conclusions so dem ed 
Hence we have 4 x (- 3)=(- 3) x 4 

= -12, by(ii) 

= -(4x3) 

Hence when the multitier u nmahve m feet rmltiplg by tit ahsotute 
value^ and then change the ngn of the resulting product 

Thus ' 3x(-4)=-{3x4)=-12 (lu) 

To get the value of (-3)x(-4l we first multiply (-3) by 4 and 
then ^nge the sign of the result The first operation gives -12, 
.and the second +12 
Hence 


(-3)x(-4)=+12 


(iv) 
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From the results numbered (i) to (iv) we see that the product u 
positive TV hen the tiro factors have Me signs, and nerative Trhen the 
two factors have mhle signs Hence^ using generu symbols, with 
the full signs attached, the above results may be grouped as follows 

(+a)x(+6)=+a6, (-a)x(+6)=-o6, 

(-ff)x(-i)=+flf6, (+a)x(-6)=-a6 

In other words, when (wo algebraical quantities are multiplied 
tOQBth&r 

’ like signs give + , unliLe signs give - 
This IS known as the Rule of Signs 


T7e also see that the above four algebraical products have the same 
absolute value, the only difference being m the signs Hence, 
multiplieaUon by a negative quantity mdvxites that we are to piwseed 
just as if the multiplier were positive^ and then change the sign of the 
prrduct 

Thus we have learnt (i) that the absolute value of a product is not 
affected by the signs of its factors, and (ii) that the sign of the 
product does not depend upon the ordei of its factors 


66 Smce the result of Art 54 is universally true, 
that 18 , ax5=&xa, 

for all values of a and b , 
hence also,^; all values df a, 5, and c, 

ahc=(a&)xc hac=5 x(ac) bac=(5a)xc 
=(ba)xc =bxca =cx(ba) 

=bac , =bca , -cba , 

and so on , whence it follows that the facAots of a product may be 
taken in any older 

This IS the Oommntative Law for Multiplication 
EsAamLE 2ax35xc=2x3xax5xc=6a6e 


57 Again, the factors of a prodwa may be grouped in any way 
we please 

Thus abcd—axbxcxd 

=(a6) X (cd)=ax{bo) xd=ax {bed) 

This IS the Associative Law for MultiplicatioiL 

Exampu 1 Multiply 4a -3b 

By the rule of signs the product is negative ; 

■ilso 4ax3&=4x3xax&=12a5 
4ax(-3&)=-12a5 

Example 2 -7a5x(-8cd)B:56a5cd 
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[CHAP. 


EXAMPLES IV. a. [Oral) 

Multiply together 

1. -5, 4 2. 3, -7 3 -6. -9 4 So, 7 

5 3, 2& 6 9*, -4 7 -l?y, 6 8 -9ro, -12 

9. 6c, 7(Z 10 -6m, -6n U, -8®, 13y 

12 16a, -7b 13 ob, 2® 14. 3mn, -ji 

15 -ob, -7c 16 -9a,y, z 17. 4ab, 6cd 

18. -3a^, d 19 -41.nt, -32n 20 1202^, 13b® 

V 

68 To fortlier illustrate the rule of signs, add a few examples 
m substitution where some of the symbols denote negative 
quantities 

Example 1 ^ a=: -4, jmd thA vdue of -a^, and ( - a)’ 

Here a»=(-4)*=(-4)x{-4)x(-4) 

=(+16)x(-4)=-64, 

and -o>=-(-4)»=-{-64)=64 

Also (-a)*=(+4)®=4x4x4=64 

By repeated applications of the rule of signs it may easily be 
shewn tW any odd power of a negative quantity is n^ative^ and 
any even, power of a negative quantity lapontm 

Example 2 a= - 1, b=3, ow - 2, find the valve tf -3a^bo^ 

Here — 3a^bc^=— 3x( — l)^x3x(— 2)* write down at 

= -3x(+l)x3x(-8) onoo (-l)*s= + l, and 

=72 (-2)8= -8 

EXAMPLES IV. b 

If o=-l, b=-2, e=-3, »=0, y=l, find the value of 
1. 6b 2 - 4c 3 ay la® 

5 (-C)® 6 -6b« 7. (-b)® 8 -b® 

9 0 ® 10 o* 11 (-c)» 12. -c® 

13 4aV 14 -50% 15 2a»c« 16. -,oV 

17 -b< 18 (-b)» 19 -3a8bc® 20 6oV 

If ®=-2, y=l, z=0, m=-3, »=-l, find the value of 
21. 2®+6y-3n 22 -6y-6z+9» 23 -4®-2m+n 

24 a^y-3mn-ny 25. »*-y® 26 »®+a?+y® 

27. 3afti-3z+» 28. -ny+77m®-n* 29 ayz-4«®-a* 

30. When x has the values 0, -1, -3, find and tabulate the values of 
the expression 9^-i-2®+3 [^eArt 2.3, Ex 2] 

31 Tabulate the values of the expression a^-7®+10 when ® has the 
values -1, -3, -6, -7 

Tabulate the values of a^-3® when ®= -3, -2, 1, 2, 3 
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60 The Law of Indices. 

Since, by definition, a^^aao, and a^=aaaaa , 

e?xcfi—aaaxaaaaa=aaa aaaaa==a*—a^*^ 

More generally, if m and n are any positive vbole number^ 
a^=a a a tom factors , 
a"=a a a to » factors , 

a**>x «"=((£ a a to m £actors)(a a a ton factors) 
ssa a a. to m+n factors 
=a*+", by definition , 

that IS, the index of a in the product is found by adding the indices 
of a in the factors of the pioduct This is the Law of Jbdices 

Exasiple 1 Fmd iht product of 5a? and It? 

5a? X 7a*=S x 7 x o® x a®=35o®+*=33tt® 

The Index Law may be extended to cases in i^ich more than two 
expiessions are to be multiplied together 

Example 2 Ihnd the product of x®, x®, and x® 

The prodnot=*® X ar* X a^= xa*=a;® X T*=a^ 

60 When the expressions to be multiphed together contam 
powers of diff&ent letters, a similar method is used 

Example 6o*fi^x8a®5T*s5x8o'’+® 

=40a’4*b,^ 

Note The beginner must bo careful to observe that m this process 
of multiplication (he indices of me letter cannot combine in any nay with 
those of antAher Thus the expression cannot be wntten in any 

shorter form 

61 Bnle To multiply two ample expressions together^ multiply 
the eoeficients together and prefix their pndiict^ with its pio]^ sign^ 
to the pioduct of the diffeient letteis^ giving to eac4 letter an index equcX 
to the sum of Uie indices that letta has in the separate factors 

The product of three or moie expressions is called the continued 
product 

Exa3iplf Find the cmtinnedproduct of 5\®y, -SyV, and 3z* 

The produot=5a?y x ( - 8p%*} x 3s*= - 120tiV^ 

Note 1 The product of any number of negative factors laposUxve or 
negtUiie according as the number of factors is eten or odd 

Note 2 (a®)^ must be cleaily distinguished from a^xa?. 

Wo have seen that a® x a?= a*+*=a® 

Whereas (a®)^=o*xo*xa®xa® 

-qS+S+S+S 
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EXA3VEPLES 17. c. 

Multiply together 


1. 

6®, 6“ 2 

1 X 

3 -6s, 


4 9y®, 6y® 

5 

8c, -7c^ 

6. 

-3m®, 2 to* 

7. 

-4d®, -tT 

8. 

p, 

9 

Sox, 4af 

10. 

4c*, -2d® 

U 

2ab, 2ab 

12 

4ac, -7ad 

13 

-(ftp, “(ftp 

14 


15. 

mPtfi, TO®»® 

16. 

o®b*c, -ab®c* 

Find the continued product of 



17 

3a, 4b, -5 

18 

-X, -y, -z 

19 

-4», 6y, -3* 

20 

7as, -2ys, -1 

21. 

obf ed, -X 

22 

I 

1 

23. 

a®, ab, 3ab® 

24. 

4a«, -3b®, 6c* 

25. 

xy®, yz®, aft! 

26. 

-a^*, -2a?y, 6^ 

27 

a®bc*, b*c, oc^® 

28. 

-3a*, 4ab®, -6 

29 

Write doun the values of 

{b*)S (**)». (-y»y 


a®b*)* 


30 Wnto doivn the third power of -oh*, a^, 


Multiplication of a Compound EzpiesBion by a 
Simple ^ression. 

62 By definition, 

(a+h) X 10=(a+h) taken 10 tunes 

=a taken 10 tunes together with h taken 10 times 
»10a+10h 

In like manner, when m is a positive whole number, 

(a+ i) xm=(a+&) taken iti times 

=(a+tt+a+ taken to times), 
together with (h +h +&+ taken to tunes) 

=TOa+TO6=aTO+6TO [Art 56] 

(a+h)xm may also be written m(a-l-h) 

Thus m(a+h)=7na+nA 

Agam, if 0 IS greater than 5, and to is a positive whole number, 
(a-h) X m=(fl-b) taken to times 

ss{a+a+a+ taken m times), 
diminished by (i +h +5+ taken to times) 

=ffla-TO5=aTO- 6 to 

Note When a, b, and m are not restnoted m value, in acoordanoe 
with Art 38, we defne (a-b)TO asbemg equivalent to am-bm 

Similarly {a—b+c)m=am—bm+Gm 
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Thus it appeals that the product of a impound expremon by a 
single factor ts the algd>roao sun, of the partied products of each, tern of 
the compound expression by that factor 
This IS knoTm as the DistnbntiTe Law for Multiplication. 
Example 1 3(4a-Lab)=3x4a+3x5&=12a+10b 
Example 2 Find the iahi« of (x-2yT3z)xab 
Here we hare to take the three prodoots 

xxdb, {-2y)xdb, Szxab, 
and form the algebraical sum thus 

(a:-2^+3z) xat=ata;-2a^+3a&z 
Example 3 Mvlttply 6a>-5a%-4sb^ by (-3abr) 

The product is the al^braical sum of the three products obtained 
multiplj'ing each term of the compound expression by - 3at^. 

Thus (6a* - 5a%-4dl^ x { - 3at*}= - 18a*6® J- 15a*6*+ 12a®6* 

The product may usuaUy be wntten down at once 


EXAMPLES IV. d 


Multiply 

1 a-t36-Sc by 4 
3 c^-edfl by 4a& 

5 3ar*-7y® by -2a?y 
7 zy-yz-as by xy 
9 -2c3T3«f-3cF by 3C«3 

11 -a*&+a^*-a6’ by 

13 dlPc-abiP-^-aVKhj 
15 2^-3xyz-*-ift? by -3ryz 


2, ax+ah?-iAi? by o* 

4. by 

6. c*iP-eW®+l by -cd® 

8 -a*y-a^+y* by -aPy 
10 5a=-3W;-8 by 
12 a?-4-‘-2arTa by 3a*&i; 

14 l-o*+26*-3c? by -ate 
16, 33pj^-6bxy-2ax by -2ox. 


Multiplication of Compound Expressions. 

63 To find the product cf a+b and c+d. 

From Art 62, (a+6)?n=nia+jn6, 

replacing m by c+cf, ue hare 

(o+6)(c+rf)— (c+c?)a+(c+rf)6 
=ac+a«f+6c+6c? 

Similarly it may he shewn that 

(a - 6)(fl + d) =ac+ orf- 6c - 6(f , 
(a+6)(c-d)=oc-ad+6c-6d, 

(a - 6)(c- d)=oc— ad- 6c+6d 

Note These results are subject m tiie first instance to the condition 
that a-6 and e-d arc positne quantities, but the restrictions may be 
removed as m Art 3S , the results may henceforth be regarded as true 
for all values of a, 6, c, and d 
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64 When the expressions to he multiplied together contam more 
than two terms, a similar method maj be used 

For instance, (a- 6+c)w=(Mrt- 5»i+cni , 

replacing m by we have 

(tt- 6 + c)(« -y)-a{x -y)- 6(a?-y) + c{x -y) 
s^aa—ay-bx+by+cx-cy 


66 The preceding results enable us to state the general role for 
multiplying togethei any two compound expressions 

Rule. Multiply each t&m of ^fint eapresnon by each term of the 
tecond When ihe teime mvMiplted together have Ide signs, pr^ to 
the product the sign +, when wnlthe prefix - , de odgehonoal eum of 
Ike pas tuil products sofosmed gives Ike &mplete product 

This process is called Distnhutmg or Expanding the Product. 


Example 1 Multiply x+8 hy x+T 
The product — (a;+8}(a;+7) 

s= a? + 8® + 7® + 66 
=aP+16®+66 


The operation is more oonvemently arranged as follows 


a + 8 
a + 7 

a^+ 8® 

+ 7®+56 

' by addition, a^+15®+66 


We begin on the left and 
work to we nght, placing the 
second result one place to the 
nght, so that like terms may 
stand in the same vmrtiou 
column 


8mce (®+8)(®+7)=a^+16®+66 for off values of ®, the result should 
be true for any value we choose to give to x 

For example, if ®=2, 

(»+8)(»+7)=10x9=90, 

also afl+16x+G0=4+30+B6=:90 

Begmners should learn to check their work by tests of this kmd 


Exaufle 2 Multiply 2x°-3y by 4:^ -*Jy 


2a?- 3y 
4a?- 7y 

8a?- 12*^ 


by addition, 8a? - 28afly+21jf 


[Obeidc by putting xsl, yssK 
Slfi~8ynra- 6s -4, 
4x1- 7yB4 - 14 s - 10 , 
prodaots40 

8x*-20jfii/+2l3fl 
s8-S6 S+21 4 
s40] 


Note In applying numenool teste, core must be token not to choose 
values which rmuce either of the two faotora to zero 
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68 The results of Art 63 may be illustrated graphically 

In the diagram below we ha^ra a rectangle whose adjacent sides are 
and c+d units respectively 


a 4 


ac 

he 

ad 

hi 


a y 


I3ie whole area=s(a+b)(e+d) square units, and it is made up of 
four smaller lectangles whose areas are ac, be, hd square units 
respectiTely 

Thus (a+6)(e+<Q=ac+ad+6c+6<f 


EXAJVnPLES IV e 

B!md the products of the following pairs of bmonuals, and check the 
results m Examples 1-24 


1. 

®+3, *+4 

2 

*-3, ®+9 

3. 

c-6, c-7 

4. 

«-6, «+6 

5 

d+7, d-12 

6. 

m-3, ot+4 

7 

x+6, ®--5 

8 

/~ll,/-7 

9 

0+11, 0-7 

10 

8-11, 8+7 

11. 

0-9, 0-1 

12 

z-1, z+1 

13 

0+1, 0+1 

14. 

c-1, c-1 

15 

y+9, y+9 

16. 

d-4, 4-(Z 

17. 

m-7, m-7 

18 

-ax4, -»-4 

19 

»-10, ®+10 

20 

-a~5, -0-6 

21 

8+e, -6J-e 

22 . 

3c-7, 2c+3 

23 

d-9, 5d+4 

24 

3m -2, 3m +2 

25 

-4+6®, 3-2* 

26 

2®-8, 6®-7 

27. 

®+a, 2®-a 

28 

o-2h, 2o+3h 

29 

4c-5d, 6c+4d 

30 

3®-2y, i>?+2xy 

31 

a?+3y, afl-Sy 

32 

6p®+g, ^-2g 

S3 

^-2cP, 2?-2o® 

34. 

4a -h®, 3a+2h* 

35. 

3a?>-pS, a?+p8 

36 

Ifi-c, 31Pe+<? 

37. 

Illustrate graphically, as 

in Art 66, 




(i} fn(a+b)s:ma+mb 
(ii) (»+5)(x+4)=a?+9a;+20 
(lu) (o+6)®=sa8+2oh+hS 
(it) (a-b](,c+d)^ac~be+ad~bd 

38. Find the value of (*+5)(«+2)->-(®-3)(®-4) m its simplest form 

What 18 the numenoal value when xs - 6 * 

39, Simplify (x+2)(x+10} - (x-5)(x-4} Eind the numencal value of 

this expression when z= -3 
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40 Find the value o£ ma+ttA when a=67 3, b=327i m=243 

[Smenibei ihal ina+inb=m(a+h)] 

41 Find the value oi ax -ay whoi a;=31 35, y—2S 55, a-12 

42. Shew that the two ej^reasions 

m(x-y)+n(r+y}, x(m+n)+y(n-m} 
are equal Find their numerical value when m=n=25, and a;=4 


67 Fioducts Timtten do\ni by mspechon Although the result 
of multiplying together two binomial factors, such as d;+8 and «-7, 
can always be obtained by the methods alieady esplamed, it is of 
the utmost importance to learn to write down the product rapidly 


This 18 done by obseiving in what way the coefficients of the 
terms in the product arise, and noticmg that they result from the 
combination oif the numeiu^ coefficients in the two binomials which 
are multiphed together 

Thus (aj+8)(»+7)=a?+8a;+7a+66 

=a?+16a!+66 

(a:-8){x-7)=a?-8a5-7‘c+66 

ssar'-lSx+Sfi 

(a + 8) (a! - 7) = a? + 8* - 7» - 66 
=sa?+u-56 

(x - 8) (® + 7) = a? - 8* + 7aj - 56 

* =sa?-x~56 

In each of these results we notice that 

(i) The product consists of three terms 

(ii) The /isi term is the product of the first teims of the two 
binomial expiessions 

(ill) The term is the product of the second terms of the two 
binomial expressions 

(iv) The midclle term has for its coefficient the sum of the numencal 
quantities (taken with their proper signs) in the second terms of the 
two binomial expressions 

The intermediate step m the work may be omitted, and the pro* 
ducts wntten down at once, as in the following examples 

(x+2)(x+3)=a^+5x+6 
(x-3)(x+4)=x8+x-12 
(x+6)(x-9)=a?>3x-64 
(a?- H)(a?+ 10)s=x*-a? - no 
(x - 4y) (x - lOy) =a? - 14xy + 40^ 

(a? - 6y“) (a? + 4^ = X* - 2a^ - 24^* 


\ 
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By an easy extension of these pnnciples vre may \n:ite down the 
product of any two binomials 

Thus (2a;J-3y)(x-y)=2a?+3'iy-2xy-33i® 

=2a?+ 

(3® - 4y) (2x + y ) = 6a? - Say - 4^ 

(x+ 4) (t - 4) =a?+4a! - 4* - 16 
=a?-16 

(2a;+5y)(2a;-5y)=4a?-25j? 

EXAMPLES IV. f. 

Wnte down the values of the following hy tnapeciton 


1. 

(a+l)(a-2) 

2 

(ij-5)(o-6) 

3 

(c-6){c*f7) 

4 

(x-TKx+O) 

5. 

(d-3)(d+l) 

6 

(x-l)(®+l) 

7. 

{y+6)(y“4) 

8 

(y+7)(^>+6) 

9 

(y+ll)(y-l0) 

10 

(x-9)(i!+9) 

11 

(c-9){c-9) 

12 

(o+9)(a+9) 

13. 

{a-a){a-x) 

14. 

(c+z)(c+s) 

15 

(x+yXx-y) 

16 

(28!-l)(2a:+3} 

17. 

(4-3c)(3-f4e) 

18 

(5a; +2) {6a: T 2). 

19. 

(l-7y}(l+7y). 

20. 

(a+2a;}(a-3a;) 

21. 

(ni-3n)(m-3n). 

22 

(27;+3y)(3»+y) 

23. 

(5c-3d)(3c+3d) 

24 

(7a-33)(7o+3) 

25. 

(3x+2a}(2a;-3a) 

26 

{a+b){-a+b) 

27 

(a2j.3)(a2-6) 

28 

(4a»+63)(a=-26®) 

29 

(ac-l)(ac+3) 

30 

{l-2a)(l-10a) 

31 

(l+76)(l-66) 

32 

(2-r33;}(l-4a;) 

33 

(T?+y®)(a?-y*) 

34 

(3a®+6®)(3o=-6®) 

35 

(4m-n](ni+3n} 

36 

(3-!-a&}(9-ab) 

37 

Wnte down the 
each 

cost in 

pounds of 3x+2y thmgs at 4a;-y pounds 


38 How many square feet are there m a rectangle which has adjacent 
sides measunng 2pT<j, 3^-4^ feet respectively* 

39. Wiite down the distance a tram will go m 5a-r2b hours at 3a -23 

miles per hour 

40. A horse eats 3p-g bushels of com m a week , how many bushels 

does he eat in p+g weeks * 


Fwrthm cases of Multiplicatvin will be ducwssed m Chaptas viz. 
andxY 



CHAPTER y 

Division 

68 The object of division m Algebra, as m Arithmetic, is to find 
out the quotient, that is the quanti^ by which t^e divisor must be 
multipb^ so as to produce the diviaend 

For example, 4x 7=28 , 

The operation of dividing a by h is denoted by a—h^ or ajh, m 

each of these modes of expression a is called the dividend and b &e 
divisor. 

Division IS thus the inverse of multiplication and 

{a—h)yih—a 

This statement may also be verbally expressed as follows 
quotient x dtvuor^dividend 

69 Since Division is the inverse of Multiplication, it follows that 
the Laws of Commutation, Association, and Distnbution, which have 
been established for Multiplication, hold for Division 



Division of Simple Expressions or Monomials. 

70 The method is shewn in the following examples 

ExAniFLE 1 Since the product of 4 and x is 4a;, it follows that when 
4a; IS divided by x the quotient is 4 , 
or otherwise, 4a;-a;=4 


Example 2 Divide TflaP by 9a^ 

™ , . 27a® Wmam 

The ,TOt,eet-^=- 5 ^ 

ss3aa=3a® 


We remove from the divisor 
and dividend the factors com- 
mon to both, just as in Arith- 
metic 


Therefore 27a®— 9a'= 3a® 


Example 3 Divide 35a®bV by 7ab^® 

BTL *. i. 35aaa th ecc . - - 

The quotientss— =s6oa,cssoa% 
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We aee, in eadi case, that index of any letter in the quotient u 
the difference (f the indices of that letter in the dividend and dimor 
This IS called the Index Law for IhvisioiL 

71 It IS easy to prove that the Sale of Signs holds for division 

nn. , ah aicb , 

Thus oo— a= — = =b 

a a 

, -ab ax(-b) , 

—ab—a= = — ^ — 0 

a a 

'' f -a -a 

' ‘ —a —a 

Hence in division as well as multiplication 

Ide signs produce + , unlike signs produce — 

Buie To divide one simple emression by another, obtain the index 
of each Uttar in the quotient )»/ snhiaractmg the index of that letter in 
the dimsor from that in the dividend 

To the result so obtained ^fx, vnth its j^per sign, the quotient of 
the eoeficieiU of the dmdena by that of the aimsor 

Kxampu! 1 Divide 45a%V by -'9a%X' 

The quotients ( - 6) x 

Example 2 -21o^-(-7o®6®)=3& 

Note If we apply the rule to divide any power of a letter by the 
same power of the letter, we are led to a cunoos conclusion 

Thus, by the rule, o^- o*=a*~*=a® , 



a«»=l 

This result will be better understood by the pupil when he has read 
the chapter on the Theory of Indices 


Division of a Compound Expression by a Simple 
Expression. 

72 Buie To diude a compound expression by a singU factor, 
divide each tei m separately by that factor, and tal e the algebraic sum 
of the partial quotients so obtained 

This follows at once from the Distnbutive Law, Art 69 

Examples (1) (9x-12yJ-3=) — 3=-3x+4y-z 

(2) (36oSt=-2to=5“-20a<&5)-4a26=9a6-66<-6o=6 
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Bead off the quotients m Examples 1 to 3 
1. 7^-7, Sy-yj 13 j»-2», 18a®-6ct’, 10be~Be 

2 -8i:3-2a?, -7®*-(-7), 6»»®-(-3»»l 

3 363/3, 16a3/2a, 2pg/q, 660/363 


S. hy a*y 6 ISay® by 6y* 

8. 9tf*6* by Sa^b 9 by q* 

11 6m?n* by -2mn 12. 86V by -46 

14. -BMn by -In 16. -oV®® by -xj/t 
17. 28jJ23 by -28pg^ 18. -321'm by 
20 45o6c^* by -fiotf 
22 - 27o6V*o by 8acV* 


Divide 

4 16y^ by Sy® 

7. 21a^“ by Svy 
10 . -4»V by 2»“y 
13. 48p}3rby-6pff 
16. -81i"by27ife* 

19 63»0yV 1^ 9ar*y3 
21 -36oV<i by -4ac 
23 6aV“3a»o by Soa® 

25 - 24o*-32a3 by -8a* 

27. a“-Sa*+3a? by a? 

29. 2a^-db-3ac by -a 
31 3i»*-9i»^+12jnn* by -3 j» 


24. Say+ofy* by sey* 

26 34m*}i*-61«in3 by I7mn 
28 3V-6aJ*-3*> by Sa* 

30 a^-a^+a^ by a® 

32 4y-36pV-16y by -4fi^ 


Division by a Compound Expression 

73 The Division of one Oompoand Expression by another follows 
the anangement of 'Long Division ’ in Arithmetic 
Consider the division of 992 by 31 

(0 (u) 

31)992(32 3 10+1)9 10*+9 10+2(3 10+2 

^ 9 10®+3 10 

62 6 10+2 

62 6 10+2 

In (i) we have the usual compact aiiangement of Anthmetic, and 
in (ii) we have the same work set foith in full when every number is 
expressed algebraically 

Emaupu^ 1 Divide 9x3+9x+2 6y 3\+l 

E m (ii) above we leplace 10 by a, we have 

3a+l)9a3+9r+2{3a+2 
, 9a*+3a 


6a+2 

6a+2 



DIVISION BT A COMPOUND EXPRESSION 


4? 




The firbt tern of the dividend is divided bj the fiist 
term of the divitor Thus 9a^— 3x=3x This mves the first term of 
the quotient The whoU divisor is multiplied ov 3x, and the result 
subtracted from the dividend. Thus ue nave the remaindei 6a; +2 
We treat this as a new dividend and divide its first term bj the &6t 
term of the divisoi Thus 6 t— 3a;=2 Tins is the second tmn of the 
quotient On multiplymg the divisor 2, and subtractmg the result 
mm 6a; -t- 2, there is no remamder Hence ^e complete quotient is the 
sum of the partial quotients that is 3 t->- 2 
The process succeeds because it separates the dividend into paits each 
of which IB divisible by the dii'isor, and the complete quotient is found 
by takmg the sum of die partial quotients TIius 91^ -^91;+ 2 is divided 
into two parts, namely 9ar+3a; and 6^■^2 Each of these is divided by 
3a; +1, giving quotients 3a; and 2 Thus the complete quotient is 3a; -i- 2 


Exaaitxj: 2 i)itide 24r'^-6Sxy+21y^ 8x-3y 

8a;-3jr)24a?-63a:y+21^(3x-7y Diiide 24x® by 8r, this gives 


24a^- 9ay 

-56ry+2l2/3 
-66xy-^21y° 


3a;, the fiist teim of the quotient 
Multiply the uhole divisor by 3x, 
and place the result undei the 
dividend Bj subtraction we obtain 
-56xy+21^ Divide the first term of this by fix, and so obtam -ly, 
the second teim of the quotient 


EXA3IPLB 3 Divide 16a*f9+9a-3Ja® hy 3+8a 

Here we shall anange divisor and diiidend m ascending powers of a 

3 + 8o ) 9 + 9o - 34o- + 16a* ( 3 - 6 b+2b® 

9+240 

-15o-34a8 

-15a-40ar 

6 a 8 j- 16 a* 

6a* T 16a* 

The pupil should uork tins example also m descending pouers of a, 
and conipirc the steps of his MOik uith that given abo\e 

74 It uill be now seen that the piocess of division is embodied 
m the following lule 

Hiile 1 Arrange divism and dmdend in asc&tdtng or descending 
powers of some common letta The terms of the qmtient will pi eserve 
the same order 

2 Dmde the term on the left of the dmdend hy the term on theleft 
of the dimsor The i emit u the fiist term of the quotient 

3 Multiply the whole divisor by this quotient and mhtract the vro- 
duet from the dividend 

4 Bung down from the dividmd as many terms as may be neLessary 
to form a new dividend^ and repeat these opetaiions till all the teims of 
the dividend have been used, and th&e is no remainder The complete 
quotient is the sum of the ^rtial quotients obtained in the several steps 
of the division 
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EXAMPLES V. b. 

[Jn mnt of esoam^^ 31-44 a nasmmgment of term mB, be ne(X88arp 

hrfore dnnaton ] 

Divide 


1. 

B®+3a+2 a+1 

2. 

63+46+3 by 6+1 

3 

i?+4»+4 by ib+2 

4. 

a^+Sz+B by x+B 

5. 

6»+ 136+42 by 6+7 

6. 

a^+l&+44 by a+11 

7. 

a^-15a,+64 by »-6 

8 

^■"13y+36 by y-4 

9 

by J9-13 

10 

6^+106 - 39 by 6-3 

U. 

2!i^+9af+4 1^ 2®+l 

12. 

3y®+y-2 by y+1 

13 

3a^+8a;+4 by 3af+2 

14. 

3a^+l0z+3 by Sz+l. 

15 

4t^+23a!+15 by z+5 

16 

Sa‘+l6a+3 by a+3. 

17 

4aifi-4m-S 1^ 2f»-3 

18 

6m*-7m-3 by 3m+l. 

19. 

6<j®-7fl+2 by 3c-2 

20 

121^-171+6 by 4;L-S 

21 

28c>+c-16by 7c-5 

22 

1563-146-16 by 56-8 

23 

^-niJ+d by 5p-2 

24 

6a^-13o+6 by 3a-2 

25 

-15*»+l7a+4 by fiz+l 

26. 

-21y«+68y-21 by 3y-7, 

27. 

~21a?+x+10 by -7z+5 

28 

16a^-9y® 4a;+3y 

29. 

49y®-4a? by 7y+22 

30. 

-a^+81 z-9 

31 

36c*-2(J*-'6cd by -6c+2d 

32. 

9«^-25d* by 3c+5d 

33 

8a^+a®-13a;-15 by ®-3 

34 

24+9*3+26if+»* by 4+z 

35. 

a®-a?-41a+105 by o-6 

36 

6a*+7a*-o-2 by 3a+2 

37 

6 + 6*-196 + 66»by 2+6 

a 

9»»*+27fft’-3TO-10 by Sw-R 

39 

4<^-16a^»+21aa^-9«* by a 

-as 


40, 

2a*z-7a?6a?+9o6V by 2«^- 

-3a6z 


41 

Divide 14a(a-l}-15(a+l) by 2a- 

-5 

42 

Divide 3(2a^+3z-l)-2(16- 

x) by 3»-6 


43 Dividethesumof 10(p*-2)-{2J+l)and6(p*-l)+2(p-l)by^+7 

44 Simidify 2{a+W){2a-^)-{a-2b){a+3b)-Sab, and divide the 

leault by 3a+2& 


fSurtiur cases of Ihmsion vnU be dtscnssed %n Chapters m 
am X7 
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Brackets 

Bemoral of Brackets 

76 Bracebis are used to enclose quantities that are to be operated 
upon in the same way Thus in the expression 2a -36- (4a- 2&), 
the brackets mdicate that the expression 4a -2i, treated ae a vihole, 
has to be subtracted from 2a- 36 

In removing bradkets we apply the rules given m Arts 36 and 37. 

Example 1 Smjitfy, by removing braeketa, the expresstm 
(2a-3b)-(3a+4b)-(b-2a) 

The expression == 2a -* 36 - 3a— 4b - b*)-2a 

sa-Sb, by collecting like terms 

76 A coefficient placed before any bracket indicates that every 
term of the expression within the brawet is to be multiphed by that 
coefficient 

Example 1 2a;+3(a;-4)s:2a;<i-3a;-12=6a;-12 
Example 2L d(3m4-S)-3(a+2ni)=15ni+10~lo— 6nia=9;n-5 
Example 3 a{b+e) -a{b-c)s:db+ac-ab+aes2ac 

examples VI a 

Simplify by removmg brackets and collecting like terms 

1 »+Sy+(2x-2y) 2. a;+3y-(2a;-2y) 

3 w-3-(4-2m) 4, wi-3-»-{4-2m) 

5 2a-36+{2b-3o) 6 4c-«*3d-(2c+3d) 

7. y-(2x-5y)-(4y+i;) 8 ®-(y+3*)-(2a;-y). 

9 tt+b+*(a-b) 10 (a+b)-(a-6) 

U. oS-(2b®-3oa)+(a?-i;“)-(2a=+5b*) 

12 m+{p-n)-{3n+2m-2p)-(n-m+2p) 

13 2c=-(3(P-(?)-(c3-4(P) 

14. a2-3b“-(362-4o2)-(3a?-6b3) 

15 4a:-(6y+3a;)-(3y+6T)-(2r-7y) 

16 (m+n)-(ii-2m)T(2Bi-3»)-(4OT+B) 

17. a-b+c-(c-o+6)-*-{aJ-b+c)-(5-c-»-o) 

18 3® - 4y - (&- 4a - 2y) - (Sa; - 3y ■*■8)+ (2a+y-8z} 

19. a(a.+y-a)+y(y+8-a!)+s(8+»-y) 

20. 2nHi(ay i-ys) - [my -yz)2nx 


HALO 


D 
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When a-2, bs=-i, c=a -3, daO, find the value of 

21 3(a-2hl+5(5-2c)-4a-(e-2a) 

22 2((j?-6®)-(oa-2a6+6®)-(aa-2a6-6») 

23. Sc^-2c(e-d}-3d(c-2d) 

M 3ali»-ft»(2o?+3b)+2fla(2a+62-3)-3J»(a-l) 

77 Sometimes it is convenient to enclose within biackets part of 
an expression alieady enclosed within brackets Foi this purpose 
^t IB usual to employ brackets of different foims The brackets in 
■common use are (), {}, [] 

78 When there are two or more pans of brackets^ a beginner 
'Will find it simplest to remove the inneimost pair first In d^ing 
'With each pair m succesbion we apply the rules already given m 
JUrts 36 and 37 

ExAuriiB Svm^ify^ hyrmomtg bradsetSt the eaytresaion 
a-2b-[4a-6b-{3a-o+(&-4b+o)}] 

Bemovmg the brackets one by one, beginning from ivithm, 
the expression =a-^-[4a-6&-'{3(i-c+2a-4h-fe}] 

=« - 26 -[4a- 66 - Sa-f* e - 2a+4& - c] 
s= a - 26 - 4a + 66 -I- 3a - c -J- 2a - 46 + c 
s2a, by coUeoting like terms 

79 When there are two oi more pairs of brackets to be con- 
sidered, a prefixed coefficient must be used as a multiplier for every 
term within its own pair 

Example Smspkfy 5a-4[10a+3{x-a-2[a+x)}-] 

The expression 

=6a-4[10a+3{a-a-2a-2!i;}] On removing tiie innermost 
=6a - 4ri0a+ 3f - » - 3on brackets each termismultiphed 

-an ariiw q«i ^ Then before multiply- 

=fa-4n0.-te-te] .ily 3 ,th,e»preBionmaiiii 

— oa - 4[o - Saj ita brackets is simplified The 

=5a - 4a+ 12a; other steps will be easily seen 

£=a+12x 

If we were to begm with the outermost brackets we should have 
the expression =:5a-40a-12{a;-a-2(a+s;)} 

= 6a - 40a - 12a; •M2a + 24a + 

=a-fl23; 

It will be noticed that we have fewer lines of work but larger 
•coeffieients to deal with 

80 Sometimes a Ime called a vmculnm is drawn over the 

symbols to be connected, thus is used with the same 

nieauing as <*“*(6+c), and hence (t—b-i-e—c—b—e. 
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n 1 REMOVAL OF BRACKETS 

Note Tlie bne betTreen the numerator and denonunator of a fracaou 

SB ^ S 1 

IS a hud of Tinculum Thus — ^ is eqm^ alent to ^ (a - 5) 

Example Fmd the talue of 

84 - 7[ - llx -4{ - 17x+3(8 - 9^)}] 

The expression=84 - 7[- ll»-4{ - 17 t+ 3(8 - 9+5a;)}] 

=84 - 7[ - lla;-4{ - I7ar+ 3(6a; - 1)}] 

=84 - 7[ - ll'c-4{ - 17®+ 15a - 3}] 
=84-7[-lla-4{-2»-3}] 
=84-7[-Ua;+8a!+123 
=84-7r-3ar+12] 

=84+21r-84 

=21a 

After a little practice the number of steps may be considerably 
diminished 

Note If ue had begun mth the outermost braokets, the first tun 
lues of work would hare given 

84+ 77a-«-28{ - 17 t+3(8 -9^)}, 

84 ■•■77r - 476*+ 84(8 - 9 - 5a) , 
thus the coefBcients become uconvemently large 

EXAMPLES VI b 

Simplify 

I 7a?-(fe-9y)-6a+7y-3z 2 5a?-{3»-^(4a“2a?)} 

3 7o-{4a-{3a+6a)} A <?-2c+{5c^-(3c-4(?)} 

5 /-2j»-(f-2n)-{27n-i-{2«+/)} 

6 a+36-(6-3o)-{a+26-(2a-6)} 

8 ®-2(y+z)-{®+y-s-4{y-2z)} 

9 »n-{ffl-p(ni-7n+l)} 10 2o-3{4a-(3+5B)} 

II 2c= -d{3e+d)- {<? - d(4c - d)}+{2d°-c(c+d)} 

12 -3(l-®s)-2{®=-(3-2a=)} 13 ®-[x-®-y-{a-(®-y)}] 

14 5{c®-(c+l)}-3c(2-3c)-8{4-c{l-c}} 

15 3a?-2(y=-x®-=S)-3{('«?-y=+a=)-a?-y®} 

16 4a-6-[a-(3&-c)-{2a-2(6-c)}] 

17 {3d-(d-?J^)}-[2rf-{3d-(d-2e)}] 

18 -c-{a+2(tf-e+a-c)} 19 2{p-3{g+p-2j)} 

20 7i“[n-7n-n-{«-(«-«i-fl)}] 

21 c®-[a»-{a=-(c=-?^)-6®}-SiO 

22 3»-2{2aj-(®-y-3)}-‘-4{3®~2(y-2+x)} 
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Simplify 

23. 2o-2[2a-{2(a-5)-6}] 21 ah:~2{ax^3x{2sfi-a)) 

25 l-a-(l-a+a®)-{l-(a-a®+a®)}-[l-{a-(aS-aJ+a'*)}] 

26. Simplify ~ - [3 - (»- 3 - «)+^ »+ {3 - a + 3)}] If the Talue of the 

expression is 10, ivhat most rae vdue oi x he ^ 

27. tihe value of x when 1 - [1 - { 1 - (1 -T+»)}]= 11 

28 the valne of « when l-t-2{a;+4-3[a;+5-4(a;+l)]}=23 

Inaeition of Brackets. 

81 rules for the insertion of brackets are the converse of 
those for the removal of brackets 

It IB convenient to quote them again here 

Bnle I Any part of an expression may he endosed mthtn hradds 
aaid the sign + the sign of every term wiihm the hradeU 

rmcmmg unailt&ea 

Bnle n Any part of an expremon may he endos^ within hrachett 
and the sign ~ prefixed^ provided the sign of every term within the 
hraekets he changed 

82 The terms of an expression can be bracketed m various waya 
Example. The expression aa;-6a;+ca;-ay+&y-py 

may be wntten (ax-^bx)+icx-’ay)+ [by - cyh 

or {ax-bx+cx)-{ay’^by+ey), 

or (<M?-oy)-(6»— ^)+(c®~cy) 

83 When two ot more teims of an expression are divisible by a 
common factor, the expression may often be wntten in a more 
useful form if we divide each of such terms by this factor, enclose 
the quotient within brackets, and place the common factor outside 
as a coefficient 

Thus ar- 21 =3(3?- 7), 2*®-6sicfy=2a^(a?-3y), 

2ax+2hx~id - 2x(fl—b) 

’Bxamp t.u In the eapreasion 

ax* - ox + 7 - di^ + bx - 0 - dx? + bx* - 2x 
bracket togedur (he powers of x so as to have the signs btfoie the braekets 
aUenuUdy + and - 

Writing the terms m descending powers of a;, we have the expression 
= oa? - - da? + 6a^ + - ca? - 2® - c + 7 

= (aw? - da?) - (da?— 6a?) + (6® - (SB - 2a?) - (c— 7) 
s=a? (a - d) - a?(d - 6) + ®(J - c - 2) - (c - 7) 
=(o-d)a?-(d-6)a?+(6-c-2)»-(c-7) 

Id this last result the compound expressions a-d, d~b, b-c-2 are 
regarded as the coeffioients of a?, a?, and ® re^oti^y 
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EXAMPLES YL c 


Colleot m biaokels, placing i^e common factors Ontside 


1, Sx->-6ff 
A 23fi-4a!ifT2i^ 
7 ax-bx 
10. 5e?W?-10crf 


2 7a-215 
5 7<!®-21d2+28e2 
8 ad-iP 
11 . Za%-ZdU^ 


3. 5a=+10B® 

6 saV'-esy 

9 a*j;+aa? 

12 3a®-6a*®-«-3aJ8 


Collect in brackets the coefficients of like powers of s 
13. a?+o!r+&r 14 f^-ay-by 15 i?+az-bz 

16 av-ba^-aa? 17. j/“-2aj^-5^ 18 z?-3a%®+3fe? 

19. 2n?-2ax+a^-i-^-%x-^lPy 20 <ftc®+2ca+6^-(p^-{fx-a%? 

21 ax-ay-az-bx-by+bz-cx+cy-cz 

In the foUowmg expressions bracket hke powers of v so that the signs 
before the brackets may be (1) positive, (2) negative 

22 3a?-eK?+5aP-(?ifi 23 oV-6JSr*+6V-<ft:S 

24 x+a?~2xa^~2a?l^ 25. 2a^+jyi?-q^+ra?-3a? 

26 aa^+aa^Tbs^-bn^-ca^+ea? 

27. ma-2nix'®-2na;+na:*-2/Kc*+pa:® 

28 aa?+5Tfi-bx+2x-ea?-a? 


mSCELLANEOUS EXAMPLES IT 

Exercises eob Bevtsiox' 

A 

1 Simplify 3{a-2(6-c+d)} 

2 I had V shillings and lost y of them (i) How many pence had I 
left ’ (ii) How many pounds * 

3 Divide 27a*^-l by 3a&-l 

4 Subtract 4a^+a;y+z from a^+2a;y-^3z-l 

5 Express algebraically the multiphcation of the sum of a and b by 
their product 

6 Out of a collection of foreign stamps, 3av+a^ in all, ax-Sa- are 
found to be forgeries if the others are diiidcd equally among 2a boys, 
express the shaie of each 

B 

7. If a = - 5 give the numencal values of 

(i) a®, (ii) -a®, (m) (-a)®, (n) 3(-o) 

8. Subtract the product of 2a-Zb and 2a+3b from 4a®T9&® 

9 If fl represents a number, what are the nevt higlipr and lower 
numbers* Wnte down three consecutive numbers of which p is the 
middle one 
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10 If af=3, y-2, 2 =sl, find tiie value of -4—^+4 
, a,* y* t* 

11. Simplify o-[6-c+a-{ft“(a-6-c+a-6+c)}] 

12. Thirty artaoles coat^Sa pence each, and veie sold for a total of 

b pomda Express the gam m pounds 

0 

13. iFind the value of ma+mh-mc when m-T, as:29 4, &»40 8, 
c*202 

14 Take three times the sum of 'c and y fiom four times the excess 
of X over y 

16 In a school there are p scholars in the first class, ^ - 10 in the 
second, and Q2-2p m the omer olosses Eimress the total number d 
soholan If this number is 80, irhat is the value of p * 

16 Shew that th^ expressions y^-df^ and 24'-2&n aie equal when 
y=2, 8, or 4 “X *“ * 

17. Express in the simplest form the diffeience between the products 
(4p-5)(p+2q) and (2p‘-3g){^+35) 

18 Simplify St -[Sy -{4a; - (6y- to - 7y)}3 

Find the valne of the expression when a;s219, ys=69 

D 

19 Find the square of (i) a+5, (ii} a-b ' 

20. Express in words the ^erenoe m meaning of (a-hb)^ and a’+h*. 

21 Simphfy 3a - 2(& - e) - {2(o - b) - Sc +'»} 

22 When x has the values 0, 1, 3, 4, 5 find the values of a^-4^+8'' 

23. Bistinguish between eoejilctmi and tndex Express m (i) as the 
oooffioiont, (u) as the index of z What is the difierenoe in liie i^nes of 
the two expressions when msS, xsi4* 

24 Subtract 5x-2'ifi fiom uiuty, a;^-l - 2iv from zero, and add the 
results 

E 

25. Divide a?+a* by ai+a, and ^■®-l by x-l 

26 What must be subtracted from m that the result may be m+n ’ 

27, A horse con eat 8p+3 bushels of com m a week, how many 
■Aeeks uiU he be in eating 24p^-d^-24 bushels * 

28. Write doim the values of the following products 

0) (»-2)(a;-7);' (ii) (*+2}(3;43), (ib) (2r-5)(a;r4) 

Subtract the last from the sum of the first two 

29 What number must bo subtracted from 4a;+15 in order to obtam 
4a;* If 4a;+15=35, what is the value of a;* 

30 Wbat IS Iho cost in pence of x things at y shil lings each * Find 
the cost m pence of x feet y inches of gold wire at x shillings y pence 
per inch — 



MISGEUiAlTSOUS EXAM PIJjS n 


55: 


F 

31. Whafcdoyoamean bya^onomta^^apreMton* Write down t\ro 
such eiqiressions mrolTing the letters a and h, using $ as a coejUeimt, and 
3 and 4 as indices 

32 If aa=5a;-y, 6=-3»+2y, e=s-x+Sff, and d=4a;+3y, find the 
Talne of a-h-c+d 

33 Divide a*+B® by o+b, and a?-b* by a-b Express in words 
the sum of the two quotients 

34 From a piece of wood (m+3n) yards long apiece 3(m-5n) feet 
in length is out off, how many yards are left ’ 

35 Simpbfy, by removing brackets, 

( 1 ) a* + 2d® - (2e« - bs) - { (d» - c= - eS) + (d* - e3) } , 

(u) 7a-4b-{6a-3[b-2(a-b)]} 

36 The digits of a two-figure number are x and y, how is the 
number expressed® If a new number is foimed by rever sing the order 
of the digits, shew that the product of the two numbers is expressed by 
10afl-hJ0iay+l(^ Teat the oi this atstemeat m the ease of the 
nuifiber23 

G 

37 Whatlaw is illustrated b}' the statement p(afb+e)ssjpa+pb+pe^ 
If as:4U 3, bs35 9, es38 6, p=8 4, what is the value ofpa«>j[;b-hpc® 

38 Find the cost m shillings of tn tons n owt at m pounds n sbiUings 
perowt 

39 A farmer has to pack {lQp'®-29pg+10q®) eggs equally into 
{2p - 6q) boxes how many does he put m each ’ 

40 Simplify 10a-[4{5«-3(v-l)}-3{4a;-3(a+l)}+2o] 

41 Take a?(x-2y)-»(3“y) from 3x(y~l)-a;* 

42 A school of 600 boys is separated into upper, middle, and lower 
divisions contoinmg 4(p-5), &{p+8), and 3p-10 boys respectixely 
Find tlie lalne of p and the number of boys m each division 

F 

43 Add the sum of 2y - 3y® and 1 - 6y® to the remainder left when 
1 -2y®+y IS subtracted from 5y® 

44 Add together the following products 

(x+l)(x-3), (®+2)(v+4), (x+3)(x-l), (x-»-l)(x-2) 

45 Simpbfy 3(o® - b^) - 2[o®- {b®-^ab +b (b - o - b)}] 

46. Divide 16j?+2xy-63/® by 3x-6{y-(x+2y)} 

47. When r has the values % 3, 4, 5, or 6, find the values of 
a^-9x-^24 

48 Simpbfy the following expression by removing brackets, and then 
bracket together the coeffunents of like powers of x 

XX* - x{b(x®+x} + e(x'-l)+a}+x(afi - 3x - 1} 



OBL&PTER TO 

Revision of Elesientaiiv Rules 

pnfentd, Qupters vni-x may be ialcn htfojt (hta (SiajAtr^ but 
tbe ^upit f^otddiead Aits 89-93, md m>l Examples vii o> 10-21 b^oie 
aiiempling E\ainplea viil o 16-31 J 

Impoitiuit Oases m Multiplication and Division 

84 The folloviiQg results m Multiplication aie reiv inipoitant 
and should be committed to memoiy 

(o+b)*=(a+b)(«-!-6)=a®+2a5+i®, (1) 

(a-5)s«(«-b)(a-5)=o®-2ffb+b® (3) 

(«+b)(a-6)=a®-65 (3) 

These statements aie tiue for all values of a and b , hence they 
may be legarded as genet al theoremt applicable to any two numbers 
01 algebiaicdl quantities 

Thus, if m (1) ne put dm foi a and 3» for b, ire have 
(5m+3*»)®=(6m)®+2 5m 3n+(3»)® 

= 2om®'f 30mn + 9ft® 

Again, suppose we reqmre the squoie of 97 

Put a=100, b=3 m (2), then 

97®s=(100-3)®«10(P-2 100 3 +3® 
^10000-600+9^9409 

A general theorem thus briefly expressed by means of symbols is 
called a formula 

85 In practice it is convenient to apply the above foimulm by 
means of the following veibdl lules 

Rule 1. square of the sum of two quantities is equal to the sum 

of their squares ixcreabed bq twice then pioduct 

Rule 2 The squat e of the niFFEREKCE of two quantities is equal to 
the sum of then squares duiixished bq twice then pioduct 

Rule 3 The product of the sum and difference of two quantities ts 
equal to the difference of their squaies 

ExamMiE 1 (a+2y)®=a:®+2 a, 2y+(2y)® 
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EXAUFUB 2 ( 2 a 3 - 3 Z^) 3 =( 2 aS} 3-2 2 a> 3 (S+( 36 ^‘ 

=4o8_l2a36*+9&» 

Example 3 ( 3 in+ 2 R]( 3 m- 2 n)-( 3 ni}‘-( 2 »)‘ 

=9m®-4R® 

Example 4 ^ind ike product of 2025 ancZ 1975 
2025 X 197 o=( 2000 + 25 ) (2000 - 25 ) 

=( 2000 ) 2 -( 25)==4000000 - 626 
=3999375 

EZAHFLES vn a 


Write doini the squares of the following expressions 


1 

af+6 

2 d-2 

1 

CQ 

4 

c+1. 

5 

l+2a 

6 x-9 

7 1-75 

8 

a!*-l 

9. 

3r+y 

10 a;-2y 

U. 9+4z 

12 

0+6^ 

13 

x-yz 

14 db+c 

15 y®-2z. 

16 

o*+o 

17. 

5a+45 

18. 1-y® 

19. ad-tP 

20 

xy~xz 

21 

a-2ed 

22 3a=-4a& 

23 ' oT^+aPy 

24 

3c=-2c* 

Without actual multiphcation find the value of 



25 

112* 

26. 199= 

27 (9 6)* 

28 

(49 9)^ 

Wnte down the values of the following products 



29 

(a+c)(a-c) 

30 (a- 

l)(a+l) 31. 

(1- 

•2®)(l+2a;) 


32 (2a+6)(2a-5) 33 (3x-2y)(3ar+2y) 34. (4a:®+l){4a?-l) 

35. (a6-3)(tt6+3) 36 (2*2y-l)(Z'trV+l) 37 (m®+n»)(ni*-n») 

38 (5®* -4a;) (5*® +4®) 39 (7oa?-4o®a0(7oa^+4«'h;) 

40. 103 x 97 41 115 x 85 42 475 x 525 43 200 5x199 5 

Find the value of 

44 121=- 120® 45 339=-319= 46 287=-213= 

47 2731=-269= 48 (113)=-(8 7)= 49 (87 2)=-(128)= 


86 


By actual division ue have 


a»+y 

a+b 


=o*-a6+6=, 


a—o 


( 1 ) 

( 2 ) 


These two fdrmulee shew that (i) the sum of the cubes of any two 
luantities is exactly divisible by the sum of the two quantities, and 
ii) the diffeience of the cubes of two quantities is divisible by the 
imerence of the two quantities 
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In each case the quotient is made up of the same thiee teims, 
namely^ the squares of the tv'O quantities and their product, the only 
difierence being in the sign of the product term It is to be noticed 
that the sign of this teim is in each case emposae to the sign whidi 
separates the symbols m the dividend and dii iboi 

87 The above formuloe may also be quoted as follows 

Exammm (i)^=i!-r+l, (n)^=^=^i?+&+4, 

(m) ?p^=5^^=l+ai+(3«)*=l+3a+W, 

(iv) 64a«+27={4a3)3+3® 

={4aa+3)(16a*-12o«+9) 


EXAMPLES YU. a (Cdniinued) 

Without actual division vmpe down the quotients in the following 
oases 


a:»-l 

61. 

c»+l 

52 

a^+8y’ 

53 

27 

»-l‘ 

c+1 


x+2y 

s-^■ 

a>+8c» 

55 


66 

o»-*-64 

57 

8a«+l 

a+2c 


a® +4" 

2ii«+l 


Without multiplication write doun the products m the following 
oases 

58 59 (l-m)(n »i+m®) 

60. (3 - 5)(9+36+i») 61. {a+2y)(ar‘-2ay+V) 

62. (c«-l)(c«+c®+l) 63 (4+3d)(16-12d+9£p) 


Simplify 

64. (2!»+3)*+(a!-6)»-(2»+5)(2a?-6) 

flc ar>-144.64-T®.aj*-625 
«-12 8+a: a;+25 

„ a»+275®.8o»-5» 

a+35”**'2a-ii " a-4h 

68 {4-«)(16+4a:+a;®)+(»-3)(»®+3a;+9)+(a;+2)(a3-2a.+4) 


66. ?fe?!?L (a+6)a-{g-6)’>. 

ff “• V 


Fractional Oo^ments 

^88 The rules which have been already explained in the case of 
coefficients which are int^ral, or whole numWs, will still apply 
when the coefficients ^n^vehoTial 
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EsiampIiE 1 Mom //le sum of •5^v®+-jxy-|-y®, -x® '"§xyT2y®, and 
|x®-sy-|y® tele |^x®-3gr-y’' 


§a,2-«-4ay-^2 

- a^-{'cy+2if 

Igg- T;y- yS 


(i) In adding the first three hnes the coe£5cieut of 
a? IB the algebraical sum of ^ - 1, and which is ^ 
The coefficients m the second and third columns are 
treated in the same way 

(ii) Li the subtraction, after menially ohangmg 
the signs of tiie coefficients m the lower line, we 
find the algebraical snm of the coefficients in each 
column 


fibuaiFUu 2 (i) Multiply by ^+b 

(n) Divide by ^x+^y 

(i) (») 


flat 

+ ^o6-§i2 
i<*"+ “ 3^® 


- 7a=y+T^ay® 




Heie again the coefficients of the several terms are dealt with by the 
ordinar}' lules of Anthmetio 


89 Any symbol with a fractional coefficient may be written in 
two ways 

2 2a; 

Thus and ^ have the same meaning 
0 5 


Again, ^(t+y) has the same meaning as [Ait 80, Note ] ’ 
9 9 

Now just as in Anthmetic may be wiitten 

9 9 9 


so in Algebra 

9 


9^9 


Thus g(aj-ry), g+|i different ways of wiitmg the 

same expression The pupil may verify this by giiing any numerical 
values to a and y 

Note Since the Ime separating numerator and denominator of a 
fractaon is a A'lnoulum with the same efifoct as a bracket, special care 

■B ** 3 •B^t/ 

must be taken with expressions hke — =— , — pr- 

0 i 


Thus 


1. 1„, 3 . . fl!+y_ X V 

-- ^=-j(*-8)=-g»+g And 
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^XAMFLZIS m b. 


1 . Add together -®+y 

2 , iFmd the sum of m-^n, 

3 Erom take -a+§& 

4 . Find the sum of ^a- |a-|ft+|ci and 

6 Take “«®-|®y+ 2 ^ from 3a!®+3*y-Y^. 

6 . From the sum of -a+fb, fa-& take 

7 . Subtract -^®+i»a-n® from 

8 . Add together |cdf+Yd®, -|<S*+4d* 

9 From take the sum of 

00-36, and 

Find the product of 

10. 0-36+6C and -§o 11, -2®+6y-3 and 

18 , “lay and - 4 a?+^ry IS -^®n® and -^®+2a® 


Multiply 

14 . by |a!-|y 15 . ^+^6 by ^o-yV 

16 . 2 a?-|by 2 a ?+5 17 . ia?+|y« by 


Wnte down the squares of the following expiessions ' 


19 ^-1 


18. «*+^ 

Divide 

22. -8o®+-|o6-eoc by -|a 
24. |®V-3a!V by -fajy 

26 ■^+3'iy-3Q^ by fT+Sy 


o d 

20 C-J 


21 . 


mV mV 

2 T’ 


30 

31 


bv 

6 + 72 18 ^ ^ 3 


25 

27 

29. 


-|a#>+^+^x by 
by |ay 

2o» 17o6 . 6® , 20 h 
„._+^by.gr-g 

o* , o 1 . o 1 
4 ■^72" 12 g-S 


Simplify |■( 2 iB-?y)-^( 3 a;+^)+^( 7 J^-%) 

S implif y by removmg brackets 

8(f-|)+e{2™-3(«-!)} 

Find the sum of (»-|y)(^+y) and ( 2 »-^)(^-y). 
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Compound Terms and Coefficients 

90 In an expression such as 

2(6 - a?) - -y) +ar, 

the brackets may be removed by the rules already given, and it vnll 
then be found to consist of five uultke term But it is sometimes 
more convenient not to remove the braclets, u which case the 
expression may be regarded as consistmg of three terms only, namely 
the two oompmnd terms 2(6 -ar), 3(cf-y), and the simple term az 

01 When compound terms have to be added to, or subtracted 
from, other like twms, it is usually most convenient to retain the 
brackets and deal with the compound terms as if they were simple 

ExAunn AM together , 

|(a+x)- 7 (a-*)» -(a+x)+^(a-x), ^(8+x)+|(a-x), 
and express the res/dt in (he emufiestform 

|(a+a:)-^(a-») 

-(a+a:)+^a-«) 

|(o+g)+f(tt-g) 

{a+x)-r^a-x) 

Now (a+g)+^(o-g)=a+g+|a-|g 

=T^+fg 

If we had begun by removing brackets the work would have been far 
less simple, for we should have had to collect the fractional coefficients 
of a and x m each expression as a first step Thus we should have had 
SIX fractional operations before beginmng the process of addition 

92 Compound comments may also be dealt with as they stand 
without removal of brackets 

Examsub From (a+b)x-3{b+o)y+4(o-2a)z * 

tahe 6(a+b)x-4(b+o)y-2(o-2a)z 

Noticing the coefficients of g, v, and z m the two expressions, we retam 
the brackets throughout the work, and proceed as follows 

(a+6)g-3(6+c)y+4(c-2a)z 

5(g+6)g- 4 (6+c)y-2(c-2a)z 

-4(o+5)g+ (6+c)y+6(c-2a)3 

93 The full treatment of fractional expressions involvmg symbols 
will be given later, but there is one form of simplification \raich may 
conveniently be explained here to facilitate the reduction of a certain 
class of equdtions which occur m Chap viii 
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EXAW.B ( 1 ) 

Here \re nught begin as follows 

Theexpressionsg(»+l)+i(&tf-S)-g(af-2)-^ (2) 

1 12 5 1 1 2ar 

and tbtm coni])leto tbo simplifioation by collecting like terms , 

Bnt in such a case it is bettor to consider the expression as consisting 
of only four fraotional terms that is we retain vinonlnm in eaon 
term of (1) (or the equivalent braokots in (2)}, and bring the fractions to 
a common denominator exactly as in Anthmetio 

The L C jM of the denominators is 24 , tlios the sucoessire multipliers 
of the several numerators in (1) are 2, 8, and 8 Hence 

The expremee^^iS±2>±Bi^=§^^ 

_12a;+12+16r-10-5af+6-16a; ' 

” 24 

Q 

s=- j^ , by collecting bke terms 

Beginners are recommended to use brackets in the first bne of work , 
otherwise they ivill bo very liable to mistakes of sign in dealing with 

a term like -5^ 

EXAMPLES Vn c. 

1 Add together 

o(a+»)-9(a-a:), -(a-^rl+Sla-w), 7(a+x)+2{a-x), 
and express the result in the simplest form 

Find in the simplest form the sum of 

2 6(a:+y)-3(a?-y), -7(a:+y)+9(a:-y), S{x+y)-7{x-p) 

3 4'(®“2»)+|(OTTn), -(w-2a)-^(m+n), ^(»»-2»)+;J.(j»+») 

4. l(2ft+»+i{»-o), ^(25+fa)+J(3l.-o), |(26+|a)-^(36-o) 

Subtract 

6 l{2x+S!f)-^^iQx+ij) from f(2a;+3y)~ J(6x+y) 

6 |(iaz-18&)-'^(lG<»+4&) from ^(12*-18&)-^(16a+46) 

7 rrom 6(a®+i®)-fi(a+&)-2 take 4{o*+i^)+S{a+6)+2, and find 

the value of the result when as A, 1=-^ 

8. Pind the sum of 3(a+b)x~’2[a-i)y, -2{a+h)x+2[a-h)y, and 

7[a+b)x--Q[a-h)y, and find the value of the result when 

9. Subtract -6a?*(a+6)-s^(a-h) from -2a?(a+6)+3^{a-6) 
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Simplify 
AW 2^9 


11 


a,-8 -B-S 
7 3 


7+2a; z-3 
8 " 6 


13. 


16. 


17 

19 

20 . 


x+Z , o-x , 3g"l 
3 6 12 

2®+! a;-4 4 
“3 6 "15 


14. ^(*-l)+i(T+3)-i(!!i-81 

2flr-3 a+2,6'1+8 
" “9 6”'^"12" 

18. g(4-3c)+l(5-2c)+l(c+7) 


iFind in its simplest form the volne of 

f&e-l 3x-2,v-S 1\ 

-r-+T-+ 5 j 


(- 


8 


x56 


Multiply •^(SjB-2)-y(4a;-3)-y(ar+7) by 48, and simpbfy the 
result 


21 Multiply smallest number urhiob 

will remove the denommators, and express the result m its simplest 
form 


«Boots Substitutions 

^94 The 8q.uare loot of any proposed ezptession is that factor 
irhose square, oi second powder, is equal to the given expression 

Thus the square root of 4 is 2 because 2'=;4 
i> II II 9 II 3 ,, 3®=9 

II II II II II (o”)®=o'* 

Similaily 

the cube root is that factor whose cube gives the quantity, 

„ fourth root „ „ fourth power „ 

„ fifth root „ „ fifth pouter „ 

and so on 

Thus the cute root of 8 is 2 because 2^=8 

„ fomih root of 81 „ 3 „ 3^=81 

„ fifth root of 32 „ 2 „ 2^=32 

The symbol V, called the radical sign, is used to denote the loot 
of d quantity 

The squaie loot is denoted by or more simply ff 
n cube „ „ 

„ fouith „ „ 4^, 

and so on 

ExAMFXS 1. If a=4 find the value ofl^s? 

Heie ' W.i»=Vx^(4>}=7x^64=7x8e66 
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Exauble 2 Ftnd wdm of 5<s/(6a’b*o), when a=3, bsl, os8 
5V(6o»1»*c)=:5 X ^/(0 X 3® X 1* X 8) 

(^/6x27x8) 

_,ix-s/(3x27)x{2x8) 

=5xAy(9y9)x(4x4) 

^5x9x4=180 

Noxe An expression of the form is often written »j6c^c, 

the line above b^g used as a vinculum indioatmg the square root of the 
expression teAen aa a whok 


♦examples YU. d 


If a=3, 6=2, e=4) (2=6, /=!, find the value of 


1. -s/a* 

5 ^ 
g -s/^ 
13 5^1^ 


2 . 

6 N/SSd 

lO s / a^bd 

14 


3. -s/c® A 

7 8 ^/i^ 

11. n/9c^ 12 -3^6^ 

15. -32»»n/?^ 16. n/Sc? 


♦06 Sin(» (-ffl)®=(-fl)y(-a)=fl*, 

it appears that the square of ->a is exactly the same as the square 
of +a, andj conversely, it follows that every positive quantity has 
two square roots equal m value, but opposite in sign. 

Thus /v/ZSs+S, or -5, 

(s/tt*=+a®, or -o* 

For the present the pupil will be required to deal with the positive 
value only 

♦96 Any odd power of a quanhty gives an expression of the same 
sign as the quantity itself 

Thus 

(+5)*=(+5}(+6)(+5)=+125, (-5)»=(-5)(-5)(-6)=-126 

Therefore an odd root of a quantity will have the same sign as the 
quantity itself 

Thus i5/S2=+2, ^n^=-2 

Example 1 If -4, b= - 3, c= - 1, f =0, xs=4, fnd the vodue of 
7^(a%x)-3>/b5o*+6^/(f*x) 

The expres8ion=7'3'(-4)-( -lj4-3N/(-3)*( - l)»+6-s/(0F4 
=7‘?/(16)( - l)4-3-s/(8l)(i)+0 
=74^-3>/8r 
=:7x(-4)-3x9 
= -35 

Note. Because any ptmr of 0 is 0 any root of 0 must also be 0 
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To denote the root of a fraction one radical sign only is generally 
nsed, thus 

IS the same as ^ that is | 


£!xAuri£ 2 TFAen x=4, y=25, Jind the value of 

(23? /a? _ »/2 4 / 4 _ »/ 8 11 

5y" V4y“V5 25"V‘l 25" ^1 125" y 25 


^f2x 

Vsy 


2 1 1 
'o“5“5 


) 


^EXAMPLES vn e 


If 

o= -4, i 

6= -3, c=2, *=-1, 

find the value of 



1. 

•Ja^ 

2 \^3ai‘ 

3 siToaa?. 

4 


6. 

n/SW 

6 x»Jc^ 

7. 4& 

8 

sm 

9 


10 

U 4® 

12 



If as 16, 6=27, ea64, find the value of 



15. 



14 


*97 A radical sign before a compound expression which is en- 
closed within brackets, or is placed under a vinculum, indicates that 
the root of the compound expression ta^en as a toAole is to be found. 

Thus ijx+y denotes that the square root of the q uantit y a; is to he 
found and the result added to y, but or »Jx+y denotes the 

square root of the sum of the quantitira x and y 

If a;=:16, y=:9, 

*/r+y=N/l6+9=4+9=13 , 
•Jx+y=y/16+9=\f25=5 

ExAUFi^ If a=6, b=4, z=:3, fvd the value of 

V(a=+lj>)-^a-b-b=-z 

The ezpression=*/{6®+4?) -4^8* 4-4--3 

=s/(36+64) - 4^144-16-3 

=-s/i00-\/i^=10-5=o 
£ 


H ALG 
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^EXAMPLES m f. 


If a=3t 1=2, e=4^ d=6,/=l, find the value of 
1 i^2(b+d) 2 


8 d^-slcd-f 
5 

7 , sJa-T^aA-oJlm^-Zc^ 


4 ^a‘- 2 ab+l/ 

6 n/b»+ 2 &^+ 2 c?-- 3 ^OT 

8 iy/aHf**+<^+ 2 a 6 + 26 c+^ 


If -4j -3j e— 2, a;s -1, find the value of 

9 10 \' 80 ;^. 11 . ^a^+b*+17cx. 

12 n/SS+I^ m jS/S^+n/^+F 


14. i^a"+2oc+<? 15 


H a=-4i 6:= -3, c=-lj/=0, «=4i ys:l, find flie value of 

16. 2^/(ac)-3^/(ay)+^/(Fc‘) 17 3^/(aca;)-2^/(BV)-6^/(<^) 

18 7n/5^-3-s/F?+S-^^ 19 36N/§5c-5\/i?-2c%^ 


20. E Bs -2, ys3, 4BS - 1, find the value of 3a:y+4a®+»\/l0-a^ 

21- If a=10, h=- 7 , c=- 7 , find the value of (S*6V^/6^-^ 

4 o 


22. E a;=:l, y= -3, zsl, find the value of 

's/(a?+^+z)(ar4-y+z)-/ya^ 

28. When a=l, &=; - 1, e=2, find the value of 

V3o’(6 - c) +3&*(c-a)+3(?»(o-6} 

24 Puid the value of 

»^(a?+y‘+*)(»-y-3a)— V-2®-2^+a^ 
uhen *=-1, y— -3, z=l 



CHAPTER Vm 

Simple Equations 

98 Air equation is a statement that two algebraical eiqiressioiu 
are equal 

If the two expressions are always equal for any values we give to 
the symbols, the equation is callea an identical equation, oi more 
simply an identity. 

Thus (i) x+S+x+4=:2x+7, 

(u) a^-b-={a-rh){a-b) 

are identities 

99 If the two expressions die only equal for a particular value 
or values of the symbols, the equation is called an equatuon of 
condition 

Unless otherwise specified an ‘equation’ is always taken to mean 
an equation of condition 

Thus the statement 49;+2=14, which 'nill be found to be true only 
when X has the value 3, is an equation m the ordmaty sense of the term 

100 To distinguish ideMical equality from conditional equality 
the symbol = is sometimes used instead of ^ 

Thus we may wnte o®-i»®=(o+6)(a-6) 

101 The parts of an equation separated by the sign of equahty 
are called members or sides of the equation, and are distinguished 
as the nght side and the left side The abbreviations S S and L S 
will sometimes be found useful 

^ 102 In the equation 4i;+ 2 =14^ the value 3, which when substi- 
tuted for X makes both sides equal, is said to satisfy the equation 
The object of the present chapter is to shew how to find the values 
which satisfy equations of the simpler kmds 

103 The symbol whose value it is required to find in any equa- 
tion is called the unknown quantify, oi bnefly, the unknown. 
The process of finding its value is called solvingT the equation. 
The value so found is called the root or solution of the equation 

104 An equation which, when reduced to a simple form, in \ olves 
no power of the unknown higher than the first is called a simple 
equation. It is usual to denote the unknown by s 
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106 Many of the easier types of equations may be solved by 
inspection 

Thus if »+4=: 7,/iemuststandfor 3, 

if 7#sl4, X „ „ 2, 

i£ |=6,x „ 10 

In fact the pupil has already had instances of such examples 
without any knowledge of the formal definition of an equation. 

[See Examples 1 a 28-44, Examples II b 26-28, and Examples 
II c] 

The foUowmg recapitulatory Exercise may be here taken orally 


EXAMPLES Vm. a (Oral) 

Eind the values of x which satisfy the following equations 


1 

2»=:6 

2. 

3r 

=9 

3 

6® =12 

4 

5®=15 

5. 

4«=:20 

6 

7® 

=21 

7. 

8®=40 

8. 

9®=-9 

9. 

2a;=0 

10 

-2a;rs0 

11. 

-3x=6 

12 

11®=65 

18 

ix^m 

14. 

1v 

= -42 

15 

12x=60 

16 

S 

1 

if 

17. 

a:+2»6 

18. 

®+9s:15 

19 

®-2=6 

20. 

#-3=7 

21 

a?-3ssl 

22 

»- 

3=0 

23. 

®+4=4 

24. 

#+11=20 

25. 


26 

a 

3 

27 

5--S 
2" * 

28. 


29. 

2ii;^l 

30 

3r: 

=1 

31. 

5®=2 

32. 

6#= -1. 

33. 

7“ ^ 

34. 

2®: 

1 

“'S 

35 

K 

36 

® 1 

2* *4 

37. 

2a;+33;=:10 


38. 

3®+4®= 

21 

39. 

7»-2®=6 

40 

lSs-12a;=6 


41 

-2a;+9® 

=28 

42 

-3«+6»=10 

43. 

7a!-2»-«=24 

44. 

«+2®+6v= - 

9 45 

4®+3t 

r=6+8 

46. 

7'15-3®=27- 

11 

47 

8t-5v= 

24-15 48. 

4®+2x 

=®-v 


106 Beginners are very apt to treat the solution of equations in 
a mechanical and unintelli^nt way, without keeping the object in 
view deaily before them It must oe remembeied tmit an equation 
is ‘a statement of cmMvonal eqwdti^ , that is, it is true only for some 
particular value, or values, of the unknown In solving the equation 
we are seeking the value, or values, of the unknown which uiil make 
the two sides of the equation equal The process consists of changing 
Uie form of the equation, step by step, until it assumes the form 
“d;ssome known quantity” It will be found that the solution of 
a simple equation ultimatdy depends only on the following axioms 
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1 If to equals \re add equals the sums are equal 

Thus if x=a, x+2=a+2 

2 If from equals we take equals the remainders are equal 

Thus if x=a, v-3=a~3 

3 If equals are multiplied by equals the products are equal 

Thus if a:=a, tx7=ox7 

4 If equals are divided by equals the quotients are equal 

Thus if x=a, x~~3=a-3 

Example 1 Find the value of x. uhtch eatt^ei the equation 
6x-8-3x=2i+12-x 
CoUeotmg like terms on each side, ue have 

3a:-8=r+12 

Subtraotmg x from both sides, we obtam 

3'c-aj-8=12 [Axiom 2] 

Addmg 8 to both sides, 

3i;-a:=12-{*8 , [Axiom 1 ] 

2a:=20 

Jhvidmg 2, a;s:^s=lO [Axiom 4 ] 

107 It IS useful to verify, that is, prove the correctness ot the 
solution, by substituting m both sides the value obtamed for the 
unknown 

Thus m the equation 6 t - 8 - 3T=2a;+ 12 - a;, if a= 10, 

LS =60- 8 - 30=22 
BS =20-1-12-10=22 

Since these two results are equal the solution is correct 
Beginners should veiify every solution in this way 

Example 2 Solie the equation -:r-^=^+T 

o 10 5 4 

Here it is oonrement to begin by clearing the equation of fractional 
coefficients This oan be done b} multipl3nng every term on each side 
bythelfaCM of the denominators 
Hence, multiplying throughout by 20, 

$x20-:ix20=|x20-h2x20 
0 10 o 4 

that IS, 163;-6=4z-i-5a; 

Subtraotmg 9x from each side, 

7 »- 6=0 

7®=6 



Addmg 6 to each side, 
Dividmg by 7, 
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, » 4 6 3 48-21__27 
^*^“6 7“lO~ 70 “TlT 

1 6.1 .6 6x4+6x6_27 
BS=gX^+|X^= 5x7x4 ■"70 

Thus the solution u oorreot ] 

The following example lilustratee types of equations of vexy 

frequent use % 

» 

Example 8 Fvad tile vo^tie of the uhLnoum qumttUff which Botx^xe 

(>)|=i}. Wi|=5 

Our object is to detaoh the unknown quantity from the fraotion in 
which it occurs This we may do by Axioms 3 and 4 ' 

26 9 l 

(i) In ^ as If, we multiply both sides by 7 » 

thus |x7a=lf/7, 

or »a7V-«U^ 

<u) In gss we divide both sides by 5 , 

thus 


±-y 
16'6 

If now we multiply both mdmi by 6, wo have 


4x6 
16 " 


8 . 
or 


5 


These Bl 


14 

(m) Li If-^i we multiply both mdes by 3s ; 


3z 


thus 


gx3*asl4 


Then m one step divide both sides by *l a% and multiply by 5 , 
mid we have 


,_14/6_10 .1 

»— Ts— ST 


7x3 3 


108 The preceding examples have been worked out very fully in 
every detail for the puip(»e of emphasising the importance of 
shewing clearly the meaning of every step of work in solving 
simple equations Eadh stm diould occupy a separate hue, ana 
each successive piocess should be a direct application of one of the 
fundamental axioms 
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Orderly anangemenfc should be studied thiougbout, and the signs 
of equality m the several lines should be \mtten neatly in column 
Beginners are paiticulaily cautioned against placing a meaningless 
bign of equality at the begmnmg of a hne 

In order to furnish the requisite practice in mafAod and a) range- 
menf, we shall now give an exercise containing easy equations which 
are free from difficulty in the way of reduction, and which involve 
. little actual work 

EXAMPLES VIIL b. 

Ihnd the value of the unknown quantity which satisfies each of the 
following equations, and m each case venfy the solution 

1. 7x-i=n 2 3a -5=10 3 2a+15=23 

A 5a -9=21 6 74 ;= IS -21? 6. 3a?=25-2a: 

7. 4a;-3=2a;+l 8 5a?+2=6a-l 9 3j;+2=4ar-3 

10 4i;-3=3a+4 11 8v-9=33-4a 12 5x+3=15-afc 

IS 2j;+15=27-4a 14 7i+ll=3ar+27 

15 15-5t=24-8® 16 9i+21-4v=46 

17 5a;+7+4a:+ll+3x=24 18 0=9 -6a -19+ 10* 

19 7-3y=S+4y+ll-16y 20 -3y-5=-7y+l 

21 0y+7-19=7y+13-3y-21 

22 3y+4+10y-17=14-23y+16-7y 


23 

^+5-5 


^ 1 

* 

- 4 = 

:1 



25. 

z= 

CO 

+ 

II 


26 

. 3 

*-0=7® 

4 


27 ^+|^= 1 ?- 

3 


28 

t. 

2 

-3-2 


29 

1 1 

-9 

30 1 

1 

"5“ 

I+17 


31. 

1 

3' 

-2^= 

41 21 

9 “3 

32 

g+2M- 

3* 

'T 

38 |. 

i-l-r 

2* 

“9 ' 

|.4 

34 

5i+|= 

§P+^. 

4^3 

35 

a 5 

3“6 

36. 

* 4 
5“3 


37 

2z 

3 

5 

"12 



38 

4a 7 

5 “iS" 

39 

7a 4 

6 “9* 

40 

3* 5 

8 "9 


41 

6 

7^ 

3* 

'2 



42 

8 gy 
45“ 15* 

43. 

3 15 

8a“T 

44 

45^2 


45. 

2 

5~ 

3 

X 



46. 

10 5 
3“2F 


2 6 

47 From the condition ^ of y of *=lf, find ar 

48 Find p from tho condition p x ^= 23 - of 


Shew that *=5 satisfies the equations 
49. 6»-ll*+29=2»-n 50. 9*-41-13*=24-17* 
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1 09 After enougli practice to enforce the reasons for the several 
steps, the solutions may be presented in a shorter form 

When any term is brought over from one side of an equation to 
the othfflT it IS said to be transposed. 

We now shew that any term may be transposed from one 
side of an equation to the other by simply writing it down on the 


Consider the equation dx-6=a+12 


Subtrai^ting a from each side, we get Zx -a; -8=12 
Adding 8 to eadi side, we have Zx-a—H+B 

Thus we see that +x has been removed from one side, and appears 
as -X on the other , and -8 has been removed from one side and 
appears as +8 on the other. 

Similar steps may be employed in all cases 
It appears from this that m may cfumge the agn of every tern vx 
CSX egmium , for this is equivalent to transposing all the terms, and 
then making the two sides change places 


Vor example, consider the equation -Sz-12s:x-24 
Transposing, - x+2iss3x+12, 

or ' 3si;+12s -ib+24, 

which is the ongmal equation with the sign of every term changed 


Eza3I?le 1 S<^ie llx-5(2x-l)s3(6-x}-f 1 


Bemonng brackets, we have 

llx-lOr+5 =18-3x+l; 
sndby transposmg, lIa-l(te+3x=:18+l-5 

OoUectmg like terms, 4x= 14 , 

z=^=3^ 

When 

LS =ll/|-5{7-l)=J^-30=8^ 
BS =3(6 -J)+ 1=3/ -1+1 =8^] 


bi subsequent examples we shall leave the venfioation as an exercise 
for the pupiL 

Exa3IPLb 2 (S'olW|{x-2)-g(2x-6)-l+^=0 

Bint dear of fractions by multiplying eaoh side by 60, whioh is the 
LCM of the denominators 
Thus, 15(®-2)-10{2a:-5)-60+9v=0, 

that 18 , IS*— 80— 2(hf+60— 60+9x=0 

16a;-20a;+9x=60+30-50 ; 

4x=40, 

' x=10 
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Koxe 1 The above equation might hare been imtten 


z-2 2x-5 
4 " 6 



When fractional equations are given in this form care must be taken 

2x— 5 

ID dealing mth a teim hke ^ It must be remembered that 

o 

Q— and -g(S2® -6) have exactly the same meaning 


Noxe 2 Observe that on multiplying by 60, we still have 0 on the 
nght side, for 0 x 60=0 


110 When the coefficients involve decunals, we may express the 
decimals as common fractions and proceed as before , but it is often 
simpler to work entirely in decimals Useful simphfication can 
sometimes be effected by multiplying ea(^ teim of the equation by a 
smtable power of 10 


Example Sdie 
Tran^osing, 
oollectmg terms, 
that IS, 


375X-1 876= 12v+l 185 
)75x- 12a;=l 185+1 875, 
(375- 12)x=3 06, 

‘255a;=3 06 , 

3 06 
*“255 
=12 


EXAMPLES Vin. c 


\It ts recommended that JSas 1-20 of the folloumg evamplet should 
he sdved m fuU detail, explainmg e^ery step In the rest of the 
Eseerem the solutions may he shortened hy transposition ofterms'\ 

Solve the following equations and verify the solutions 


16 


1 19(1+x)=16t-11 
3 18-6(®+l)=3(®-l) 

5 3(®-7)+6{®-4j=15 
7. 6(®-1)-(3*+11)+7=0 
9 2(4 -®)-3 (t-7)- 1=16® 10 

11 4(®-3)-3(3-a)=5(®+2)-9(8-T)+20 

12. 4(3+a)-3(2®-5)=6-®-2(3-®) 

13. 2»-5{7-(®-6)+3®}-28=39 

14. 20(7»+4)-18(3®+4)-6=25(a+6) 

16. 3[16-2{»-2(®-6)}]-6®^=0 

7®+2_4®-l 
5 “ 2 


2 5(®-3)=3(®-l) 

4 5-4(®-3)=®-2(a-l) 
6. 6(®-3)-13(®-2)=l 
8 21-7(2®-9+3®)=0 
6-{2®-(3®-4)-l}=0 


3®-13,ll-4» „ 

~ ' n ~ T A 


17 
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Solve the follomng eqmtums and venEy the solutions 


18. 2af-g(3;+27)=16 


-Q X 8»+8 2g-9 
4 T”* 3 


22 . 


3a;~l ,6 x , 2as+l 

T-+E“J+-T' 

2j;-1 395-2 6JB-4 7»+6 


7»-4 , 95-1 395-1 7+05 
16 ■*' 3 “ 5 "10 


3 


4 


6 


12 


23. 6- 


05-1 05-2 3-05 
2 ■ 3 “"4 


28 ^(te-2)-i(*-l)=4 
no 3-495 4+595.795+11 ^ 

28. 5-+Tr-”* 


25. |(l-2»)-|(4-6*)+|=(). 

27 j(«+I)+i(»+3)=j(*+4)+M 

295-7 as-2 595-3 « 

29. Ti--- 7 r'® 


30 |(*-I)-|(*+!!)+^(*-3)=4 a ^+^.6r-17i 
32 S95-33S 2595+ 295 33. 13si 7+ 295 31 395-1 8+ 295=5*7 


35. 0495- 075= 11. 


36 495=:1 3- 295-1 37. 695+g-95-S. 


38 2(95-1)+ 5(05 -9)=3 

J,n 75-95, 47 + 295 4495 

w. --^+--- 6--*r6 


39. 22695- 126»395+376 
95+ 26 95- 36 


41. 


15 


45 


:=:18 


til We shall nour give some examples vrhich require more simpli* 
fication befoie any terms can he transposed 

a,!.. |-!gr7)f lj).|J*x-8Hx-X) 

o 10 0 0 

Clear of JractionB by multiplying e'^ery term by 15 , thus 
595- (4x- 7)(39s- 6)=6 - 3(495 - 9)(® - 1) 

Here theproduots (4a;-7)(3x-6) and (4x-9)(®-l) must be multiphed 
out (or vmtten down by mspeetion as m Art 67) before any further 
reduetion eon be made 

Forming the produetSj we have 

6»- (129? -41w+35)=6 - 3(4fl?- 13® +9) , 
and by removing braokets, 

695- 12**+41*-35=6- 129?+39«-27 
The term - 129? may be removed from each side without altermg the 
eqnahty, thus 

6x+41«-36=36+36x-27 
695+41»-39t:=6 - 27+35, 

7*=14, 

®=2 


Tiansposmg, 
collecting terms. 
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K'oie 1 Since the mums sim before a bmohet afifeots every term 
ynthin it, ire do not remove the brackets until vre have fotmed the 
products 

Note 2 The terms involving afi on each side destroy each other If 
this were not so the equation would not be a simj^e equation [Ait 104 ] 

112 When there are fractional expressions within brackets the 
brackets should be removed before clearing of fractions 

BemoTing brackets, we get 

._^_15_aj_4 
O'- 4 O'O" 

Multiplying by 36, the L 0 M of the denominatois, 
144<&b=135-18x-16, 
or - 8*4 18a;=135-16-144, 

10*= -26, 



113 From the foregoing examples it will now be seen that any 
simple equation with one unknown may be solved by the folloinng 
general rule 

Buie If necessary^ dear of fractions and remove bradete Ihmg- 
pose all the terms containing the wnlmomm quantity to one side of Hie 
equation^ and the known quantities to the other C7ollecC the terms on 
each side f divide both siaes by the coefficient of the unknown quantity 
and the value required is obtained 


EXAMPLES Tin d 
Solve the following equations 

1 (a;+l){a:+2)=a:(a;+7)-6 2 2(a;-l)(ar+l)=®{2j?-6)+16 

3 15-a(8-'B)={*-5)s 4 (a;+l)«+(a;-2)®=2ar‘-5 

6 3r(2a;+l)-lla;=6(*+7){*-S)+320 

6 (®-3)(x-4)-2a!{®-3)=*(ll-a;) 

7 (®-6)=-4(3-®)=8*+(x+2)= 

8 (3aj+4)(4a;- 1) - (7®-2)(!r-*-l)=(6x-3)(!c-2) - 1 

9 (3r-2)(3a:+3)-(3-4a:)(3+4r)=(6a:-3)(5a!-»-3) 

10 (6a;J-l)(®-2)-(4a:-3)(3a;-l)=10-(7a;+2)(a:+l). 

U. 3(a;+l)(*+3)-2(!C+l)(a?-l)=(a:-l)=+3(6a:+l) 
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12. {3a:-2)(2aj-3)-{2®-l){®-2)=:(2»-3)®-6a; 
(3z-4)(3®+l) (8»-U)(®+l) (6a;-l)(2a;-3) 

18. ^ ^ jg 

Jg r(a«+l) (i8+2)(g--4) _^i 


14 


5 


17 g =It+-7- 


OK A *(7®-9) 4/..«-l\ « 2/3® 2\ 5/12® 1\ 

27. the tbIqb of x whioh makes the two expressioiis 

{9®-19)(®+2), (3®+l)(3®-2) 
equal to eaoh other 

28. jShew that the following equations are tienMtes [Art 98]. 

(1) (2»+3)(®-7)-2(«+8)(x-2)=ll-23«, 

W |(i!*-7)-|(.-8)=^^+4+l(»-ll) 

29. Shew that the equation 

7® - 3 - (7 - 5®)=3 - 3®- (5®+8)+6(4»- 1) 

IS satisfied by any and eveiy value of ® 


i^^Harder of SinipU EqucUum vnU, he dimmed m Chap^ 
zxin 



CEAPXEE TX 

StSIBOLICAL E2a>BESSION FORMULiEL 


11*4 Tee pnncipal use of equations m Algebia is for solving 
problems, some examples of srhum snll be given in the ne\t chapter 
In attempting such problems, the first step is always to express the 
conditions of the question in algebraical language so as to form an 
equation, which, on solution, gives the answer to the pioblem 
The requisite facihty in expressing the conditions of a problem 
by means of symbols can only be acquired by constant and vaned 
practice , accordingly we shall here give a large number of examples 
in symbobcal expression in continuation of the easy cases already 
discussed m Chap i These will prepare the way for the problems 
mChap X 


Example 1 ^a » one factor of x, vihat ts (he other faeioi^ * 

If 5 IS one factoi of 7S, tlie other is or 15 

o 

So if a IS one factor of z the other is - 

a 


Example 2 In m yeais a man wiU he n yeaie old, what u his present 
agef 

By taking a numencal instance it is easily seen that the required result 
IS obtained by subtractmg m from n 

Thus the required ige is (a - m) } ears 


Example 3 ^£20 ts dwided equally among p men, what is the share 
of each f 

The share of each is the total sum diiided by the number of men. 


-20 
or £— • 

P 

Example 4 Mow far can a man walk m m horn s at i miles an hour f 

In one hour he walks 4 miles 

In m hours he walks m times as far, that is, 4m miles 


Example 5 Out qf a purse containing £x and y forms a man intends 
z shillings , express in pence the sum lefi 

£r=20r shiUmgs, 
and y flonns=32y shilhngs , 

the purse contained {20x-^2y) shillings , 
the sum left=(20x-<-2y-z) shillings 
s= 12 ( 20 a;J* 2 y- 2 ) pence 
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1. By how mudi is x less than 15 ^ 3y how much does 5x exceed 5 ? 

2. (be factor of a is h , what is the other^ 

3. What must be taken from p to obtain q * 

4. If 27 18 less than a; 1^10, what 18 a;^ 

5. If 13 18 greater than ^ by 7t what is 

6. What dividend gives 7 as the quotient whmi ae is the divisor’ 

7. What divisor gives 5 as the quotient when y is the dividend'’ 

8 The difference between two nnmbets is c, and the greater of them 
IB 16 , what 18 the other ’ 

9. A boy 18 a years old, how old was he 5 years ago’ p years ago’ 

10. A b(^ will be 15 years old in h years , how old is he now’ 

U How old will a b(^ be in ji years if he is g years old now ’ 

12. The sum of three nombecs is 21, if one of them is 9 and another 
IS p, what IS the third ’ 

13 The product of two factors is c, and one of them is d, what is 
the other’ 

14. How many times is b contained m 3a;’ 

15 If a book cost x pence, how many can be bought for y shillmgs ’ 

16. If a book costs eighteenpenoe, how many shillings wiU Sir books 
cost’ 

17 How many pounds would be spent in buying x books at 9 shillings 
each’ 

18 If there are I numbers each equal to x, what is their sum ’ 

19 If there are 4 numbers each equal to d, what is their product ’ 

20. A man weighs x stones in his dothes, and y lbs when stripped , 
how many lbs do bis clothes weigh’ 

21 A cart loaded with coal weighs a tons , if it holds b owts , what 
18 the weight of the cart m lbs ’ 

22 A boat’s crew can pull in still water at the late of a miles per 
hour If they row on a nver whose stream flows at the rate of b miles 
per hour, bow far will they go in c hours against the stream ’ 

23 If I give aw^ x shilhngs out of a purse containing m sovereignB 
and n flonns, how many shillings had I left’ 

24. How many square yards of carpet will be required for a room 
which 18 X feet long and y met bxiad ’ 

25 How many days must a man work m order to earn £5 at the rate 
of c shiUings a day ’ 

26. How many hours will it take to walk n miles at 3 miles an bonrl 

27 How far can I walk in x hotuu at y miles an hour ’ 

28 lumdaysamanwalksymilffl, what IS bis rate per day’ 

29 How many miles is it between two places if a train traveliing 
p miles an hour takes 5 hours to perform the journey ’ 
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30 '^at 18 the velocity m feet per second of a train Trhioh travels 
30 miles m x hours ’ 

31 Out. of a pnrse containing x pounds and y shillings a mati spends 
s pence , express m pence the sum 1^ 

32 If m eve^ dozen oranges only m are good, hoir many good ones 
are there (i) m 96, (ii) m n oranges* 

33 A box contains 10 dozen oranges of \rhich 24 are bad Hott many 
good ones may be expected (i) m 80, (u) in x oranges * 

34. VHien eggs are sixpence a dozen, find (i) the cost in shilhngs of 
X eggs, (ii) the cost m pence of 6y eggs, (iii) hoir many can be bought 
for X pence 

35 When buns are sold at 16 foi a shilhng, xrhat is the cost in pence 
of X buns * How many buns can be bought for y pence * 


> 

116 Example 1 1/ a numbti N ts ditided by a divisor D, gtmng 

quotient Q and remainder R, sheio that N =Q x D + R 
If a number 17 is divided by 6 with quotient 2 and remainder 5, we 
know that 17=2 x 6 5 

or numbet ^ quotient xdivisor+ remainder 

Hence also N=QxD4-R 


Example 2 A rectangular room te \feet long, b/eet broad, and h/eet 
high j haw many square yards qf paper toill be railed for the walls f 

To find the perimeter of the room we must add tmce the length to 
tmce the breadth 

Thus perimeter =2(1 + b) feet, 

and the height =A feet 

Hence the area of the waUs=2&(1+b) square feet , 

number of square yards required 

Example 3 The digits of a number beginning fi om the left are a, b, o , 
what IS the number^ 

Here e is the digit in the units* place , b standmg in the tens’ place 
represents b tens ; similarly a represents a hundreds 

The number is therefore equal to a himdreds+& tens+e units 

=100(r+106+c 

If the digits of the number are inverted, a new number is formed 
which IS symbohcally expressed by 

100c+I0&+a 


Exasifle 4 How many men wiR be required to do in p liours what q 
men do in np hours * 

np hours is the time occupied by q men ; 

1 hour „ „ qx nv men , 

that IS, p hours „ „ SiiJP i 

P 

Therefore the required number of men as qa. 


■ men 
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Esauele 5 What ts (i) the sum, (u) the product of (kne cmxeuine 
numbers if wAtcA (he least t« n * 

The numbers conseoutive to n are n+1, n+2 , 

the sam=R <f (»+ 1} + (n+ 2} 
a3n-f3 

And the prodnot=:n(n+l)(n4-2) 

Note Any eien number may be denoted by 2n where ms any pontive 
whole number, for this expression is exactly dinsible by 2 

Similarly, any od(2 numter may be denoted by 2n + 1, for this expression 
divided by 2 leaves remainder 1 

Thus three emtsecaUM enen numbers may conveniently be iraresented 
by 2n, 2r t-2, and 2n+4 , and three conseeutne odd numbers 2a+l» 
^+3, 2n-f5 


EXAMPLES IX. b 

1 Write down the produot of four oonseontive numbers of which m 
IS the least 

2 Write doun the sum of thiee oonseontn'e numbers of which n 18 
the greatest 

3 Wnte down five consecutive numbers of which I is the middle 
one 

4 Wnte down the product of three conseoutive odd numbera of 
which the middle one is 2p+ 1 

6 The product of three consecutive even numbers, of which the 
middle one is 2 r, is equal to d , express this by an equation 

6 How old will a boy be in 12 years if he was x years old 3 years ago * 

7 How old IS a man who m n years will be twice as old as his son 
now aged 0 years’ 

8 In 5 years a boy will be y years old , what is the present age of 
his father if ho is twice os old as his son ’ 

9 Wnte down a number which when divided by I gives a quotient 
m and remainder n 

10 What IS the remainder if x divided by y gives a quotient z ’ 

11 What is the quotient if when a is dnided by b there is a le 
mamdor e’ 

12 A room is a yards in length, and b feet in breadth , how many 
oquare feet are there in the area of the floor? 

13 A square room measures m feet each way how many square 
yards of caipet will bo required to coicr the floor’ 

14, A room is p feet long and q yards in width how many yards of 
eartict 2 fh wide will be required for the floor’ 
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15 What u the cost in ponnds of carping a roonTx yards long, 
y feet broadj with carpet costing z ahilling g a sgnaie y'ard * 

16 How many miles can a man \ialk in 50 mmutes if he walks 
1 mile in p minutes* 

17, How many miles can a man walk m 1 hour if he walks a imles in 
5 minutes* 

18 How long will it take a man to Kalk m miles if he walks 18 miles 
in n hours * 

19 How far can a pigeon fly in p hours at the rate of 2 imles in 
5 mmutes * 

20 A man travels a miles by coach and h miles by train , if the 
coach goes at the rate of 7 miles an hour» and the train at the rate of 
35 miles an hour, how long does the journey t^e * 

21 How would you express the number whose digits m order from 

left to right are m, n, and r * l^y may not such a number be expressed 
byjjMir* /- 

22 Write down any two numbers whose digits are a, h, c (by taking 
the digits m different orders) Shew that the difference between two 
such numbers is always divisible bj*^ 9 ^ 

23 A tram is runnmg at a speed of m feet pef second , how many 
miles will it travel m n hours * 

24i A man has £a; m bis purse, he mys away 25 shilhngs, and receives 
y pence express m shilhngs the sum he has left 

25. Ha men do a woik in da hours, how many men will be required 
to do the same work m b hours* 

J' - 

116 The following examples are added to assist the pupil in 
stating the conditions of a problem m the form of an equation 

EsahifIiE 1 ffju the product of three coneecutne numbers, of which 
the greatest is p, express this fact by an equation 

If p IS the greatest, the three numbers are p, p-1, and p-2 
the produot=p(p - l)(p -2) 

But the product also equals y , thus the required equation is 

^{p-l)(p-2)=y 

Exautle 2 A man is x yeais ofder than his son, whose preseM age is 
m years five yeais hence thefathei^s age vnU be twice that of the son, 
expiess this statement tn cdgdraiccU symbols 

The father’s present age is (m+x) years, and 5 years hence his age will 
be (m+oi-i'S) years 

Tlie son's age 5 years hence will be (ni +5) years But the father’s age 
will then be equal to twice the son’s age 

Thus the required equation is {m+x+5)=2[m+5) 


RALO 


F 
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Esamplb 3 A has £p and B has tSaUmgs, A hands £\ to B, and 
findt that hs dm has three times as mveh asB, cxprew ihtsfauA hy on 
equttiton 

ffs monoy has been tnc) eased! by tbo same amount that ii’s has been 

decreased 

has (p -») pounds, that is, 20{p-a;) shillings 

Bhonq shillmgs+» pounds, Uiat is (7+20t;) shillings 

Sinee .A’s money is now three times j^s, the required equation is 

20(p-a;)=3(g+20x) 

Noxb It must be oarehilly observed that the sign of equahW oonneots 
two expressions that are ramenadly equal , henoe, both sides of the 
equation must be expressed in the some dmomntUum i^tUmgs have 
here been selected to avoid a fractional expression 

EXAMPLES IX b (Contamd) 

26. If a IB increased by b, the sum is equal to x, express this 
algebtaioally 

27 The prodnot of t and y is equal to five times the excess of e over 
<2 , express this by on equation 

28. If m IS divided by n, the quotient is equal to 12 less than the snm 
of p and q , express this in algebraical symbols 

29. A man who is x years old has a son whose age is y years , seven 
years ago the father was six times os old as the son expiess this m 
algebraical symbols 

30. If x IS divided by 4a, the quotient is equal to 9 less than the 
product of 2m and 3» , express this by an equation 

81 A man is x years older than his son, u hose present ago is a years, 
five years henoe the father’s ^ will be twice that of the son , exoress 
this in algebraioal symbols ll the son is now 15, what is the father’s 
age f If the father is now 53, how old is the son * 

32 A man, whose present age is a years, has a son aged c years , five 
years hence the son’s age will equal one-half of the age of bis father two 
years henoe express this algebraically 

c 33 A has x sheep and B has y times as many , if 0, whose sheep are 
z in number, has as many os A and B togethei, oxpiess this by an 
equation 

34 A lias a. marbles and lias y , after they have played and A has 
ivon four of jB’s, he finds that B and he tlicn have the some number 
express this in algebraical symbols 

35. Two ladies go shopping One has a pounds in hci purse, the 
other b shillings, il each ol thorn spends c pounds, and they then have 
equal sums left, express this (*quality in olgomaical i^mbols 

38 C buys m horses at x pounds each, and B hu^s n lambs at y 
shillings eoon , express algrbnuoally that the monoy C has spent is equal 
to that which J) has spent 

37 A walks f milos an honr for x hours, and B walks d miles an hour 
for y hours, and finds that hu walk is 9 miles less than A’s , express this 
fact in algebraical symbols 
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Fse of FomiTilse. 

117 Some examples in the use of fomulse have been given m 
Chap VII Other cases have occurred m Examples 1 and 2 of Art 115 
in the present chapter 

Thus m Ex live proved 

NsQxD+Ri 

a result which gives m a single statement a general relation expressing 
the conneotion between a number, its divisor, and the resulting quotient 
and remamder . 

118 A formula, it must be observed, mcludes all particular cases 
m one general statement, and maj be defined as a general rdation, 
estahliahed among eeriaxn quamMtes, any one of which may tn turn he 
regarded as the unknown 

Thus m the formula above mentioned, if Q, R, and D are given quanti- 
ties, we have an equation to find Ibe correspondmg value of N Or, a 
question may be proposed as follows ** By what must 96 be divided so 
as to give a quotient 5, and a remamder 11 *** Here we have given 
Na=96, Qsfi, R:=ll, and therefore from the formula we obtam 

96sDxa-fll, 

u hence D=17, the required dinsor 

119 In Geometry we have the following formnlte 

(1) If a tnangle, on a base b, has a height k its area (A) is given 
by the formula k=^hb 

(2) If a circle has a radius r, the circumference (C) is given by the 
formula C=2irr, and the area (A) by A=irt^ 

Here w stands for a number which cannot be found exactly, 
approximately its value =3 1416, or roughly 

(3) If a pyramid of height h stands on a base whose area is A, its 
volume (V) IS given by the formula V=JAA 

In these cases any linear unit, inch, foot, bemg chosen, the super- 
ficial and solid units will be respectively the square and cubic inch, 
foot, , and in each of these formnlse any one of the quantities can 
be found by Arithmetic when the others are given 

ExAMKf The Great Pyramid of Egyyt ttavda on a square base each 
side of which is 764 fe^, and its height is ^0 feet Find the number of 
cubic feet of ^one used in its construction 

Here V=^AA, where A=764® and A=480 

Heuee V=^x(764)»x48G 

=::60x764x764 
=93391360 cubic feet. 
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120 If a body, atartme from resi^ has a veloeil^ v and passes over 
a ifqpace of s feet m t seconds, s is given by the formula 

8~ve , (1) 

Here v is the numbei of feet passed over in 1 Ccicond 
Again, if a body falls freely under the action of gravity, and 
describes s feet in t seconds, 

. . ( 2 ) 

where p =32 2 approximately 

Ezamplb 1 If a tram Tm a vda^ of*l!aft/d a tecondf Jmo long mU 
It take to cross a maduct whuA m 300 yakla tn kngtkf 

Sttbsbtutmg the values of s and v (expressed m feet) in formula (1), 
we get 

m^15t, 

Therefore the time is 12 seconds 

JSxAUFLB 2 A atone dropped from (Ke G{fton Suigmem Brtdge Utka 
4 aeeonda btfore t< leatihea (he walfr Fmd (to Ae neareat foot) AeijrlU 
of hndge above ihe nvor 

From formula (2), s=| x 32 2 x (4)’ 

*2676 

Thus the required height is 25S feet 


IKgAIWPT.TIfi IX C 

1, From the formula for the area of a tnanj^e m Alt 119, find 

(i) the area, when the base is 24 ft , and the hei^t 17 ft , 

(u) the base, when the area is 72 sq ft and the height 9 ft , 

(lu) the hei^t (m ohains) when the area is 3 24 oores and the 
baselSSduuns, 

(it) the oiea, to the nearest square centimetre, when the base is 
13 4 cm , and the height 5 8 om 

2, ^y means of formula (3) of Art 119, find 

(i) the volume of a pyramid of hei|^t 8 ft on a base wnose area 
IS 12sq ft : 

(uj the volume of a pyramid of height 9 ft on a square base each 
of whose sides is 2 ft , 

(m) the height of a pyramid whose volume la 32 ou. ft and whose 
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3. By means of fomnlie (2) of Art 119, find (i) the omnunferences, 
(u) the areas of tvra circles it hose ladu are if uches and 2 ft 4 m 
reflectively Take a-s=^ 

4, The surface S of a spheie of radius r is given by the formula 

S=4jrr* 

Fmd (i) the surface of a sphere whose radius is 2 1 m ; 

(u) the radius of a spheie ahose surface is ITf sq ft 

5 A img IS formed by tiro concentno circles of radu R and r 
respectively , if R be the radius of the greater cirole, find the formula 
for the area (A) of the ring Use this formula to find 

(i) the area of a rmg vheu the radu are 35 cm and 28 cm 
respectively , 

(u) the radius of the outer circle tihen the area of the rmg is 
16 94 sq cm., and the radius of the inner circle is 3 64 cm 

6 If a parallelogram on a base b has a height A, its area (A) is 

given by the formula . , . 

A=oA 

Fmd the area of parallelograms m uhich 

(i) the basesS 6 m , and the heightsl 6 in , 

(u) the bases 16 6 cm , and the heights 6 5 cm. 

7 The area of a parallelogram is 4 2 sq m , and the base is 2 8 m. 
Fmd the height 

8 From the formula « St, t (Art 120], find 

(i) hoii many miles a tram mil run m 27 mm at 40 mi per hour , 

(u) hon long a tram uill take to run 51 mi at 34 mi. per hour , 

(in) the lelocih' m miles per hour of a tram wliioh runs 6600 yards 
m 5 minutes 

9, By means of the formula (Art 120), find 

(i) the height of a flarataff if a stone dropped from the top takes 

3 secmids to ream the ground , 

(ii) how long it will take a stone to drop fiom a balloon whose 

height above the ground is 402 ft 6 m 

10. If a room is I feet long, b feet broad, and h feet lugh, find 
formuliB for (i) the area (A) of the floor, (ii) the perimeter (P), (in) the 
area of the surface (8) of the four walls 

U. From the formula m the last example, find A, P, and S m the 
case of rooms with the following dimensions 

(i) length 18 ft , breadth 11 ft , height Oft , 

(u) length 20 ft 3m, breadth 14 ft 8 in , height 12 ft 
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12. Find the height of a room when the length and hreadth are 
17 ft 9m, 12 ft 3 m respcotivoly, and the area of the walls u 
6^8q ft 

13, The area of a trapezium is equal to 


Express this in olgehraiool symbols, and apply the foimula to find the 
area of a trapezium when the parallel sides are 6 ft 4 in and 7 ft 2 m 
and the distanoe between them is 4 ft 

14 Use the formula of Art 116, Ex 1, to find a number which when 
divided by 19 gives a quotient 17 and remainder 6 

15. By what number must 668 bo divided so os to give a quotient 16 
and remamder 11 * 

16. In a nght angled tnongle if a and b denote the lengtlis of the 
sides oontaming the nght angle and c denotes tlie length of the hypo- 
tenuse, it IS known that 

By substitntion find whtoh of the following sets of numbcis con be 
taken to represent the sides of a nght-ongled trumgle 

(i) 7. 24, 26 (u) 12, 35, 36 (m) 1 6, 63, 6 6 

17 TIio rectangle oontained by two straiglit lines one of wliioh is 
divided into any number of parts, is equal to the sum of tho reetanglcs 
oontained by the undivided line and the several parts of the divided lino 

Provo this by taking nlgebraioal symbols to represent the undivided 
line and the segments of the divided line 

18. AB 18 a straight hne divided into two parts at 0 Prove olge- 
btaioally, as in the lut example 

(1) AB»=AB AO+AB OB 
(u) AB AOrrAO^+AO OB 

Express these two results in a verbal form os m Example 17. 

19. n a and I stand for the first and last of a senes containing n of 

the natural numbers 1, 2, 3, 4, 5, , taken oonseonbvely, their snm (a) 

IB given by the formula 

. Use this formula to find the sum of 

(i) all the natural numbers from I to 300 , 

(ii) „ „ 1 to 1000, 

(m) „ „ 301 to 1000 

Cheede this last result by means of (i) and (ii) 

20. A medbanio’s wages are raised by £1 ooeh year If he received 
£13 m his fiist year and £27 in his last, for how many years had be 
worked if the totial of his wages amounted to £300 7 

[UsethefirTmilaqf'Eiz 19] 
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21. Witih the notation of Example 16, find the value of 

(i) c\rhena=:15, b=:S, (u) a \iheu (.=:25, &=7; 

(m) b 'vrhen c=41, 0=9, (n) a trhen c=l 7, &=0 8 

22 Find a formula which 'niU give the simple interest (£1) on a 
principal (£P) for n years at r per emit 

Use this formula to find 

(i) the interest on £435 for 4 years at 3 p c per annum, 

(u) at what rate per cent the interest on £240 will amount to £21 in 
2^ years, 

(ill) m what timo the inteiest on £920 will amount to £207 at 4^ p o 
per annum , 

(ivl what principal will produce intmest £10 la m 219 days at 
2^ pc per annum ^ 

23 In the formula F=~, given »i=12 075, r=3, 0=32 2, F=200, 

findv Sr 

24 In the formula u"=2as, find the value of a when vs=50, u=10, 
and 100 


25 From the formula s-^(a+2), find 

(i) the lalue of s, when n=20, a=14, 2=964, 

(u) the value of a, when 8=25 2, n=12, 2=32, 

(ui) the value of n, when 8=46 8, a= 6, 2=7 2, 

(iv) theialueoff, when 8= -175 5, a=13 5, n=13 

26 If y=4x-^‘c, find the \alae of y when x has the -values 0, 4, 8, 
12, 16, 20 

There is a wall 20 ft long, whose height at any point x ft from one 
end IB 4+-^a; feet Draw the wall on a scale of 1 inch to 4 feet, 
mar king on it the height at each end and at intervals of 4 ft 
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121 To obtain the equation b 7 vhich a problem may be solved 
'vre first represent the unknovrn quantity by a symbol and then 
state the conditions of the problem in symbolical la^a^ so as to 
obtain two expressions which are ntunencally equal We thus obtain 
an equation which may be solved by the methods already given m 
Chap viii 


ExAuridS 1 Fmd tm ntmfiers wAoss ma te 36, md vihoBe differtsm 
mIO 


Let X be the smaller number, then x+10 is the greater 
Their sura is x+ (xH- 10), whioh is to he equal to 36 
Hence, x+x-t'lOa^, 

that 18, arssae , Vtnfiaom. 

»«13, 

and x+ 10-23, 

BO that the numbers are 23 and 13 


S8-18«10 


The solution should always be tested to see whether it satisfies the 
cooditiODS of the problem or not 


ExAMTin 2 JDimde 54 « r/o im porta ao that few tmea ike gretUer 
tqwUafive tma ^ kaa 


Let X he the greater part, then 54 - x is the less 

Four tunes the greater part is 4x ; 
five timra the less is 6(54-'x} 


^atis, 


and 


4x=6(64-x), 

4x=270-6x, 

9xa270, 

xssSO, the greater part, 
64-xs:24, the less 


Vtr^fieatm 

mx4tsi8(^ 
24x6»lSQ. 
and 80+a4s64 


Note The beginner’s principal ddSoulty at this stage is m the 
fomatton of the equatums The solution will usaally present no dim 
oul^, hence m the example which follow we shall usually leave the 
s olu tio n and venfioataon to be completed fay the pupil 
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Exampie 3 If a cettarn number w mcramd by 5, me-half of the 
remdt te three-fftha <f the excess of rioter the number Fmd the number 

Let r represent the number 

The sum of x and 5 is x-t-d And the excess of 61 orer x is 61 - x 

Thus the ^mbobcal statement of the problem is 

i(x+5)=|(81-x) 

Clearing of fractions, and solnng this equation, \re obtam x=31 

EXAMPLES X a 

1 One number exceeds another by 8, and their sum is 26 , find them 

2 The snm of tiro angles of a tnangle is 48°, and their diffeience is 
22° , find them What is the third angle * 

3 Tmoe a certain number increased by 5 is equal to 23 , find it 

4. If a number is midtiphed by 5, and then 4 is token an a}, the 
result IS 31 , find the number 

5 If 3 be taken from a number, and tlie result multiplied by 8, the 
product 18 96 , find the number 

6 If 4 be added to a number, and the snm mnltiphed by 3, the 
result 18 51 , find the number 

7 I thought of a number, doubled it, then added 3 The result 
multiplied by 4 came to 52 What urns the number I thought of ’ 

8 Pind three conseoutiTe numbers whose sum shall equal 45 

9 One number is three times another, and four times the smaller 
added to fire times the greater amounts to 133 , find them 

10 Pind three consecutive numbers such that twice the greatest 
added to three times the least amounts to 34 

U. Divide £40 between A and B so that twice A’s share may equal 
three tunes ffe share 

12 Dnide 60 into two parts so thit thiee times the greater may 
exceed 100 by as much as eight times the less falls short of 2W 

13 Pind three consecutive eten numbers such that their sum is 78 

14 Pind three consecutive numbers such that three times the middle 
one shall be greater than the sum of the other two by 22 

15 Dnude 20 into two parts such that the square of the greater shall 
exceed the square of the less by 80 

16 Pmd tw 0 sums of money differing by £10 w hose difference is equal 
to one-half their snm 

17 Pind a number whose third part is less than 37 by as much as 29 
exceeds its fifth part 

18 Dinde 99 sheep into two flocks so that four-fifths of one flock may 
be equal m number to two-thirds of the other flock 

19 There are 28 sovereigns in a purse , how mani more must be 
added so that the added snm may be -one eighth of the whole contents* 

20 Divide 92 into two parts so that one-third of one paii may exceed 
one-seventh of the other part by 4 
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21. Divide 81 into two parts snoh that five-sixths of the smaller part 
shall exceed seven-fifteenths of the larger 1^ 9 

22 The difference between the squares of two conseontivo numbers is 

59 find the numbers 

23 Divide 22 into two such parts that the square of the greater shall 
exceed the square of the less by 88 

2i Find a number whose half added to 2i exceeds the sum of its 
third and fourth parts by 7 

25 There are two consecutive numbers such that one-fifth of the 
greater exceeds one-seventh of the less by 3 find them 

26 The third, sixth, and eighth parts of a number together make up 

60 what IS the number^ 

27 When the sixth part of a certain number is taken from the half of 
it, the result i8 3 less tlmn the sum of its fourth and eighth parts find 
the number 

122 Exasiple 1 Divide £47 beiioeen A, S, and G, so that A may 
hate £10 more titan B, and B £8 more than 0 

Let X represent the number of pounds that C has, then B has »-l-8 
pounds, and ^4 has r-i-S-h 10 pounds 

Hence a!-i-(a!+8)+(af-h8Tl0)=47; 

whence it will be found that x=^1 , so that C has £7, B £15, A £25 

Note The symbol x ivpresents a number, and such loose and inexact 
expressions as “Let a: equal what 0 has” ox “ Let x equal (jS money” 
must never be used 

Exaufus 2 A 4(m£9, and Bhas^ymneas, after B hast emved from 
A a certain sum, the latter has five sixths of what B has, how much atd B 
receive? , 

Let X represent the number of shilhnys B received from A 
B would then have (84-i'X) shilkngs, 
and A „ (180 -x) „ 

Hence 180 - *=|(84-f *) , 

whence it will be found that x-60 Therefore B received 60 shillings, 
or £3. 

Note It is imTOrtant to express all the quantities in the same 
denomination shilungs are here selected as being the most convenient 

Exuiple 3 Ate three years alder titan B, etyht years agofite-stidht 
ofA’s age extxeded titreeffths of ffs age by 6 years Jim titar present ages 

Let X represent J5 s age in years, then A's age is (z-t-3) years 

jB's age 8 years ago was (x - 8) years, and 

A’s age 8 years ago was (x+3-8) years, or (x-5) years 

Hence |(a._5)>|(a;-8}=6, 

whence xa:23 Thus Re age is 23 years, and A’a age is 26 yean 
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JBxample 4 A person spent £28 4s tn huping geese and duels, tf 
each goose cost 7s and each ducL 3& , and if the total nwnher of birds bought 
vms lOS, how manp of each did he hup f 

Let X be the number of geese, then 108 - a; is the number of ducks 

Since each goose costs 7 shiUings, r geese cost “ix shillmgs 

And since each duck costs 3 shiUings, 108 -x ducks cost 3(108 -x) 
shilhngs 

Therefore the amount spent is 

7x+3(108-a) shilhngs 

But the question also states that the amount is £28 4s , that is, 664 
shillings 


Hence 

7a:+3(108-x)=664, 

that IS, 

7a-(-324- 3a=664, 

or 

4a;=2i0, 


^=60, the number of geese. 

and 

lOS-xsAO, the number of ducks 


Note Here again it should be obserred (1) that ue say "Let a be 
the number of geese,” and (2) that all the quantities are eicpressed in the 
same denomination 


EXAMPLES X b 

1 Dinde £67 between A, JB, and 0, so that A may have £15 more 
than J3, and B £8 more than C 

2 Divide £66 between A, B, and C, so that A'a share may be half 
of B’b, and G may have £4 less than B 

3 If a sum of £85 is divided between A, B, and G, so that A has 
£10 less than B, and C has three times as much as A , find the share 
of each 

4 Divide £188 between A, B, and G, so that A may have £37 less 
than B, and C’s share may be £11 more tlmn twice A’s shaie 

5 How must a sum of £166 be divided between three persons so 
that the filrst takes half, and of the other two one takes six-sevenths as 
much as the otlier* 

6 Thiee trucks together contain a load of 100 tons The first holds 
5 tons more than the second, and 3 tons more than the thud What u os 
the load of each truck * 

7 Two men share £60 in such a way that one-fifth of one share is 
equal to one seventh of the other How is the money divided ’ 

8, Divide 660 yards into two lengths so that one may be 20 yards 
longer than half of the other 

9 A has 5 guineas, and B has £3 15 j After B has paid A a certain 
sum the former finds that he has one-fifth as much money as A has ; how 
much did A receive from B^ 

10 A and B have £12 betwemi them , A receives £1 5s from B md 
finds that he has seven times as much money os B how much had each 
at first* ' 



92 ALGEBRA [Ohap 

U, has three tunes as much monev as Bj after giving B ten 
shillings he has only twice as much what hod each at first * 

12 Two boys together have £1 lOs , if one had 6s less and the other 
9s more, the formers money would be one-half that of the latter what 
has each of them? 

13. A’s age is twice fs , 4 years ago A was three times as old as JS , 
find their present ages 

14. j9*s age is one-third of A’s, 10 years hence A mil be 16 years 
older than B , find their ages 

15 What IB A*b present age if he is now three tunes as old os and 
was four times as old 5 years ago ^ 

16 B'b present age is four times d’s , 6 years ago B was ten times os 
old os A how old are they * 

17. In 12 years a man wiU be three times as old as his son , the 
difference of theu: ages is 30 years how old are they * 

18. A says to am 10 years your senior, m five years I shall be 
twice as old as you ” , find their ages 

19. A roll of cloth was bought at 6s 6d a yard, and another roll, 
25 yards longer, at 5s a yard , the two together cost £100 15s how 
many yards were there in each roll * 

20 How many pounds of tea at Is 6(2 and at 28 6<2 a lb must be 
mixed to make a box of 200 lbs worth altogether £18 ? 

21 Divide thiee gumcos between A and B so tliat for every balf- 
croivn A receives B may receive a shilhng 

22 A hundredweight of tea worth £19 12s is made up of two sorts, 
part worth 4s a pound and the rest north 2s a pound , bow much was 
there of each sort 7 

^28 Jfi’s 0 ^ exceeds A’s b} 3 years, and two thirds of A’s ago is less 
than five sivtns of B’b by 10 years , wlmt are their ages 7 

24 A is 6 >oarB younger than B, and 6 yeais older than G, three- 
fourths of A'b age, fonr-fifths of £*8 and one-half of O'b together amonnt 
to 37 yean find their ages 

25 A man spent £1 IBs m buymg tea at 2s 2d per pound and 
cofiee at Is 4d nor pound Ho bought 21 imunds altogether how many 
pounds of each did he buy 7 

26. A farmer has a certam number of ovou worth £18 each, and t\n(% 
as many sheep worth £3 10s each , if tbeir total value is £500, how 
many lias bo of each 7 

27 A purse contams £2 10s mode up of pence, shillmgs, and half- 
crowns , the half-crowns number half as many agam as the ]^oe, but 
only one third of the number of abiUmga find the nnmber m corns of 
each hind 

28. Of two boys one was the taller by 6 m , the shorter has now 
grown 3 m., and the taller 2 m , mid at present the diSerencs of their 
heights IB of the height of the taller boy What were their former 
heights 7 
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123 It will sometimes be found easier not to put x equal to the 
quantitj directly required, but to some other quantity involved in 
the question by this means the equation is often simplified 


Example 1 A woman spends 4a 4^d m buping eggs, and finds that 9 
of them co^ as much ovar one shdltng as 15 cost under two shmxngsj how 
many eggs did die buy ^ 

Let X ho the ptice of an egg in pence , then 9 eggs cost pence, aUd 
16 eggs coat ISt pence 

Hence 9r - 12=24 - 15x, 

or 24x=36, 

a.=sl^ 

Thus the pnce of an egg is I'^ , and the number of eggs 

=62^-l^=35 


Example 2 At noon A staiis to ride at 8 mt an hour, two hours 
later B darts after him on a bicycle at 12 mt an how How fat will A 
have ndden before he is ova taken by Find also at whai times A and 
B unlZ be 8 mifes apart 

Let X represent the number of hours A has ndden before he is over- 
taken , then B baa ndden for a; - 2 hours 

A ndea 8x miles m x hours, 

B 12(x-2) s;-2 hours 

And when B overtakes A he has covered the same distance as A , 

12(«-2)=8'ir, 

whence a;=6 

A has ndden for 6 hours, and has covered 48 miles 
For the second part of the question, if x represents the required 
number of hours after noon, we have by similar reasoning 

12(a:-2)=8tr±8, 

where m the last term the upper or lower sign is to be taken accordmg 
as ^ IS 8 miles ahead of or tsAtnd A In the former case a=8, and m 
the latter a;=4 

Thus the required tunes are 4 p m and 8pm 


EXAMPLES X c 

1, How many books can be bought foi £5, if 17 cost as much over 
£2 as 7 of them cost under a sovereign ^ 

2 If the pnce of 16 eggs is as much under half-a*crown as the pnce 
of 12 exceeds 5d , how many can be obtamed for Ss 9d ^ 

3 A gardener plants out 386 cabbages, some in rows of 15 and the 
Pomainder m rows m 17, there are 24 rows in all how many are planted 
m rows of 17’ 

4i Two boys have 252 marbles between them , one arranges them in 
heaps of 6 each, the other in heaps of 9 each, and there are m heaps m 
all how many marbles has each boy ’ 
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5. In 17 years a father will be tinoe as old as his son, whose age at 
the present tune is one-third of his &ther*a age How old is the fadier 
now’ 

6 IS 12 years older than B , 12 years ago he was twioe as old as 
B then was How old is A now, and how many years ago is it since he 
was three times as old as B then was ’ 

, 7. A person bought a number of oranges for 3a 9<2 , and finds that 
12 of them cost as much over fid as 16 of them cost under 2a 6d , how 
many oranges were bought’ 

8 By buying egra at Ifi for a shiUmg and sellmg them at a dozen 
for Ifid a man gainra ISs fid , find the number of eggs 

9. A man’s age is three times the sum of the ages of his tuo sons, 
one of whom is twice as old as the other , in 12 years the sum of the 
sons’ ages wiU be three-fourths of their father’s age find iheir xeqieotiTe 
ages 

10. A and B start at noon from two towns 37^ nules apart, A’b rate 
of walking bemg twice B’s If they walk fi hours before they meet, find 
their rates of u alking 

11. Two oyohsts storting at the same time from two towns 48 miles 
apart meet m 2 hrs 24 mm Find their rates of nding, given that one 
IS two thuds of the other 

12 A man can oyde from his house to a railway station and back in 
a ceitain time at 12 mi an hour If he ndes out at 8 mi an hour, and 
returns by motor at Ifi mi an hour he takes 16 minutes longer on the 
double journey Fmd the distance between his house and the station 

13 A oamoge, horse and homeu ate together worth £144, the 
carnage is worth four-fifths of the horse’s value, and the harness three- 
fifths of the difference between the values of the horse and carnage 
what M the value of eooh ’ 

14 A’a age is equal to the sum of the ages of B and 0 Ten years 
ago A was twice as dd as B Shew that ten years hence A will be twice 
as old os C [Let x years repreml ffa age ten years ago ] 

15 Two cyohsts start from the same place to nde in the same direc 
tion A staits at noon at S nu an hour, and B starts at 1 30 p m at 
10 mi an hour How far will A have ndden before be is oveitaken by 

Find also at what times A and B will be fi miles apart 

16 Two men nde towards each other from two jdaces 60 miles apart, 
one at 12 mi an hour, and the other at 9 mi an hour Fmd when 
they ore first 18 miles apart How most your equation be altered so os 
to md the tune n hen they are 18 miles apart after meeting ’ 

17. If P and Q represeut two towns 28 miles apart, and if A walks 
from P to Q at 4 mi on hour while B walks from Q to P at 3 mi an 
honr, both starting at 9 a m , when will they be 7 miles apart ’ 



CHAPTER XI 

Graphs 

« 

124 0^£ quantity is often related to another m such a way that 
if a change is made in the value of one there is a conespondmg 
change m the value of the other 

Foi example, suppose we know the cost of a cei tain weight of tea , 
if we double the weight we doable the cost, if we treble the weight 
we treble the cost, and so on In such a case the cost is said to be 
direcily proportional to the weight 

Similarly when a tram is traveilmn at a uniform speed, the dis- 
tance traielled is directly proportional to the time 

126 Any expression mvolvmg x will have different values if 
different values aie substituted for x Suppose we wish to find the 
values of the expression 2x+o when x has the senes of values 3, 
2, 1, 0, -1, -2, -3 , then the followmg arrangement will be found 
convement 

Let y stand for the expression , that is, suppose y=2v-l-5, and 
ai range the values as in the followmg table 


— 

X 

3 

2 

1 

0 

-1 

-2 

-8 

2x 

6 

4 



-2 

-4 

-6 

y=2a;-5 

11 

9 

7 

5 

3 

1 

-1 


Thus corresponding to the values 3, 2, 1 0, -1, -2, -3 foi a we 
Lave the values 11, 9, 7, 5, 3, 1, -1, for y, or 2 j:+5 

Here there is no direct proportion between the values of x and y, 
but each value of y is dependent on the conespondmg value of v 

126 A quantity which may have a senes of different values is 
called a vanable In the above table a is a vaiiable, and y (whose 
value depends on that of x) is also a vaiiable Tlie relation oetween 
two raiiables thus connected may often be conveniently shewn by 
means of diagrams which give the values of the variables at a glance. 
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127 icses of Reference Coordinates. On a piece oi squared 
paper select a pair of the thicker horizontal and veitical lines Let 
these be marked XOX', YOV' as in Fig 1 below Then the position 
of any point P with reference to these hues can be found when we 
know its distances from eadi of them Such Imes are known as 
axes of reference, XOX' being known as the axis of x, and YOY' as 
the ayift of 7 Their point of intersection 0 is called ue origin. 



Fio 1 


Consider the point P in the figure It will be seen that we can 
get to P by marking 6 divisions of the paper along OX, that is to the 
pomt M, and then taking 4 divisions vertically up from M Thus if 
the per^ndicular distances of ^oint &om the axes are known the 
position of the point is fixed The distances 6 and 4 are known as 
the coordinates of the point P OM » known as ihe ahsmssa of P, 
and PM is Imown as the ordinate of P 

When symbols are used the abscissa is always denoted by 
the ordinate by y A point whose cooidinates are x and y is smken 
of as 'Hhe pomt (t, y)," the abscissa of the point always oemg 
named first 

This process of marking the position of a point by means of its 
coordinates is known as plotting point. 

In pisctice the most convenient paper is that ruled to tenths of 
an laWf and one or more of ^e divisions may be taken as the unit 
of length 


128 The axes of reference dmde the plane of the paper into 
four spaces XOY, YOX', X'OY', Y'OX, known respectively as the first, 
second third, and fourth quadrants. 

It IS clear that in each quadrant there is a pomt whose distan^ 
from the axes are equal to those of P m the above figure, namely, 
6 units and 4 units 
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The coordinates of these points are distiogaished by the use of 
the positivt and n^ative signs, accoiding to the following system 
distances measured along the r-azis to the ngU of the origm are 
wsttive, those measured to the of the origin are negaitie 
Distances measured vertically uptcaidt from the ar-axis (that is, in 
the first and second quadrants) are positive , those measured dom- 
wards horn the x-axis (that is, in the thud and fourth quadrants) 
are negative 

Thus the coordinates of the points Q, R, S, in Fig 1 are 
(-6, 4), (-6, -4), and (6, -4) respectively 

The pupil may be remmded that this is a natural extension of the 
explanation of opposite signs given in Art 96 (ii) 


Example 1 Plot the points 

{i)(8, 8), ( 11 ) (-2, 2), (m){6, 0), (>•) (0, 0). 


and find the distance between the first two, taking one-tenth gf an inch as 
unit 


(i) We first take 6 umts to the right 
along OX, and then 8 nmts 
at n^t angles to OX and above 
it The resulting pomt P is in 
the first quadiant 

(u) Here we may briefly desonbe the 
process as follou s Take 2 steps 
to the le/i then 2 up , the re- 
sulting point Q IS in the second 
quadrant 



(in) Take 6 steps to the right, then no'st^ either up or dovan from OX 
Thus the resulting pomt M is on the axis of x 

(iv) The point (0, 0) obviously represents the oiigin 0 

To find the distance betuccn Q and P, draw an arc of a circle with 
oentie Q and radius QP Let this arc cut the horizontal line through Q 
at R Then QP=QR 

But QRsslO units, each of which is one-tenth of an mch 
Thus QP-=1 inoh 

OQierwise By(}eometiy, QP=QS^-I-SP® 

=8»+62=100, 

. QP=]0 umts:=l mch. 
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Exampis 2 A dap aatU from harbour, fird die eatle 4 mUee due 
West to a fort, thence 6 miles due South, then 6 naleB dm Eaet, and then 
11 mtks due North Find to the neared miie her find'diutamee from the 
fort 


Here ve may oonvemently take the 
ongin to denote the position of the 
hanKnir, and mark the axes WOE, NOS 
in Older to show the points of the 
oompses Let eaoh division of the paper 
rroresent one mile , then 4 steps to the 
left brings na to P nrhioh represents 
the forL Etom this point the ship’s 
oonrse is shewn by the dotted bnra, and 
the final position is T A oirole de- 
Bonbed with centre P and radius PT 
oats OE at V Then PT » PV, which is 
very nearly 8 divisions from P Thus to 
the nearest mile the distanoe between P 
and T IS 8 miles 



• EXAMPLES XL a. 

* 

\Tke fMomng esxmpUs are vntended to he done mcasdp hv aotmd 
measuremejU on squared pa/per, where possible, they shmm also be 
verified by ealoulatum unless othermse stated onestentk of an tndi 
shatdd be taken as unit ] 

Rot the following pairs of points and draw the Ime whiob joins them * 
1. (1,3), (6,2) 2 (6,0), (4,7) 3. (4,0), (0,4) 

4 (-2,1), (3,4) 5. (6,3), (-7,0) 6 (-3, 0), (0, -6) 

7. (0,0), (-2,-4) 8. (-6,6), (8,-3) 9. (3, 3), (-6, -6) 

Tohing 1 inch as nmt plot the following pairs of pomts and draw the 
hne which joins them 

19. (35,24), 10, -32) n (-1 6, 23), (40, -17) 

12 Rot the points (6, 5), (-6, 5), (-6, -6), (5, -5) How many 
small sgnares ore there in the figure formed hy joining the points ? 

13, Rot the points (3, 4), ( - 3, 4), ( - 3, - 2), (3, - 2) What kind of 
figuro is obtained by joining these pomts * How many units of area does 
it contain” 

14. Hot the pomts (0, 0), (8, 0), (3, 6), and shew that they form a 
triangle containing 24 units of area 

IS Draw the triangle whose vertices are (0, 0). (0, 12), (6, 7), and 
find its area Shew that the pomts (0, 0), (0, 12), (6, 0) detenmne a 
triangle of equal area Explain this result gcometncally 
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16 Plot the points (2, 4), ( > 1, -2), and sheii^ that th^ he on a line 
passing through the ongm 2?^ame the coordinates of othei points on 
this line 

17. Plot the following points, and shew expenmentallj that each set 
lie in one straight line 

(1) (-4,-9). (2,0), (4,3), 

(n)(-6. -7). (0,3), (3,8) 

18. Plot the points (2, 4), (2, 8), (-6, 8), (-6, 4) If each division 
of the paper represents one mile, how many square miles are there m 
the rectangle formed by joimng these points * 

19 Plot the following pairs of points, and in each case calculate the 
distance between them [See Art 128, Ex 1 ] 

( 1 ) (0, 5), (12, 0) , ( 11 ) (3, 9), (9, 1) ; (ui) (5. 6). (0, -6) , 

(IV) (5. -8), (-4, 4), (V) (16, 16), (6, -8), (vi) (15, 19), (3, 3) 

Verify your calculation by measurement 

20 Shew that the following points aie all at the same distance from 
the origin. 

(0, 10), (8, 6). (-6, 8), (-10. 0), (-8, -6), (6, -8) 

21 How far will a man be from his startmg pomt after wallang 
North for 9 miles and then East for 12 nules * 

22 A man walks 2 miles due West and then 3 miles due South How 
far will he have to walk in order to reach a place 2 miles due East of 
his starting pomt * 

23 The course for a yacht race is marked off by 5 buoys as follows 
the second is 3 mi S of the first, the third 6 mi £ of the second, the 
fourth 11 mi N of the third, and the last 12 mi W of the fourth 
Eow' far m a straight Ime is the last buoy from the first * 

24 Shew that the points ( -3, 3), (7, 3), (5, 9) are the vertices of an 
isosceles triangle Galculate the lengAs of the equal sides Verify by 
measurement 

25 Emd the penmeter of the taiande whose vertices are the points 
(1,4), (6,16), (13,4) 

26 Plot the two following senes of points 

(i)(3,0), (3,4), (3,6), (3,-1), (3.-4), 

(u)(-3,7), (0,7), (2,7), (4,7), (7,7), 

and shew that they he on two lines parallel respective!} to the axis of y 
and the axis of x 'n'hat are the coordinates of the point at which they 
intersect* 

27 Draw the figure w hose angular pomts are given by 

(0,-3), (8,3), (-4,8), (-4,3), (0,0) 

Pmd the lengths of its sides, taking the points m the above order 
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28. Hot the foUowmg senes of points 

(i)(2,2), (-6,-5),(0.0), (8.8). (-1,-1); 

(n)(2,0), (4.0),(~3,0), (8,0), (-6,0), 

(III) (6, 6), (0,6), (-3,6), (2,6), (-7,6), 

(IV) (6, 0), (5. -1). (6, 3). (5, -8), (6. 10) 

In each set state a common property possessed by all the pomts in 
that set 

29 Fmd by tnal a senes of points \nth mtemnil coordinates which 
satisfy the equation 3^=22;, and shew expenmentaily that they all he on 
a straight line through the ongm 

30 If 3r=3x+9, find the values of y when x has the values 0, 1, -2, 
-3,-4 Plot the ]^nts given by these pairs of values and shew expen* 
mentally that they lie on a straight hue Where does it cut the sxib 
of 

2*b*|“7 

31. If ^1 fiod the values of y when x has the values 0, 1, 3, 

-2, -5, and shew that the pomts determined by these values he on a 
straight Ime 

32 Plot the points 

(13, 0), (0, -13), (12, 6). (-12, 6), (-6, -12), (6, -12) 

Pind their locus (i) by measurement, (u) by ealoml^t i n n 

mil be conventent here to tale three-tenths an mch as the «nt< ] 

Functiaii Graph of a Function. 

129 Any expression which involves a vanable quantity x, and 
whose value depends on that of x, is called a function of x. 

The words *' function of j;” are often briefly expressed by the 
symbol /(x) If two quantities x and y aie connected by a lelation 
hy giving to « a senes of numeiical values for we can 
obtoin a coi responding series of values for f(x\ that is for y If 
these die set on as ac^ssse and ordinates respectively, we plot a 
succession of points We thus arrive at a line, straight or cuived 
which IS known as the graph of Amctton j{x)f or the graph of 
the equation y*^f{x) Thus the graph of the ^netwn 2v+6 is the 
same as the graph of the ejj^«o<io»y»2v+5 

1 SO Befoi e going farther the pupil should verify by trial eadi of 
the following statements 

(i) The coordinates of the ongm are (0, 0) 

(u) For every point on the axis of x the value of y is 0 
the graph qfjs^Q is the axis ofx 

(m) For every point on the axis of y the value of v is 0 
iTOus ihe graph of xssQ ts ike axis of y 
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(iv) The graph of all points '\ihich have the same absossa is a line 
parallel to the axis of y 

Thus on page 99, Ex 26, (i) gives a Ime parallel to the axis of y, and 
this hue IS the graph of a;=3' 

(y) The graph of all points which have the same ordmate is a 
Ime parallel to the axis of a: 

Thns on mge 99, Ex 26, (u) gives a Ime parallel to the axis of x, and 
this line IS tiie graph of y=7 ^ 

(vi) The distance of any point P(x, y) horn the origin is given by 
OP*=a!®+y® 

131 'We now return to the expression 2x+5 discussed in 
Art 125 Using the same values of a; as before, and pnttmg y to 
represent the value of the expression, we have the folmwme table 
of values 


X 

3 

2 

1 

1 

0 

-1 

-2 

-3 

yss2x+5 

11 

9 

7 

5 

3 

1 

-1 


If we now plot the pomts giTOn by each pan of values ive mark 
L, M, N, P, Q, R, S m the adjoinmg figure 


It will be seen that they all lie 
on a sttaight line This line may 
be produced i either direction, 
and 18 called tne graph of the 
expression 2a;+5 

Smce V 18 always equal to 2i+5, 
the variations of this expression 
are seen at a glance by noting 
the values of the ordinates of the 
different pomts 

The advantage of this graphical 
method of illustration is that ue 
can read off from the graph the 
value of y (that is, of the expres- 
sion 2x+5) for any value of x 



Thus, from the graph, 


Fio 4 


when y (oi 2jr+5)sl3, at the pomt A ; 
and when a?— - 5 , yss - 5 . at the pomt B 
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132 The following examples deserve particular attention 

Example 1 Plol the graph qf j=x 
When x—Q, y^O , thus the ongm w mepovnt on l3ie graph 
Also, when 9;=1, 2; 3, -1,-2, -3, , 

y=l, 2, 3, —1, —2, —3, 

Thus the mph passes through 0, and represents a senes of pomts 
each of whiM has its ordinate equal to its araoisBa, and is dearly repre- 
sented the straight Ime PDF' in Fig 5 bdow 
The pupil may here plot the graphs of 

ys-a, ys:2a;, y=3a;, 

shewing that each equation represents a hne through the ongin 

Example 2 Plot the graph of y=x+3 
Arrange the values of x and y as follows 


X 

3 

2 

1 

D 

B 

-2 

-3 

1 

y 

6 

6 

4 

3 

2 


B 

i 


By joming these pomts we ohtam a line MN parallel to that m 
Example 1 
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Note By obserrmg that in Example 2 each ordinate is 3 units 
greater than the corresponding ordinate m Example 1, the graph of 
y=a;+3 may he obtamed from that of y=a; by simjdy produomg each 
ordinate 3 imits m the poaitive direction 
In like manner the equations 

y=r+5, y=x-S 

represent two parallel Imes on opposite sides of y=a; and equidistant 
from it, os ^e pupil may easily vei^ for himself 
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Ezauple 3 Plot the graph t ^uented by the eqmtions 
(i) 3y=2a:, (u) 3y-2x=4, (ui) 3y+5=t2x 
First put the equations in the equivalent foi ms 

2r 2»4 2 k6 


and in each case find ralues of y corresponding to 
afa-3, -2, -1, 0, 1, 2, 8 


For example, in (u) we have the following values of y 


2 n 2 4 « 
^””3’ 3’ 3' 


8 10 
S’ 3 


To avoid factions it will be found oonrenient to take thru divisions of 
the paper as our unit 

The graphs will be found to be as in Fig 6 



Fto 6 


Eaoh graph should be worked out in full by the pupiL 


EXAMPLES XL b 

By fluking five points on each, plot the graphs of the followmg equa- 
tions, shewing each set of three on the same diagram 

1 (i)y»=4», {n)y^4zJ‘Z, (in) y-Asr-S 

2 (i)y*-5a;, (ii) y=-63;+6, (iii) y=-5»-10 

3 (i)y4a:*0, (n)«+a:s=8, (ui) y+4s=ar 

4 (i)2y-3*=t0, (ii) 2y=3a:+2, (in) 3y+2ra0 
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133 The points where a ^ph cuts the axes can always he 
found by putting y=0, a=0 successively in the equation Tims in 
^^2a!=4, equation (ii) on the last page, 

when yaO, ass -2=:OM in the figure, 

when ic=0, y= ^ s=ON „ „ 

The distances OM, ON are known as the tnt&c^ts on the axes 

134 The pupil who has worked intelligently through the fore- 
going examples ^ould now be prepared for the following inferences 

(i) Tor all numencdl values of a the equation y^aa repiesents a 
straight line through the ongm 

If a IS positive, x and y have the same sign, and the hue lies m the first 
and third quadrants , if a is negative, x and y have opposite signs, and 
the hne lies m the second ana fourth quadiani In either case a is 
called the Slope or gradient of the hne 

(u) For all numerical values of a and 6 the equation y=saa+h 
represents a line paiallel to y-cur, and cutting oflp an inter- 
cept b from the axis of y 

The graph of y^cas+h is fixed in position os long as a and h letain the 
same values 

If a alone is altered, the line has a diffiarent direction but still outs the 
axis of y at the same distance {b) from the origin 

If b alone is altered, the line is still parallel to y=ox, but outs the axis 
of y at a different distance from the oiigm, further or nearer according as 
b IS greater or less 

Sinoe the values a and b fix the position of the line we are considenng 
m any one piece of work, they are called the constants of the equation 

Note The slept ofy=ax+biB the same as that oiy=ax 

(ill) From the way in whu^ the plotted points aie determmed 
from an equation, it follows mt the graph passes through 
all points whose coordinates satisfy the equation, and 
through no other points 

135 Since every equation involving v and y only in the first 
degree can be leduced to one of the forms y=aa, yssoa+b, it 
follows that every simple eguation comeeftng two va/ncmee repiesents 
a straight hne For this reason an expression of the form aa+b is 
said to be a linear ftmction of v, and an equation such as yssoa+h, 
or ax+l^+essO, is said to be a linear equation. 

136 Since a straight hne can always be drawn when <my two 
points on it are known, in drawing a linem graph only two points 
need be plotted The points where the line meets the axes will 
always suffice, though they are not always the best to select. 



ZI] LINEAR GRAPHS lOfi 

Ezaufle Draw (he gtaph qf 4x-3y=;13 

13 

When ^s;0, (intercept on the x-aas), 

13 

and Trhen r=0, y= — g- (intercept on the ^-aas) 

As both of these values ln^olTe fractions of the unit, it tronld be 
difBcult to draw the hne accurately & such a case it is better to find 
by trial mtegtal values of z and y uhioh satisfy the equation 
Thus when a;=l, -3, and when y=l, r=4 

The graph can now be drawn by joining the points (1, -3), (4, 1) 

FiXATVTPLES XI b {Contmued) 

By finding the intercepts on the aves, or by joining any two convenient 
points, jdot on the same diagram the graphs of 

5 (i)2a;+3y=6, (ii) 22;+3y=12, (in) 3a:-2y=18 

6 (i) a;+2y=0, (ii) r+2y5=5, (m) y-2x=3 

7. (i) a-2=0, (ii) y-3=0, (m) 3a;=2y 

8 (i) a;+8=0, (ii) 4y+3a:=0, (in) y-S-O 

9 Draw in one figure the graphs represented by 

y=3-Sx, 3ysa;-h5, 

and find by measurement the coordinates of the point wheie they meet 

10 Diaw on the sames axes the graphs oorresponduig to 

3x+2y=5, 2r+y=4, 4a=2-5y, 

and shew that they have a common point Find its coordinates 

11, Hot SIX points all having the ordinate equal to 5 What is the 
equation of the line which passes through these points’ 

12 Hot the graph of the function and from the graph read 

I§ 

off the value of the function when a;=5, and z=:8 

13 Draw on the same axes the graphs of 

z=4, x=l, y=3, y=10, 
and find the number of units of area enclosed by them 

14 Taking one tenth of an inch as unit, find the area included 
between the graphs of z=-4, a=ll, y=3, y=-3 

15 Find the area included beta een the graphs of 

*-2=0, y-l=0, 2a:+5y=19 [jETo^/’-hicA 

16. Draw graphs to shew the variations of the functions lUx-if 
3 5-3 8* between the values 0, 1, 2, 3, 4 of * Hence find the value of 
X which satisfies the equation 1 2* -3=3 5-3 8* 
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137 Measiument on Different Scales. In the foregoing 
eicamples ttb have measured abscisses and ordinates on the same 
scale for the sake of simpkaty, but there is no necessity for so 
doing, and it will often be convenient to measure the vanables on 
different scales so as to get a bettei diagram 

For example, m dxawmg the graph of ysQs+S, 
when as has the values 0, 1, 2, 3, 4, 

the oorrespondmg values of y are 3, 9, 15, 21, 27 
Thus some of the ordinates ore much larger than the conesponding 
ahsoissse, and rapidly increase as a inoreases 
If these points are plotted with v and y measured on the same scale 
it will be found that with a small unit (such as one-tenth of an inoh) 
the graph is inconveniently placed mth r^rd to the axes If a larger 
nmt IS used the graph requues a diagram of mconvement size 
[The papd should prove this for himself by tnol ] 

The mconvemence may be avoided by measunng the values of y on a 
considerably smaller scale than those of as For example, let ns take 
one inch os umt for as, and one-tenth of an inch as unit for y, then the 
graph of y-6x+3 will be found to be as in Fig 7 
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Noxe &iealcmg ipnexally, whenever one variable increases much 
more rapidly than the other, a small umt should be chosen for the 
rapidly increasing variable and a large one for the other 

188 When a graph has been accurately drawn from plotted 
points, it can be used to read off (without ^culation) corre^ond 
mg values of the vanables at mtennediate points Ime process is 
known as mteipolftlnoii Or if one coordinate of a point on the 
graph IS known Ihe other can be found approximately by measure- 
ment 
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Exampie From the graph of the expression 6s+3 fnd its xalue lohtn 
zb2 3 Also find the valve of x loAicA will majke the eapresston equal to 13 

Put y=6x+3, then the graph u that given in Eig 7 EFo>ir ire see 
that x=2 3 at point P, ana here nearly 

Amm ys= 13 at the point Q , and x=l 66 very nearly In reading off 
this last result we observe that OR is greater than 1 6 and less than 1^, 
and we mentally divide the tenth in which R falls into ten equal parts 
(i e into hundredths of the unit) and judge as nearly as possible how many 
of these hundredths are to be added to 1 6 


EXAMPLES XL c 

[In some ofthefoUowinff Example the saaHLes are tn othm 

the pupil ts to seUet suitable units for himself When too or more 
equatums are xniohed in the same piece of work^ thar graphs must aU 
M drawn on the same scale In every case the units employed should he 
marked on the axes ] 

1 By finding the mtercepts on the axes draw the graph of 4z-^5y= 14 

[Take 1 0* as unit an both axes ] 


2 Draw the graphs of 

( 1 ) 15x+2Qy«6, (u) 12x+21ys=14 

[in (i) taJ^ 1 tncA as wot, and in (ii) take six-tenths of an mdi as unit 
In aocA ease e^atn why the unit ts convenient ] 


' 3. Taking the x-unit as 1 (T, and the y-mut as 0 1*, draw the graph 

of the function — ^ — Prom the graph find the value of the function 

when x=l 8 , also find for phat value of x the function becomes eqnal 
to8 


i. From the graph of the function llx+6 find its value when x=:l 28 
Also find the approximate value of x which will make the function 
equal to 26 

5. On one diagram draw the graphs of 

ys5x4-lli 10x--2jy=:15 

What IS the slope of these graphs* Fmd the length of the y-axis 
mteroepted between them 

6 With the same units as in Ex 3 dtau the graphs of 
x+0 35y=2, lOr- 6y=l , 

and find the coordinates of the point at which they intersect 

7. Draw the graph of the function 7x+S, and read off ite value when 
xs=l 5 Alan fin d the approximate value of x which will make the 
function equal to 22 
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Some Applications of Graphs. 

139 A graph accaratelj drawn, on a suitable scale may often be 
used as a ' ready reckoner ’ 

It IS pariacnlarly important that the pupil should draw his 
diagrams on a sufficiently large scale, and that he should be careful 
in choice of units These should always be clearly marked on 
the axes 

In some of the examples which follow the diagrams are limited by 
the size of the page In such cases the pupil is recommended to 
draw his oim grap& on a consideiably larger scale 

Exauple! 1 Given iJuai 5 kilogram ore roughly equal to 11 pounds, 
diew gtaphccdly how to eaeprm any number of Mogram m pomds 
Express pomds m kilogram, and 7 Mogram m pounds 

Since 11 ponndssiS kilograms, 

g 

SB poundsss^x kilograms 

Hence if y kilograms ore eqmvalent to sb pounds, we have the equation 
y=^x connecting the variables x and y 

This 18 a straight line through the ongtn, and when «ssll, ysg 

On the honzontal axis let the scoJe be 1 inch to 6 lbs , so that each 

r mnd IS represented by 0*2", and on the vertical axis let the scale be 
inch to 10 Eg , so that each kilogram is represented by 0 1" 

The required graph is obtained at once by joimng the ongin to the 
pomt P whose coor^ates are 11 and 5 


1 1 1 1 i 1 1 1 1 i n I I I I I i I 1 I i { I I 


!€«■■■■■■■ 



■■■■■■■ 


Kow, by measurement, when a;s=7 5, ysg 4 
Thus 77 lbs =3 4 Kg 
And when y^l, iCslS 4 

Thus 7 Kg =15 4 lbs 

ExAsiPiiB 2 The salary qf a derl ts increased eo(di yexar hy a fixed 
Stan After 6 yeai d service his salary ts raised to £128, ana after 15 years 
to £200 Draw a graph from which hts salary may he reaa qjf fin any 
year, and ddermine from d (i) his tnUud eafary, ( 11 ) the salmy he shovla 
recene Jar his 21e< year 
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Let £y represent the salary afi& x years, £a, £b the annual morease 
and the initial salary respeotirel}'' 

Then we have the relation i/=ax+bt which represents a straight Ime 

When 0 :^ 6 , y=:12S, and when x=15, y=200 The line can he drawn 
by joining these points 

The graph presents no difficulty and is left as an exercise for the pupil 
A scale of 10 years to the inch horizontally, and £80 to the inch rertically 
will be found comenient Thus each vertical division of the paper wiU 
r^resent £8 

To find the initial salary, we have only to find the intercept on the 
y>asis, where a;=0 This gives £80 

The salary for the Slst year (that is afier 20 years) is given by the 
ordinate corresponding to an abscissa 20, and will be found to be £240 


EXAMPLES XI d 


1 Given that 35 yards are approximately equal to 32 metres, draw 
the graph shewing the equivalent of any number of yards when expressed 
in metres 

Shew that 22 2 yards =20 3 metres, approximately 

[Tale 1 inch to ike yaid along the axis of x, and 1 tnek to the metre 
along the ana of y Join the origin to the point whose cooidinates are 
(3 5 , 3 2% omd read off the oidxnaie eorreopoimiig to on absetssa 223^} 

2 Given that o 5 centimetres are improximately equal to 2 15 mchea, 
draw a graph to convert any number ox mches into centimetres, or centi* 
meties into inches Express 1 mch in centimetres, and 4 centimetres m 
inches 

[By taling 1 inch as unit on each axis the ruled lines will math tenths^ 
(he umt We can thus read accurately to one place of decimals The 
second place can be judged by the eye as eagidatned in the example of 
Art 138] 


3 Given that 20 litreE=4 4 gallons, draw a graph to convert htres 
to gallons, or gallons to htres 

Express (i) 24 gallons m hties , (ii) 20 9 htres m gallons 

[Tale 1 gallon to the inch on the axis of x, and 10 litres to the inch on the 
axis of y] 

4 If 24 men can reap a field of 29 acres in a given time, find roughly 
by means of a graph the number of acres which could be reaped in the 
same time by 15, 33, and 42 men respectiiely 

5 Draw a graph to serve as a ready redconer for wages at £15 a 
^r Read off to the nearest penny the wages for 1 week, 20 days, and 
51 days 

How long had a servant worked who received £2 lls as wages* 

[Tale OV to represent 1 day on the x-axis and the same unit to represent 
1 shilling on the y-axts Then since the wages for IB days amount to £3, 
tile graph m at once obtained by joining the origin to the point (73, 60} ] 
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6 1£ 1 owt q£ cofiee costs £9 12a , dia^ a graph to give the pnes 
of any number of poonds Bead off the price (to tM nearest penny) of 
13 lbs , 21 lbs , 23 lbs 

[SvppoK X Iba cost y BhUvngB, then from ffie data 

y=|i 

Draw the graph qf thw egmtm, and read of the valwe of ywhen xsl3, 
21,23] 

7. If the wages for a day’s work of 8 hours ore 4a 6(2 , draw a graph 
to ^ew the wages for any fraction of a day, and find (to the near^ 
penny) what ought to be paid to men who work 2|, 3^, 6| hoars lespeo 
tivdy How many hours’ work might be expeoted for 2a 10(2 * 

[3*aile I inch to repreaeni 1 hour, and one-tenth qf an inch to r^preaent 
1 penny] 

8. Draw a graph to shew the oonneotion between the retail and (»Bt 
pnoes of oertain azoles, on the apposition that they ore retailed so an 
to make a profit of 20 per cent from the graph find the cost pnoe of 
artioles whioh were sold for 9(2 , 2s , 3s 6(2 llso find, to the nearest 
penny, the retail pnoe of articles which cost 10(2 , la 9(2 , 3a 

9. The hij^est marks gained in on examination were 136, and these 
are to be raised so that the maximum is 200 Shew how ths may be 
done by means of a graph, and read off, to the nearest integer, the nnai 
marks of candidates who scored 71 and respectively 

10, For a oertam book it ccwte a publisher £100 to prepare the iype 
and 2a to pnnt each oam Fmd on expression for the total oost in 
pounds of X copies Make a diagram on a scale of 1 inch to 1000 oc^ies 
and 1 inch to £100 to shew the total cost of any namber of copies up to 
6000 Bead off the cost of 2500 copies, and the number of copies costag 
£526 

11, By measunng time along OX (1 inch for 1 hour), and distance 
along Oy (1 inch for 10 miles) «iew that a line may be drawn from 0 
throng the points (1, 8), (2, 16), (3, 24), to indicate distance travelled 
towaras Y in a qiemfied time at 8 miles an hour 

A starts from London at noon at 8 miles an hour , two hours later 
JB starts, nding at 12 miles an hour Fmd grapbieally at what tune and 
at what distance from London S overtakes A At wliat times wiU A 
and B be 8 miles apart^ If G ndes after B, starting at 3 p m at 16 miles 
an hour, find from the graphs 

(i) the distances between A, B, and C at 5 p m , 

(ii) the time when C is 8 miles behmd B 

12 At noon A starts to walk at C miles an hour, and at 1 30 p m 
B follows on horseback at 8 miles an hour When will B o\ertake A * 
Also find 

(i) when A is 5 miles ahead of B , 

(ii) when A IS 3 miles behmd B 
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140 We liave seen that the vanations of a linear function f(x) 
can always be shewn graphically by first selecting values of a and v 
which satisfy the equation and then drawing a line through 

the plotted points The netnod is quite general, and it may be 
applied lohen the Junction ts not linear In such a case it will be 
found that the resulting graph will take the form of some curve 
difiering in shape accoraing to the form of the equation which 
connects the variables Moi eover, whenever two vanaole quantities 
depend on each other so that a change in one produces a coire- 
sponding change in the other, we can draw a graph to shew their 
vanations without knowing any algebraical relation between them, 
promded that ice are furnished tnM a sufficient numba of corresponding 
values accuiatdy detei mined 

Exajtple 1 Diaw a graph to shew die vanations of the function 
7?-2x hetueen the values -2 and ^ of x 

Put yssifi-Qa., and use the following taUe of values, taking 0 5" as 
umt for Xf and 0 1" as unit for y 


T 

-2 

-1 

D 

1 

2 

3 

4 


4 

1 

0 

1 

4 

9 

16 

bdb 

2 

D 

-2 

-4 

B 

-8 

D 

8 

3 

D 

B 

0 

3 

8 


If the points we have now determined are plotted and connected by a 
oontmuous Ime drawn with a free hand, we shall obtam the curve shewn 
in Pig 9 



F«) 9 


It may be observed that by taking other values of xandy whioh satisfy 
the equation y=x--2x the curve may be extended in either direction 
The least (or minimum) value of the function is shewn by the least 
value of y on the graph This is at the lowest pomt Thus the minimum 
value of the function is - J 
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EzAjmiE 2 Draw a gra^h to shea (he rdtUion helweai x and y frm 
die fdlomng corresponding iMues ofx and y 

xss. -8, -5, -5^ 1, 5i lOj 

y* 2) ^^6 8} 8j 8 8j 84 

From (he graph read o£t as acaauUly asposdlde, (he ^alv/a of y com* 
tponding to xs3 and 

Taking 0 V* as nmt on each axis the cnrve through the given points 
vnllbeasinFig 10 
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When xstZ, y=8 0, at the point P 
When asss - 8, y = 6 3, at the point Q 

Here as ve have no equation connecting x and y we cannot plot exiy 
points except those whose coordinates are given, hut we can interpolate 
tfitermedtaie values 


EXA.MPIJBS XL e 

\Tke sdectum of eudoMe mate for a and y is very vmporUad Jure 
See Art 137, Note ] 

Plot the points given by the tables m Examples 1-7, and in each case 
draw a graph passing through all the points 

1 X— “I, 0, 2, 2 5, 4, 55, 

y= 155, 125, 6 5, 5, 05, -4 

From the graph find as accurately as possible the coordinates of the 
point where it onts the axis of x 

2 x* —5, ”2, "”1, 0, 1, 2, 3, 

ys= -86, -25, -14, -3, 8, 19, 30 

Find approximately the value of y when x=2 6, and the valne of x 
wW y»4'7 [Use a hrge vnttjor x j 

8. XS5 -5, -4, -1, 0, 1, 8, 5, 

y= 28, 18, 0 -2, -2, 4, 18 

Find the value of r when y~10, and the valne of y when xs -8 5. 
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“1 

i. *= 0, 2 4, 6, 8, 10, 12; 

0, 05, 2. 45, 8, 125, 18 

I!md, to the nearest integer, the value of y when a;=ll 

6, *- 2 15, 1, 05, 0, -05, -1, -15, -2, -26; 

y= -21, -12, -6, 0, 3, 4, 3, 0, -5, -12 . 

[Takt 0 4" 08 mitfcr z, and 0 1" aa umtfor y ] 

6 x= 25, 10, 6, 3^, 2|, 1^, 1, 

y= 1, 2^ 5, 7i 10, 15, 25 

Also draw with the same pair of azes the graph oorreq>ondmg to the 
above values of x and y, each taken negatively 

7. x= -2, -15, -1, -0 5, 0, 0 5, 1, 15, 2; 

y= -8, -3 375, -1, -0 125, 0, 0 125, 1, 3 376, 8 

[Tate 1 0" 08 vnit for z, and 0 2" aa umtfor y ] 

8 Make a table giving the value of the eigsre&s'on afi-3x when x 
has the values - 1, 0, 1, 2, 3, 4 taking 1 inch as the unit Then draw a 
ourve that will shew how afl^Sx vanes while x vanes from - 1 to 4 

In the equations below, numbered 9 to 21, ohoose values for one of the • 
vanables and find corresponding values of the other Tabulate these, 
and m each case draw a graph through the pomts given by them 

9 10 4yajr* 11 16af*y“ 

12 y=8aP [Tale the x-vntt ten tmea aaffieatasthe y-umt ] 

13 y=*{*+l) 14 y=4a:-a? 15 x={y-l)* 

16. y=a?-5a;+3 17 8y=a^ 18 3^=16 

19 y+l=(»-2)» 20. y=»*-8x 21 (®+l)(y+2)=60 

Graphs of StatisMcs 

141 There aie some cases in which we have to deal with a 
limited number of conespondmg values of two vanables obtamed by 
obeervatton or expet ment In such caaes the data may involve 
accuracies, and consequently the positions of the plotted pomts 
cannot be absolutely relied on Moreover, as there is no mathe- 
matical law connecting the vanables, we cannot correct irregulanbes 
xn the graph by selecting other points whose coordinates satisfy a 
given equation One method of procedure is to ]om successive pomts 
by straiqht hnes The graph will then be repi esented by an ii regular 
broken line, sometimes with abrupt changes of direction as we pass 
from point to point In cases where no great accuracy of detail is 
required this simple method is often used to illustrate statistical 
results A familiar instance is a Weather Chart giving the height 
of the barometer at equal intervals of tim& 

HALO n < 
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The daef disadvantaffe of the above method is that, although it 
nves a general idea of we total change that has taken place between 
the plotted points, it fomiehes no accurate infonnation with regaid 
to intermediate points 

Example The readmgR of a ihemometer taken at mfervah of 2 'hown 
hgmmg at 10 a m toere 62 5*, 64*, 69 6*, 69*, 66 5*, 65 T 

Jkavt a chart to tSim the changet of Umperatvrt 

Let the hours he measured on the honamtol axis, taking 5 divuions 
to represent each interval of 2 hours, beginning at 10 am On the 
verti^ axu let each division represent r of temperature, bogmning 
at 60* 

After jotting the points furnished by the data of tho question and 
)ommg uiem by straight hues we obtain the broken hne PQRSTV 
shewn mEig 11 
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But it IS oontraiy to expenenoe to suppose that the abru]^ ohanges 
of dueotion at Q and R aoouiately represent the change of teinpoEa* 
tore at noon and 2pm respectively Moreover, it is probable that the 
ma.Timnm temperature ooourred at some time between 2 and 4, and not 
at the time nepresented at R, the highest of the plotted pomto Now 
if the chart had been obtained by means of a self-registering instrument, 
the graph (represmiting change kom instant to instant instead of at 
long mtetvals) woidd probably have been somewhat like the oontmuous 
waving oorve drawn through the pomts prenonaly registered Erom 
this It would appear that we maximum temperature ooenired shortly 
before 3pm, and that TV (which reprraimts a very gradoal ohango) is 
the only portion of the broken line wbioh records with any degree of 
aooniaoy we venation m temperature dunng tvro oonaeoutive hours 

142 Although in the last example we were able to indicate the 
form of the curved line which from the nature of the case seemed 
most probable, it is evident that it is possible to draw any number of 
curves through a limited number of plotted points In such a case 
the best plan js to dww a curve to lie as emdy as possible among 
the plottM points, paasug through some perhaps, and with the rest 
fiurly distnbated on either side of the curve As an aid to drawing 
an even oontmuous curve (usually called a smooth curve), a thin 
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piece of wood or other flexible material may be bent into the 
regmaite shape, and held in position while the line is drawn 
When the nlotted points he approximatelr on a straierht line, the 


placed 


nght 


position the extremities can be marked on the souared paper, and 
oy joining these points Ae approximate graph is obtained 

Example 1 TKt foUowvag taUt gtves statisites of tht fopdaitm of o 
eertotn comiry, iahart P u thA number qf mtlftone at the beginning of each 
of the years specified 



1845 

1850 

1855 

1860 

28 

31 

36 

41 



Let the the time m years from 1830 Plot the values qf P lertteally 
and those of t honzonlatty and shea the relation between P and t by a 
simjfie curve passing fairly evenly among the plotted points Find what 
the population was at the beginning of the years 1847 and 1838 

Take one*tenth of an mch as mut m each case, also it will be 
oonwement if we begm measnnng absoissffi at 1830, and ordmates at 20 

The graph is given m Fig 12, it will be seen that it passes exactly 
through three of the pomts and hes evenly among the others 



1S45 
Fio is 


The population m 1847 and 1858, at the pomts A and B respectively, 
will be found to be 29^ millions and 39 milhons 
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Euhple 2 jl^/eSdmnff Utile jwaeotrespondtnfrmlmqfx and f 


X 

3 

65 

12 

14 

21 

286 

315 

y 

D 

48 

67 

D 

85 

11 

115 


Suppoang Him vduu to mvdm mors of observaiumt dram Ha gra^ 
approximatdy FmdHitv<diaof xwhmy^ll&amiHavodmofjvmn 
x=10 

The points ore plotted m !Fig 13 where one-tenth of an uoh has been 
taken as nmt on each axis 



It 18 seen that the points lie nearly <» a strai^t line By tnal it is 
found that the line through the first and fourth points lies most evenly 
among the remaining points TlHira this line lus been drawn we con 
read off the required results 

When ysllS, we have xsi305, 

*=10, p=6 9 


EXAMPLES XL f 

[In Sxamplml-Q plotted points mc^ be gnnedlyttroaght lines in 
other eases toe gi apK is to be a straight hne or smooth curve lying emUty 
among the plotted points'\ 


1 In successive weeks a boy’s place in his Form were as ftfilows 
8, 8, 5, 3, 4, 7, 2, 1, 1, 1 
Shew these results by means of a graph. 

2. The minimum temperatures for the first 10 days in Januaiy 190$ 
were as follows 


315, 26-2, 241, 245, 180, 179, 444, 323, 299, 238 
Draw a chart to shew these variations 


3 Draw a mph illustrating the following scores m a senes of 
12 innmgs at onwet 

12, 20, 17, 9, 0, 42, 35, 16, 0, 25, 70, 55 
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4 The following details give the height of the barometer on certam 
days in Sept 1908 

5th, 6th, 8th, 9th, 11th, 12th, Uth, 15th, 

301, 30 0, 29 5, 29 5, 29 6, 29 8, 30 0, 29 8 

Draw a graph to shew these vanations, and explain why it cannot be 
used to read the height of the baiometer on the 7th, 10th, and 13th days 


5 The highest and lowest pnoes of Consols for the years 1899 to 
1908 were as follows 


Year 

’99 

m 

’01 

m 

IQI 

’04 

M 

H 

’07 

’08 

Highest 

m 


98| 

98 

93| 

91^ 

92 

91J 



Lowest 

97| 

96| 


92^ 

86^ 

H 

87^ 

85^ 

80| 

83^ 


Make a chart to shew these vanations graphically on the same diagram. 

\T<dA W to £10 UTtxeaUy, beginning at 80, and OS' to 1 year 
hmzontaffy ] 


6 The following table eit'es the census returns of the population 
(in milhons) of Scotland and Ireknd in the years specified 


Tear 

1851 

1861 

1871 

1881 

1891 

1901 

Scotland 

29 

31 

34 

37 

la 

la 

Ireland 

66 

58 

54 

52 

47 

45 


Shew these vanations graphically on the same diagram 

7 Draw a graph to shew the connection between oironmferenoes and 
corresponding uameters of different circles from the following data 

Diameter 2, 5, 7, 8, 10 

Circumference 6 3, 15 7, 22, 25 1, 31 8 

i^nd approximately the circumference of a circle 9 5 inches in diameter, 
and the diameter of a circle whuch has a oircumference of 18 9 inches 

8 The following details taken from "Compound Interest Tables* 
give approximately we amount of £1 at 4 p c for different penods 

No of years 1, 6, 11, 16, 21, 26, 31, 36 

Amount 1 04, 1 27, 1 54, 1 87, 2-28, 2 77. 3 37. 4 10 

Xllustrate these data by means of a curve, and determine graphically 
(i) the amount of £100 in 15 years, (u) m how many years £100 wifl 
amount to £247 
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9 The following table gives the popnlatum (P) m millions at the end 
of each of the years spemfiM 


Year 

1840 

1845 

1850 

1860 

1870 

1876 

1880 

1890 

P 

10 

121 

13 5 

19 0 

242 

282 

310 

394 


From a graph read off the p<pilatio& at the beginnmg of the years 
1858 and 1885 

10. The following data shew the conneotion between the areas of 
equilateral tnang^es and their bases, in oorresponding square and Imear 
nmts 

Area 043, 173, 380, 693, 1082, 1559 
Base 1, 2, 3, 4, 5, 6 

Illustrate these results graphically, and determine the area of an 
equilateial tnangle on a base ot 2 4 ft 

11. In oatenng for a baU-snpper the following scale of charges was 
given 

Number of guests 150, 200, 250, 300, 350, 400, 

Qharge per head 49, 3s3<2 , 29 9d, 296d, 2s2d, 29 

Bepresent these data a jpiph, and estimate to the nearest pebny, 
the charge per head for 175, 226, and 375 guests 

12. Corresponding values of x and y, obtained by eiqienment, ate 
given in the following table 


X 

1 

31 

6 

95 

125 

16 

19 

23 

y 

2 

28 

42 

53 

66 

83 

9 

10 8 


Draw the mph which passes most evenly through the pomts , find the 
value y when a;=15, and the value of x when y=3 6 

13 Di an Insurance Company the premium (£P) to insure £100 at 
difi^ent ages is given approximately by the following table 


Age 

m 


27 

m 

32 

35 

40 

45 

H 

17 

18 

20 

22 

23 

25 

29 

35 


Dlustrote these statistics graphically and estiniate to the nearest 
BTiiiiiTig the premiums for persons 25 and 38 Shew also that be- 
tween we ages 20 and 28 the prmmums are very nearly proportional to 
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14. In a certain machine P is the force in pounds required to raise a 
^ight of W pounds The folloiring corresponding values of P and W 
were obtained expenmontally 


p 

28 1 37 

48 

55 

65 

73 

8 

95 

10 4 

1175 

w 

20 1 23 

317 

356 

45 

524 

57 5 

65 

71 

825 


Dratr the graph connecting P and W, and lead off the value of P when 
WsGO Also nod the weight which could be raised by a force of 7 lbs 

IS The following details give the population (in milhons) of two 
countnes A and B at the beginning of each of the years specified 


Tear 

1850 

1860 

1870 

1885 

1890 

1900 

A 

204 

219 

25 

33 7 

38 

50 

B 

23 8 

247 

26 5 

32*2 

349 

405 


Plot the graphs on the same diagram In what year were the popu- 
lations impronmat^ equal* Find also m vhat year the population of 
A exceeded that of 6 by about 6 a milhons 

16 An elastic cord was loaded with weights, and a measurement of 
its length was taken for each load. Plot a graph to shew the relation 
between the length of the cord and the loads trom the following data 

Load m pounds 4 5, 75, 10 5, 15, 18, 19 5 
Lengthmfeet 106, 114^ 122, 134, 142, 146 

Fmd the unstretohed lenrth of the cord also determme the weight it 
will support when its length is 13 feet 

17, A manufacturer wishes to stock a certain article m many sizes; 
at present he has five sizes made at the pnees given below. 

Length in mohes 22, 29, 34, 39, 44 

Price 128 8d , 168 , 218 , 278 , 338 6d 

Draw a graph to shew smtable pnees for intermediate sizes, and find 
what the pnees should be when the lengths are 27 in and 33 in 


18. At a given temperature v lbs per square moh represents the 
pressure of a gas which occupies a volume of v cubic inches Ihaw a 
curve connecting p and v from the following table of oorrespondmg values . 



Fmd the volume when the pressure is 29 lbs per square mch. 
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MISOELLANEOnS EXAMPLES m. 

Ezercobbs bob Revision. 

A. 

1, Simplify (a+Jfy)®-(a!-2y^-{^)® 

2, How maxiy miles oaa a peison 'tralk in 76 mmutes if he walks 
a miles my hours® 

3, Add together 

^*-2a*d-|6®, |o^-|a6*+26*, -2o*+flft®+|6* 

4 What expression must be added to (2a-36)x+(46-3s)y to 
make (3a-(-2&}a-(46+dc)p® 

5. Solve the equations 

W J+6=|. (n) 6(*-2)-|(6-»)=26 -1 x 

A If P=(a-1)®, Q=;(a+1)®, and R-a^-1, find the value of 
PQ-R* 

7 Divide £1000 between two pera<m so that one may have £10 
more than half what the other has 


B 

8. Simplify 12(a+y)-[2»-{3y-2(6»+y)}] 

9 From the formula a®-6®=s(a-t-6)(a-6) find by how much the 
square of 69843 exceeds the square of ^157 


10, Of what dimensions are the first and the last terms of 

i» 


|o6c + ^6% - ^od* - |a6*c + 

If a=l, h=s-2, cssS, dssO, find the numenoal value of the expression 

U, Draw the graph of 3sc+4^=s7, by finding its interoepts on the 
axes [Tcda 1 2® os mU on tach tueu ] 


12 A man bou^t 4a sheep for fyi shillings each, and Sb sheep for 
4q shillings each ^w many pounds did he spend ® 

If he B(dd the 4a sheqp lor 6p shilhngs eaoh, and the 5b Aeep for 
Bj shillmgs each, how many pounds did be gam ® 


13, Solve the equations 

(,) 5a,_^=i^+16|; 

(n)|(»-7)-|(|-*)=44(&+l) 

14, How may a sum of £10 be paid in sovereigns and half-crowns, 
so that the number of half-crowns is double the nuoiDer of sovereigiiB ® 
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0 

15 Subtraot the som of the squares of 2a:+3y and 2a;-3y from 
(3x+4y) (3x - 4y) What does the r^nlt reduce to when z=:Qy^ 

16. What value of x will make •|<x-l)+|(a;+2} equal to |■(x-3}* 

17. How many seconds will it take to travel h yards at the rate of 
a miles an houi * How manj yards will be passed over m b mmutes ^ 

18 What expression must be subtracted from 10o‘-ll&3+12c^ to 
leaie 20a^-ll&^-12c^, and what expression must be added to your 
answer to produce tt®+6*+c®’ 

19 A tram travellmg 40 miles an hour takes two hours less m gomg 
a certain distance than a tram travellmg 24 miles an hour What is 
the distance* 

20 If nearest umt, when 

m-25, u=60, ^=322 

21. Plot the graphs of the functions 2x+9, ^(7 -4x) 

For what valu» of x will they be equal * 

D 

22 Explam the meanings of 93, 9 3, and 9 x 3 , if x stands for 9, and 
y for 3, wnte down algebraically the numbers given above 

23. Bearrange the followi^ expression m ascending powers of x, and 
use brackets to shew the coefficients of the different powers 

363^ - 7ax - ax* - 65 - 25a? + 6x* - 1 - 7aa? 

Fmd also the value of the expression when a=;2, 5=0, x= >- 1 

24. Distinguish between the meanings of 

(i) (a+5)(o-5), (ii) (a+5)a-5, («i) a+5(o-5) 

Fmd the sum of the three expressions 

25 By means of squared paper shew that 

(i) (x+3)(x+5)=a?+8x+15, (u) a(o+5)=a®+o5 

26. Solve the equations 

W («) r5(*-|)-g0-|)=« 

27 H duoks’ eggs cost 4d a dozen more than hens* eggs, determme 
the pnoe of each per dozen, when 7 ducks' eggs and 19 he^ eggs can ho 
bought for two shilhnga 

28. An artisan’s wages are raised by the same sum yearly after two 
years they nse to £19, after eight years to £28 Plot the graph for 
readmg off his wages for any year, and find (i) the annual nse, (n) the 
startmg wages, (in) after how many years bis wages will he £38 lOa. 
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143 OojTSiSER the equatioa y-2x^5, which oootams the two 
unknown quantities x and y 

Here, since it is clem* that for erery value we choose to 

give to X, there will be one corresponding value of y Thus we can 
find as many pours of values as we please which satisfy the given 
equation 

Thus, when x has the values 3, 2, 0, ^ 1, - 2, 
wegetfor j^the*valafis 11,9,5, 3, 1 


however, the values of a and y which satisfy the equation 

3r-ar-6 (1) 

also satisfy another equation of the same kind, such as 

ar+y=15, (S) 

we shall find that there is only one solutton 
For from (IX we have y=ix+b, 
and from (2X y » 15 - Sir , 

and since the values of y lo the two equations are to be the sam^ we 
mortluiTe to+6=16-S», 


whence x=2 

If we substitute this value of a; in either of the given equations, 
we obtain ys9 

Thus, a;asS, yss9 is the only solution possible if the two equations 
are to be satisfied by the earn pair of values of x and y 


144 Since every equation, involnng x and y in the first degree 
only, can be reprinted graphically by a straight line, the con- 
clusions amved at in the preceding article may be explained as 
Mows 

The graph of each of the nven equations passes through an in- 
definite number of points, Me cooranates of which satisfy that 
equation talen by xtmf But two straight lines can only intersect 
at one point, the coor^ates of this point pve the values of x and y 
whuh satisfy the two equations iaien toytmer 

Note The graph of v=2ii;+5 is given in Art 131 ; the ^ph ^ 
3x4-y=:ld can he drawn by joinmg the pomts (5, OX (0, 15) It will he 
found that the graphs inte^ot at Me pomt M in Fig 4, p 101 
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145 When t\To or more equations are satisfied bj the same 
values of the unknowns, they are called Rimn lfememiH equations 

Since such equations aie true for the same values of the unknowns, 
any equation formed by combining them will ^so be true for those 
values of the unknowns which satisfy the original equations In 
combming the given equations, our first object is to obtain a new 
equation which involves only one of the unknowns 

The process by which we get nd of an unknown quantity is called 
elimination, and it can be effected in different ways accordmg to 
the nature of the equations given for solution 

146 First method, by equalising coefficients 

Esampie 1 Saive 3x+7y=27, (1) 

ax+2y=16 (2) 

To ehminate x we multiply (1) by 5 and (2) by 3, so as to make the 
coefficients of x m both equations equal This gives 

lda;+35y=135, 

I6'b+ 6y=48, 
aubtractmg, 29y= 87 , 

y=3 

To find X, substitute tlus ^ alue of y in either of the given equations 

Thus, from (1), 3a;+21=:27, 

Xss2 

Therefore the complete solution is a. =2, ysS 

[Vertficaiion 3x+7y=3x2+7x3= 6+21=27, 
5a;+^=5x2+2x3=10+ 6=16] 

Note When one of the unknowns has been found, it is immaterial 
which of the equations we use to complete the solution 

Example 2 Solie llx+8> =31, (1) 

13v-6y=83 (2) 

Here it will be more convement to ehmmate y Smce 24 is the 
L C M of 8 and 6, we shall make the coeffiments of y numerically equal 
by multiplying (1) by 3, and (2) by 4 

Thus we obtam 33x + 24y = 93, 

d2x-24y=332, 
adding, 85z=425 , 

*=5 

Substituting m (1), 35 + 8y =31 , 

whence y=-3 

Thus the solution is ®=6, y= - 3 

We add when the coefficients of one unknown are equal and indtle in 
Bi giij ATiil subtract when the coefficients are equal and Iim m sign 
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147 Second lllCelihod. EUniinatdon Ijy Substitnldon. 

JBzAMnuB 8dlw IxsSy+l, (1) 

24-7x=3y (2) 

'Here we can eliminate tc by substitntmg in (2) ita Talne obtained 
l™>ai Tt” 2«=5y+l, (I) 

a=|(6y+l) 

Substituting this value of x in (2), we have 
24-l(5y+l)=^3y, 

48 - 36y-7=6y, 

41=:41y, 

and from (1), «»3 / 

Or thus From (1), a;=:^(6y+l), and from (2), a;»|(21-3^). 

By equating these values of x, we obtain 
* i(By+l)=Tl2i-3ff), whence y=:l, as before 

This method is sometimes called dUmination by onmpaxiBon. 


EXAMPLES XU a. 

Solve the following equations by the Hrat Mefhod, and verify the 
solutions 


1 »+y=12, 

x-yss6 

4, 3»+jfy-13, 
3x~2|y=6 

7. »+3y=38, 
^^yss2A 

10. lly-6a;=88, 
7y+24x=9 


2. x-y=6, 
x+y=19 

6. X+^=:4, 

2x+3y=7 

8. 7x-6y=46, 
2x+%=4 

U, 5y-3x=:85, 
12y+dx=:21 


3. x+y=16, 
x-*y=0 

6, 2x+ya;23, 
4x-y=19 

9. 7x+3y=sl0, 
36x-6y«=l 

12 7x+6ys=71, 
5x~8y=-23 


Solve the followmg equations as in Art 147 

13. xs=gy-2, 14. 3x-2y=6, 

9y5s4x-7 6y-6x=30 


16. 4x+3ys=0, 
by+SSsllx 


17. 3x+2y=118, 
«+6yal91 


19. 2x-9y=0, 
7x+27=18y 


20 12x+9sy, 

18y-5x=66y 


16. 3xs=7+y, 
6x-a9y+41 

18. 13+2yss9x, 
3yss7x 

2L 7xs=10y+4, 
12 xstl- 18 y 
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Solve the following equations 

22. 9x- 11^=15, 23 21 s;- 10 ysl 09 , 24. 23a;-lly=l, 

7a-13y=26 13*-7y=61 16a;+7y=29 


[In Eaxanples 25-27 frst form two new equations hy adding the two 
equations, and hy suhtradtng me from the dher ] 


25. 7aj+5y=l, 
5a;+7y=ll 


14a;+ 9^=19, 
9a;+14ys4 


27. 13a;+lly 
lla;+13y 


=70, / 

=74 ^ 


[In Example 28, obsene (hat theLOJd ofSQ and 52 1 « 13 x 3 x 4 ] 

28 39»+7y=107, 29. ll*-45y=211, 30. 95y=49 +23a:, / 

62a;+lly=131 2te+75y=114 76y=102-13x 

31. If a;+5y=18, and 3x+2y=41, find the valne of x-Sy, and of 
15y-a: 

32 If the equation y=ax+b is satisfied by a;=4, y=8, and also by 
x=12, y=20, find the values of a and v 


148 Sometimes it will be necessary to simplify fbe equations 
before applying any one of the methods of solution 


Example Solie 

5{x+2y)-(3x+lly)=14. 

(1) 


7x - 9y - 3{\ - 4y) =38 

(2) 

From (1), 

5a: + lOy - 3x - llv= 14 , 



2i-y=14 

(3) 

From (2), 

7a!-9y-3a;+19y=38 , 

4a;+?y=38 


From (3), 

6x-3y=42 


By addition, 10z= 

:80 , whence «=8 From (3), we obtam y=2 



149 TThen the value of one of the unknowns has been found, 
matead of substituting this value to find the value of the second 
unknown, it will sometimes piove easier to employ the process of 
elimination 

Example Solve (1) 

^-|(&-5)=y P) 

Oleaimg of fractions, we have 
from (1), 42«-2y+10=28a;-21 , 

14r-2y=-31, (3) 

and from (2), 9y+12- 19®+25=15y , 

' 10z+6y=37 (4) 

Ehmmatmg y from (3) and (4), we find that x= - l-j^ 

Ehminatmg x from (3) and (4), we find that y— 74^ 
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' 160 Definition If the product of Wo quantities is equal to 
unity, each quantity is said to oe the reciprocal of the other. 

Thus the foUomng pairs axe reeiprocoZs * 

SondL «andi; ^ and - 
3 X h a 

Simultaneous equations may often be conveniently solved by 

takmg the reciprocals of v and y, that is i and 1, as the unkno\nia 

X y 

Example Solve (1) ---=1, (2)^+®=? 

^xy ’ xy 

Multiplying (1) by 2, and (2) 3, we have 

“-15=2, 

X y 

55+15=2, 

X y 
46 

By addition, —=23, whaaoea;=2 From (1) we obtam y=3 

X 


EXAMFLBSXn b. 

8(dve the foUowmg equationB 


1. 3»-p=23, 

3^4 

4. 12v+7y=2|, 
8y-9x=18 

rj ll»-6y_3a+y 
11 16 ’ 
8a?-6y=l 


2 2i;>3y=24, 

3 2“^^ 
- iff-2 5v 


3 2’ 

18t-2qy=3 


3 3a; -y =3, 
5a; 7v_fl 

ft y~7 

° ■y'T** 


llx=13y 

8 g(j;-2)=l(l-y), 
26«+3y+4=0 


9, 4(a;-2y)-(6a;+3y)=30, 3(3a;+7y)-2(r+9y)=12 

in 3a;+l 2a.-y_2y~x 4x-2 4y-5x_x+y 
7"2“8’8"2“5 

11 {?y-26 6-«_2(y-7) 3y-l_4-i 

3”7“6’8"'10~3 


12 |+|=3r-7y-37=0 

14. 3 75*-15y=27, 
7»+6y=58 


i» a;+3 S-y 3(a;+y) 
IS -^=-j-=-j-. 

15 2a;+0 4y=l 2, 
34a;-002y=0‘01 
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Solve the following equations as in Art 150 


16. 

*-4=8. 

* y 

17 

a: 

18 

2 5 5 
vye’ 

19 

2y-x=t4xy, 


“+I=101 

X y 




3 4 9 


1-5=9 







y X 

20 

j+%l=15, 

21. 

^•»-2y=iT» 

22 

BO. 

23 

2_^_« 
x~2y 35 ' 






•(H)- 

1 

2^ 3^ 73 

2»'*‘ y “ "70 


Simultaneous Equations Treated Graphically 

161 The graph of anv simple equation involving v and ^ is a 
straight line, and any pan of lalues which satisfy the equation wiU 
give the coordinates of some point on this line The number of such 
points IS unlimited If, however, r and y are connected by two 
simultaneous equations their Imear graphs intersect in one pomt 
only The coordinates of this point are tne values of x and y which 
satisfy the equations 

Esaiifle p aphteally the equations 

(1) 8y-x-6, (2) 3x+6ys38 

In (1) the mtercepts on the axis are - 6, 2 Thus the Ime is found by 
jouung P( -6, 0) and P'(0 2) 

In (2) when a=l, y=7, and when y=l, x=ll 

Thus the Ime is found by joining Q(l, 7) and Q'(ll, 1) 
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It is seen from the diagram that these hnes intersect at the pomt R, 
whose cooidinates are 6, 4 Thus the solution of the given equations is 

a;=6, y=4 

The pupil should verify this result by solving the equations alge- 
braically by any of the methods giien in this chapter 
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1 62 Since an unlimited number of values can be found to satisfy 
an equation of the first degree in x and y, such an equation is said 
to be indetermuiate Graphically we see that one sudi equation 
determines a straight line, but that two are lequiied to determine a 
point 

163 Two sunultaneous equations lead to no finite solution if 
they are inconmtent vnih each other Tor example, the equations 

j;+3^ss2, 3a?+9y=8 

are inconsistent, for the second equation can be wntten d;+3y«2§, 
which IS cleaily inconsistent witn «+3y=2 The graphs of these 
two equations will be found to be two parallel straight Imes which 
have no finite point of intersection 

164 Again, two simultaneous equations must be inde^ndent 

, Th. equation. ia*+l^=4 

are not independent, for the second can be deduced from the first by 
multiplying througWt by 4 Thus any pair of values which wiU 
satisfy one equation will satisfy the other Graphically these two 
aquations represent two coinadent straight lines which of course 
have an unhmited number of common points 


EXAMPLES Zn. c. 

Solve the followmg equations graphically 

1 y=2a!-l, /2. x=2iy-Z, 3. 2x=3y, 

*+y=5 y=3w-6 »-y=2 

4. 2a!-6y=16, 5. 4a;+3y=!2, 6 2y-6x=20, 

4a;+y=10 »-y=4 4»+3y=7 

7. Shew that the straight hues represented by the equations 
2a;=3y+14, 3x+y=10, x+2y=0, 
meet in a pomt, and find its coordinates 

8 Solve the following pairs of equations coireotly to one-tenth of 
the unit 

(i) 4x+5y=28, (ii) 5x-3y=8 8, 
x+y=61, 7x-5y=10 4 

ITalc one tndi as «mf, and tn (u) esitmate the tntere^te on the axes to 
one-hundredth of the wnst ] 

9, With one mch as umt draw the graphs of the equations 
3 4a;-l-6y=17, «-y=08, y-06u=0 45, 
and show that they all pass through one pomt Head off the coordinates 
of this point 
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10 Drair the tmngle 'irhose sides are giA en by the equations 
3y-*=9, a:+7y=ll, 3a;Ty=13, 
and find the coordinates of its \erhces 


11 Explain by a diagram \rhy it is not possible to find the coordinates 
of the point of mtersection of the bnes 

5_y.-25 

18 16“'^' 3 4“^^ 


* 1 65 When a lineai graph has been draini through cei tain plotted 
points it IS often convenient to be able to find its equation 

Exa3ipi£ Shew that the paints (3, -4), (9, 4), (12, S) he on a straight 
line, and find ito equation 

The first pirt of this example may be sohed graphically by dravmg 
the hue irhioh joms any tno of the pomts, and iuiening evpmmentally 
that it passes through the lemaimng point 

The foUomug method has the adxantage of givmg the equation of the 
Imear graph Trhich passes through the gi\en pomts 

Since the equation of any straight hue is of the first degree in z and y, 
\re may assume y=azTS as the equation of the Imc If it passes 
through the first two of the given points, their coordinates must satisfy 
the equation 

Sttbstitntmg «s3, y--4, weha>e -i=s3a-rb, (1) 

again, substituting xs9, ys4 uehaie 4=9a*>-6 (2) 

From (1) and (2), we obtain a=^, 

Hence, y=^a-S or 4x-3y=24, 

IS the equation of the Imc joimng tne pomts (3, - 4), (9, 4) On trial we 
&id that i;=12, y=S satisfy this equation, so that the line also passes 
through the point (12, 8) 


^EXAMPLES c {ConUnit^') 

12 It the equation y=ax+& represents a line tliiough the points 
(2, a), ( -3, 4), find the lalues of a and b 

' 13 Shew thit the points (4, 31, (11, 11), ( -3, -1) he on a straight 
line, and find its equation 

14. Prove that the points (2, 41 (-3, 8), (12, -4) he on a stiaight 
line a Inch outs the axis of x at a distance of 7 umts from tne ongin 

15 Find the equation of the line uhich joins the pomts (0, 3 1) and 
(3.2 5) 

16 Find the lalues of a and h so that the hne represented b\ 
yssaz-rb may pass through the intersection of the Imes 4a;=3y-ld, 
4r=5y-24, and also through the pomt (-2, 2} 

17 Shew that the points (2, -2), ( - 4, 7), (6, 22) he on a graph whose 
equation is of the form y=ajfi+b, and find the values of a and b 

n ALO I 
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*1 66 In Arfc 141 we have explained how a graph may be drawn 
to he evenly among a number of plotted points, provided that 
corresponding values of two connected variables are known ^m 
observation or experiment When the grwh is linear it can be 
produced to any extent within the hmits of the paper, and so any 
value of one of the variables being determined, the corresponding 
value of the other can be read off *^00 large values are in 
question this method is inconvenient, in such a case it is best to 
make use of the equation of the graph, which can be found as in the 
preceding article 

Example Gorreapmdxng taluu qf x and y, wm of winch are dxghUy 
vtmearoic^ are given tn the foUounvq table 


X 

D 

y 

H 

8 

95 

~ir 

12 

144 

V 

4 

8 

122 

13 

15 3 

m 

248 


Draw Oie roost probcMe graph and find tU equation AUo find the mdue 
of y corresponding to x=80 

Let 1 mch be taken to represent 5 units along OX, and 20 umts 
along OY 

After carefully plotting the given points we see that a straight line 
can be dra^vn passmg through tlie points marked with an asterisk and 
lying evenly among t£e others This is the required graph 



A aanmmg ysiax+h for the equation of the linear graph, we can find 
the values of a and b by substituting the coordinates of two pomts 
through which the Ime passes 
Thus, putting a;=4, y=8, we obtain 8=4a+hf 
fl ga i p, when !cs=12, ^=20, we have 20='l2a+b 
By solving these equations we obtam a=l 5, b=2 
Hence the equation of the graph is y=sl 5a;+2^ and the coordinates of 
any number of points on the line may now be found hy tnaL 

Thus when «s80, y=122 
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^EXAMPLES. XU. d. 

1 Plot on Equaled paper the following measured values of x and y, 
and determine the most probable equation oetween x and y 

x=3, 5, 8 3, 11, 13, 155, 18 6, 23, 28, 

y=2, 22, 34, 38. 4, 46, 54. 62, 7-25 

2 Corresponding expenmental values of x and y are given as folloirs 

x=l, 31, 6, 0 5, 125, 16, 19, 23; 

y=2. 2 8, 42, 5 3. 6 6, 8-3, 9, 10 8 

Draw the most probable graph and find its equation Find the eorreot 
value of y when it.=:19, and the correct %alue of x when y=2 8 

3 Por a given temperature C degrees on a Centimde aie equal to 
F de^es on a Fahrenheit thermometer The fouowing are corre- 
sponding values of C and F 

C=-10, -5, 0, 5, 10, 15, 25. 40, 

F= 14, 23, 32, 41, 50, 59, 77, 104. 

Draw a graph to shew the Fahrenheit reading corresponding to a 
given Centigrade temperature, and find the Fahrenheit readings corre- 
sponding to 12 5' C and 31” C 

Find also the algebraical relation connecting F and C 

4 The keeper of a hotel finds that when he has G guests a day his 
to^ daily premt is P poimds If the numbers bdon are averages from 
many days’ accounts, fmd a simple algebraical relation between r and G 

G- 21, 27, 29, 32, 35, 

P=-18, 2, 3-2, 45, 6 6 

For what number of guests would he just have no profit * 

5 In a certain machine P is the force in pounds required to raise a 
weight of W pounds The following coiresponding values of P and W 
were obtained expenmentallj 

P= 3 08, 3 9, 6 8, 8 8. 9 2 11, 13 3 , 

W=21, 36 25, 66 2, 87 5, 103 75, 120, 152 5 

Draw the graph connecting P and W, and read off the value of P 
when W=70 Also find the hnear equation connecting P and W , find 
the force necessary to raise a u eight of 310 lbs , ana also the wei^t 
which conld be raised by a force of 180 6 lbs 

6 The followmg values of x and y, some of which are slightly m- 
aoourate, aie connected by an equation of the form y=asP-^b 

T=sl, 1 6, 3, 3 7, 4, 5, 5 7, 6, 6 3, 7, 

y=:3 25, 4, 5, 6 5. 74, 9 25, 10 5, 116, 14. 15-25 

plottuig these values draw the graph, and find the most probable 
values of a and b 

Find the true value of x uhen y =4, and the true value of y when xs6 
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Simultaneotis Eguations Txrifih Ttaes TTalmowiis. 

157. If -vre have ttm simple equations with tires unlmown^ one 
of tliese can be eliminated as alr^y explained , the result ‘wdl be 
a simple equation in two unknowns, and therefore vndetemvmte 
[Art 152] If, howeve^ three unknowns aie connected by three 
consistent and independent equations, we may elimmate one un> 
known from any pair of the given equations, and Uien the taim 
vnlimm from a atferent pair The two resulting equations^ con- 
taining two unknowns, can be solved by the rules already given 
The third unsown can then be found by substituting the lalues so 
found in any of the onginal eqoalaons. 

ExAnras 1 Sohe tie equaium 
(1) 7x+5y-7z=-'8, (2) 4x*t2y-3zs0, (3) 6 x-47t4z=35 

Choose y as the unknown to be elinunated. 

Multiplying (2) by 5, 20n -»■ lOy- 15z=0 ; 

mxdtiplying (1) 1^ 2, 14x+lQy- lez= - 16 ; 
snbtiactmg, 6a;'S=16 • (4) 

Agam, mnltiplymg (2) by 2, 3a;+4y- 6zs0 ; 
from (3), 5iB-4y+4ess35, 

adding, 13x^2^f=35 

Multiplymg (4) by 2, 12z - 2zs 32 

The last two equations give a;»3, z=2 Snbstitntuig these values m 
(2), we obtain y= -3 


ExazipIiE 2. 


Solve (hi equaivom 

y+z z-z z+y 
4 “ 3 “ 2 ’ 


x+y+z=27 


Here we must first form /Aree eqiiations mx,y,z 
From veobtam 2»+y-z=0 

4 a I 

From obtain a;+3y-2s=:0 

Also *'*-y+Zs=27 

From (1) and (3), by addition, 3z+2ys=27 

Multiply (3) by 2 and add to (2) , thus 3x+5y=s54. 

The last two equations give y=9, x=Z Hence from (3), z—15 


(1) 

(2) 

(3) 


Hoie. a evstem of equations eont^mg four or more unknowns can 
be solved m a nmilar way if the number of equations is the same as the 
number of the unknon-ns For example, wifli four such equations we 
first eliminate one unknown from three diferent pairs of eqnatiODS we 
thus obtam three new equations containing the three rem^mg un- 
knowns, and the solution can be completed as already ezplained 
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EXAMPLES Xn e 


Solve the equations 

1. a!+y+e=7i 2af+3y-a=0, 3«+4y+22=17 
2 x+y-z=8, 4a:-y+3==26, 2a,+y-42=8 
3. 2x+y+z=8, 5z-3ff+2z=3, 7x+y+3z=20 

4 3*+y-s=3, 2z-y+3z=20, 7x+y+z=23 

5 Bas-4y+zs=3, 3x+y-2z=31, 9;+4y+z=15 

6 4»-6y+6z=S, 8»-7y-3z=9, 7a;-8y+9z=6 

7. 6z-3a}=4(l+y), 2(a;+2z)=8+3y, 2y+3zsl4-9; 
•8. a;+z:=2y, 9a;+3z=8y, 2a;-i-3y+6r=36 

•9 ®-|=6, y-^=8, z-|=10 

10. ^+Ty+i*=8i |a:+jy-z=7. 


.11 

12 

IS 

14 

15. 


?+ y +£-12 ^+*- 5-8 f +?-10 

2 ^ 3 ^ 8 “^‘^’ 2^3 6 “* 3 ^ 2 “^*' 


y+z-®=z+aj-3y=-j(*+y-2z)=l 
x+z- ls=^(a:+4z-8)=7(a;+9z-27)=y 
a;+ys6, y+z=slO, z+a!=s20 
a;+y-zs23, y+z-«=6 7i z+x-y=:8 5 


16 Find X, y, z, io from the following equations 

®+y+z+«f— 6, 2r+y-z-2w=3, 
x-y+2z+to=3, x-3y+s+w=9 

17 When x=7, y=-2 the expression ax+ly is equal to 22, and 
when x=:3, y=l, the expression is equal to 15 , find a and 5 

18 Pmd a hnear expression of the form ax+h such that its value is 5 
when x=2, and 17 when x=5 

19 Shew that the equations 

3x-4y=;l, 8y-7=6x 
are inconsistent niustrate graphicallj 

20. Shew that the three equations 

5x-3y-z=s6, 13x-7y+3z=14, 7x-4y=8 
are not independent 

21. Find the values of a and b in order that the equations 

4x+7y=5, 9x+8y=19, ax-f25y=ll, ax-5y=:17 
may be consistent 

22 Wliat peouhanty is there about the following three equations ? 
x+2y-3z=9, -x+6y+llz=7, x+28y+21s=53 

If in the first equation 8 is wntten in the place of 9, how is the nature 
of the equations altered^ 



OHAPTEE Xm 

Problems leading to Simultaneous Equations 


168 Ik the last chapter we have seeu that theie must always 
be as many equations as there aie unknown quantities whose values 
are to be found Consequently, in pioblems which may be solved 
by using simultaneous equations, theie must be as many independent 
conditions, each of whi^ can be stated m the form of a separate 
equation, as there are quantities to be found 

Examflx 1 Threefmatha qf the mm of tioo nmAae is 67, and f the 
gretUer is atAtraded from three times the leas the imavsdes ts 40, fnd 
the numbers 

Let X bo the greater number, and y the less 
From the first condition, f (a;+^)=67, 
or 3x+3yss228 ( 1 ) 

From the seoond, 3y-s;is40 (2) 

Subtracting, we obtain 4a;s 188 , 

«ss47, 

and from (2), ^=29 

Thus the numbers are 47 and 29 


ExampiiB 2 Jf wuty ta aubti acted from the numerator of a eertam 
fraction, and 2 added to ike denommatoi , tt reduces 7 , ^3 u added to 

the numerator, and the denominator is mult^ted by 2, it reduces to | 
What 18 thefraxtion f 

Lot X be the numerator of the fraction, and y the denominator, then 
the fraction is - 


From the first supposition, 


g -1 2 

y+2~8' 


( 1 ) 


from the second, 

2y 5 

To clear of fractions multiply ( 1 ) by 3 x (y+2), and (2) by 6 x 2y , 
thus from (1), 3(g-l)=:2(y+2), 

or 3a;-2y=7 (3) 

And from (2), 6»+16=6y W 

Equations (3) and (4) give yslO 
Therefore the fraction is 
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EvamHiE 3 Fite eowe and tune sJieep are morth £102, while 6 cowe 
and 7 eheep are worth £111 ^ ^nd the value of a cow and a aheep 
respe^iidy 

Suppose a cour to oost x pounds, 

and a slieep ,, y „ 

Then from the question we have 

5a:+9y=102, . (1) 

6x+7y=lll (2) 

From these equations a=16, ^=3 
Thus the oost of a cow is £15, and the oost of a she^ £3 


EXAMPLES Xm a 

I. Find two numbers whose sum is 25, and whose dififerenoe is 7 

2 Find two numbers whose sum is 61, and whose difference is 15 

3 One fourth of the sum of two angles is 13”, and one-sizth of their 
difference is 3° , find them 

4 One-seventh of the sum of two numbers is 6 , and four times their 
difference is 64 , find them 

5 Find two numbers which are such that twice the greater exceeds 
three times the less by 10 , and such that one fifth of the greater is less 
than 20 by one third of the less 

6 Find tvTO numbers such that one-third of the neater exceeds 
one-half of the less by 1 , and one-fifth of the greater addra to one sixth 
of the less equals one half of the less 

7 The difference of two numbers is five sixths of their sum, and 
the greater exceeds 10 times the less by 3 , find the numbers 

8 One man said to another "If you give me half your monej I 
shall have £o ’ The other replied "I shall have £5 if you give me a 
third of youi money ’ How much had each * 

9 Find a fraction which becomes equal to 7 if 1 is subtracted from 
both numerator and denominator, and equal to f if 1 is added to both 
numerator and denominator 

10 Find a fraction such that if its numerator is diminished I 7 unity, 
It reduces to 7, and becomes equal to 2 when the numerator is mcreased 
by 5 and the denominator dimimsbed bj 6 

II. If 4 IS taken from the denominatcw of a certain fraction it reduces 
to 1 , if the numerator is multiplied by 3, and the denonunator increased 

by 5 it reduces to § What is the friction ^ 

12 Add 1 to the numerator and denominator of a certain fraction 

and It reduces to 7 , subtract 5 from each, and it reduces to 7 required 
the fraction 
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13 A horse and a cow are together worth £42, while 4 horses and 
7 cows cost £213 find the price of each animal 

14 If either 9 tables and 7 ohaiiB, or 10 tables and 2 chans, can he 
bought for £78, what is the pnoe of each ’ 

15 A man sells 15 animals, consisting of horses and sheep, for £275 
If the pnee of a horse is £45 and of a ueop £5, hou many of each did 
he sell* 

16. If 10 lbs of tea and 8 lbs of oofiee cost £1 16s 6d , while 6 lbs 
of tw and 5 lbs of cofiee cost £1 2s 3d , find the pneo per pound of 
tea and coffee 

17 The warns of 24 men and 16 boys amount to £3 16s per day, 
half that number of men, with 21 more boys, irould earn the same 
money What are the daily wages of each man and boy * 

18. I buy two pieces of cloth for £25 6s , one piece bemg 16s and 
the other 18s per y^ I sell them at a profit of 2$ per yard, and gam 
on the whole £3 How long was each piece * 

19 If 15 lbs of tea and 17 lbs of coffee together cost £3 5s 6d , 
and 25 lbs of tea and 13 lbs of coffee together cost £4 6s 2d , find the 
pnoe of each per pound 


169 The following examples contain some special features, and 
should be carefully studied by the pupil before he works through 
the miscellaneous problems of the next Hxercise 


ExAuran 1 I ^pend 3s in hvyvng c^ppks (d 4 a pemy and oranges at 
3 a penny, and then dupoae qf three-jovrtha of my wp[ies and haff of my 
oranges for 2s , vihxek isos a penny more than they cost me, how many of 
each dia l "bay ^ 

Let a; be the number of apples and y the number of oranges 


Then 


X apples cost | pence. 


hence 

or 

Again, 


and y oranges cost | pence, 
5 + 2-36 

^+ 3 - 36 , 

3a;+4ys:432 

apples cost ^ or pence, 
y oranges cost 1 2, r- ■ 


r 


But, by the question, these together cost Is lid , 

hence ^+|=23, 

or 9z+8y=1104 

By c ombiTimg equations (1) mid (2) we obtam zs=80, y=48 
Glins there were 80 apples and 48 oranges 


/ • 


( 1 ) 


( 2 ) 
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ExAaiFLE 2 A certain number of two dimta m three times the sum of ifs 
digits, and f 4S be added to it the ^gtts vnll be leiersed, find the number 
[See Art 115, Ex 3 ] 

Let X be the digit m the tens’ place, y the digit in the units’ place , 
then the number will be represented by lOx+y, and the number formed 
by reversmg the digits will oe represented by lOy+a; 

The sum of the digits is x+y 

Hence we have the two equations 

l(te+y=3(»+y) (1) 

and 10x+y+45=10y+a; 

From (1), 7x=2y, 

from (2), y-x=5 

From these equations we obtain x=2, y=7 

Thus the number is 27 

Example 3 Two persons, 27 miles apart, setting out at the same time, 
are together tn 9 hours if they wall in the same direction, but in 3 hours f 
they vxdk tn opposite directions ^ find their nUes of nalhmg 

Suppose the faster walker goes x miles per hour, 
and „ slower „ „ y „ „ 

When they walk in the same direction the faster walker gams on the 
other {x~y) miles per hour, and m 9 hours he wiU gain 9(a;-y) miles 

Therefore 9(a-y)a=27, 

or a;-y=3 (1) 

When they walk in opposite directions th^ lessen the distance between 
them by (x+y) miles per hour, and m three hours this deotease is 
3(x+y} miles 

Therefore 3(x+y)=27, 

or x+y=9 (2) 

From (1) and (2), we find x=6, ys3 

Thus the rates of walking aie 6 and 3 miles per hour respectiTely 


KSAMFLES xm b 

1 I spend 38 4dm buymg eggs at 2 for Id , and apples at 3 for Id 
If 1 were to sell them all alike at the rate of 20 for Is , I should gam 
Is 2d How many of eooh did 1 buy* 

2 By purchasing pen holders at 8d a score, and lead pencils at 9d a 
dozen at a total outlay ot 6s 5d, and selling them all at a umform pnce 
of 11 for 8d , I gam Is 3d How many of each did I buy * 

3 A man sold one sort of oranges at 5 for 2d , and another sort at 
16 for Is H he had sold them oil at a lialf-penny each, he would hare 
received 2d less , if he had sold all at 3 for ^ , he would have received 
Is 6d more How many of each sort did he sell* 
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4 A number of two digits is suoh that if 9 be added to it the digits 
will be reversed , if the enm of the digits is 7| i^d l^e number 

5 A number of two digits is eq[ual to eight times Uie sum of its 
digits , if 45 be subtraoted from the number, the digits will be reversed 
find the number 

t 

6 A number of tivo digits has its digits reversed if 18 is taken from 
it , the sum of the digits is 12 , find the number 

7. A oertam number of two digits is two-ninths of what it would be 
if the digits were reversed If the number is increased by the sum of its 
digits the result is 27 , find the number 

8 . A number of two digits exceeds four times the sum of its digits 
by 3 , if the number is increased by 18, the result is the some as if the 
numW formed by reversing the digits were dimmished by 18 Find the 
number 

9 On Monday a hawker disposes of the whole of his stock of boot- 
laces at 6 for 2|d , and four-nmths of his stock of buttons at 6 for 1^ , 
the nrooeeds amounting to ds fid , and on Tuesday he sells the remainder 
of the buttons at the same price, for Is 8d less than he received for the 
boot-laces with how many of each did he start ont on Monday * 

10 A boy has 6s with which he is to buy two kinds of note books 
He finds that if he asks for 11 of the smaller size and 13 of the larger he 
Will require 2d more , if he asks for 13 of the smaller and II of the 
larger he will have 2d over Find the pnoe of each kind 

11 A certain sum of money is divided among A, B, and 0 IT’s share 
IS su^mie more than half the sum of the shares of A and C A’b share 
18 four shiUings less than half the sum of the shares of B and 0 If the 
shares of A and B together amount to 33s , find how much each receives 

12, At a certain election there were two rival candidates, and their 
supporters were conveyed to the polhng-booths m carnages capable of 
accommodating 8 and 12 voters respectively If the votm, 74V m all, 
just filled 75 carnages, find by what majonty the election was won 

13, Two numbers are formed by the same two digits, and if the smaller 
number is divided by the greater the quotient is and if the smaller 
IS subtraoted from the greater the remainder is 27 I^nd the numbers 

14, A certain number consists of two dimts If 5 is added to the 
number, and the result divided by the umts’ digit, the quotient is 6, and 
if 10 IS subtracted from the numbmr, and the remainder divided by the 
sum of the digits, the quotient is 3 What is the number* 

15 Of a number consisting of two digits the umts’ digit is the greater 
If fhe number is mcreased by 3, and ihe result divided by the dmerenoe 
of the digits, the quotient is 30 , and if it is diminished by 48, we 
remainder is equal to three fourths of the sum of the digits Find the 
number 
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16. At a floirer sho\(, at Tthich 1250 attended, outsiders uere charged 
Is , villagers 6d , and school children Id , and the total receipts vrere 
£35 There were three times as many % illagers as outsiders , how many 
outsiders came ’ 

17 A bag contained shillings and half oroums amounting to £5 Half 
of the shilhngs were taken out and replaced by half crowns If the value 
of the contents was then £6 17s 6a , bow many shilbngs did the bag 
contain at first ’ 

18 By sellmg 6 horses and buying 8 cons a dealer mcreases his cash 
by £70 Ho then, at the same pnees, bn}s 7 horses and sells 12 cows, 
and thereby decreases his cash by £43 Find the price of each horse and 
cow 

19 At 9 a m a man starts from A and walks contmuonsl} at the rate 
of Sj miles per hour to meet his &iend, who starts at the same hour from 
B, 56 miles away If the latter walks at the rate of 4 miles per hour, but 
stops an hour by the way, when and where do they meet * 

20 A, B and C travel &om the same place at the rates of 5, 6 , and 
8 miles an hour respectively , if B starts 2 nours after A, how long after 
B must 0 start in order that they may overtake A at the same instant * 

21 A boat goes up stream 30 miles and then down stream 44 miles m 
10 hours, and it al«o goes im-stream 40 miles and down stream 55 miles 
in 13 hours , find the rate of the stream and of the boat 

22. Fmd the distance between two towns when by increasing the 
speed 7 miles per hour a tram can perform the loumey in 1 hour less, and 
by leducmg the speed 5 miles per hour can periorm the journey m 1 hour 
more 

23 A tram travelled a certain distance at a uniform rate Had the 
speed been 9 miles an hour more, the journey would have occumed 
3 ^urs less , and had the speed been 6 miles an hour less the time tuen 
would have been 3 hours mote Fmd the distance 

24. If 2 rabbits and 4 pheasants cost 17s 6 d , 3 pheasants and two 
chickens cost 17s 8d , one chicken and three rabbits cost 65 9d , find the 
price of each 

25 There is a number whose three digits, from left to right, aie m 
descendmg order of maemtude and differ from each other m succession 
by the same amount If the number is divided by the sum of its digits 

.y . _1 .0 0 _ 1 WAA A-J xl- _ 




of the differ ence are the same as m the original number, but m reverse 
order find the number 

26 A tram runnmg from A to B meets with an accident 50 miles from 
A, after which it travels with three>fifths of its ongmal velocity and 
arrives 3 hours late at B , if the accident had occnrrra 50 miles f^her 
on, it would have been only 2 hours late Fmd the distance from A to B, 
and the ongmal velocity of the tram 


CHAPTER XIV. 


EESOLimoN IKTO Paoiors (A Fvrst Cmse) 


m 

160 Dsfivitiok When an algebraical ezpiession is ihe product 
of two or more expressions each of these latter quantities is called 
a factor of it, and the determination of these quantities is called the 
resolution of the expression into its &ctors 


161 each of the tarn of an eiopetston ts dmstHo by a 

common factor, the expression maj be simplified by dividing each 
term separately by this factor, and enolosmg the quotient within 
brackets , the common factor b^g placed outeide as a coefficient 


Example 1 
factor 3a, 


The terms of the expression 3a*-6ab have a common 
3a^ - 6ab=3a(a - 2b) 


Example 2 
factor mV, 


The terms of the eiqpression mV-3mV have a common 
mV - 3mV=mV(l - Sn) 


Example 3 lBaba^-10ba^=5b3fi(a^-'3a-2) 

Note The pupil should always verify hia results by multiplying the 
factors together mentally If th^e have been oorreotly chosen, the 
product should be the original expression 


EXAMPLES ZIV a 

Resolve into factors 


1 

5 

9. 

13 

16 

19. 

22 . 

25 

28 


B*+a6 

2 

o*- 

-o^ 3 

2o“-2a 

4. h®-t» 

cd-c® 

6 

c»- 

M 7. 

5a* -10a 

8, 3a -9o* 

3*®-- Gay 

10 

^?gr+pa 11 

y*-a?y* 

12. y'-y' 

4o®-16o^ 


lA 

15d+45d® 

15. 

18c»-9cd“ 

16m-64m®n 


17. 

13a?y®+30y< 

18. 

9a!y-3®%= 

81a -54 


20 

10ji^+2£!P^g 

21. 

51aY-17 



23 

3o*-4a*-2o 

24 

S®»-6a!“+9a: 

a^-a^+ay* 


26 

12a!y®+9a!V+3!c* 27. 

2cV>-6cV+2(Af 

2a®-6a<6+2a»65 

29 

3a*y-ea:y+9»®y» 30, 

7a»-7o%+14o6» 


162 An expression may have a ompomd factor common to all 
its terms 

inins the expression 

o(»-y)+3(a5-y)=(*-y) taken a times 

plus (a;-y) taken 3 times 

=(a;-y) taken (a+3) times 
=(»-y)(a+3) 
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163 An expression may be resolved into Victors ^ the term can 
he aiianged in groups uthtch have a compwnd factor common, 

Examfce 1 Jteeolve into factors :^-ax+bx-ab 

Noticing that the fint tiro terms contain li common factor x, and the 
last tut o terms a common factor h, we enclose the first two terms m one 
bracket, and the last two in anothm* Thus 

sif~ax+bx-ah={3i?-ax)+{hx- ah) 

=x(x-a)+b(x^a] 

={x-a) taken a times plus (x-a) taken b times 

=[x-a) taken (x+h) times 

={a;-a)(a:+&) 

Example 2 Sesolze into factors 2j?g+2ey-^5\^ -Bo 

2a^+2ey - 5a? - Sc={2a?y+2ey) - (5a^+5e) 

=2y(a®+c) -6(a?+c) 

=(a?+c)(2y-5) 

Example 3 Find thefaeiors of 12b‘-3bx‘-4b+x‘ 

1269 - 36a? - 46 + 3?= (1269 - 353^) » (4J _ g?) 

=36(46 -a?) -(46 -a?) 

=(46-a?)(35-l) 


EXAMPLES XIV. b. 


Besolre into factors 

1 (OT+»)y+(m+n)a 

2 

(c+d)x-(c-«-d)y 

3. 

2a(s?+2?)-6(y9+2!) 

A 

(?(x-2y)-2(x-2y) 

5. 

5(x-y)-(x-y)n 

6 

a6(2’t-»i)+y(f+nt) 

7 

a9+a6J-oc+6c 

8 

o9-ac+a6-6c 

9 

aV+acd+a6c+6d 

10 

o9+3a+ac+3c 

11 

2x+ca+2c+<? 

12 

a?-ox+5x-6o 

13 

5o+a6+65+69 

14 

a6-6y-ay+y9 

15 

ax-bx-az+bz 

16. 

pr^qr-ps-qs 

17, 

mx-my-vx+ny 

18. 

mx-ma+nx-na 

19 

2ax+ay+S>x-^by 

20 

6ac-2cy-3oJ-y 

21 

6a? + Sty -2ax- ay 

22. 

nix-2my-nx+2ny 

23. 

aa?+6a?+2a+26 

24. 

a?-3x-ay+3y 

25 

2a?-a?+4x-2 

26 

x*+a?+2xT2 

27. 

y9-y9+y-l 

*28 

axy-^hcxy-az-bcz 

29. 

/W*+y9a?-a59-a/9 

•30. 

2aa?+ 3oxy - 26ay - 36yS 

31. 

ox - 6x+6v+cy - cx - ay 

.32 

cPx+dbx+ac+aby-^-lfy-^le, 
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^Factors of Tnnomial EiEpressions 

1 64 Before proceeding to the next case of resolution into factors 
we again draw the pupil’s attention to the way in which, m forming 
the product of two binomials, the coefficients of the Afferent terms 
combine so as to give a tnnomial product 

Thus (x+5)(x+S)=afl+8x+15, (1) 

(a;-6)(aj-3)s=»*-8a!+15 (2) 

By considenng the way in whidi these tnnomial products are 
formed we can learn, by a converse process, how to obtain them 
respective factors 

By ezamming the factors on the left-hand side of each of the 
above results, we notice that 

(i) The frst term of eacdi factor is x , that is, the square root of 
the first term of the tnnomial 


(ii) The second terms of the factors are such that their product gives 
the third term of the tnnomm expressions on the nght-nand sicm 

Thus m (1) wo see that +15 is the product of +5 and +3 , and m (2) 
we see that ><-15 is the product of -5 and -3 Also it is to be obserrra 
that the numencal quantities 5, 3 must be either Mh positive or loth 
negative in order to give the product + 15 

(ill) The second terms of the factors are sudh that them sum (taken 
with their proper signs) gives the coefficient of the second term m 
the trinomials 


Thus 5-i-3=8r -5-3ss-8 

The application of these pnnciples is illustrated in the following 


Example 1 Resdlce into factors 

The second terms of the faotors must be such that them product is 
+24, and their sum +11 It is clear that they must be +8 and +3 

J-ll»+24=s(*+8)(a;+3) 

Example 2 Sesolve into factors x’- lQz+24 
The second terms of the faotors must be such that them produot is 
+24, and them sum -10 Hence they must both be negatwey and it 
IB easy to see that they must be - 6 and - 4 

• a?-l(te+24=s(x-6)(a:-4) 

Example 3 o®-14o+49s=(a-7)(B-7) 

=(»-7)» 

Example 4 **->-10a^J-lK=(*®+5}(a®+5) 

=s{a?+5)* 

Examples BcMlve into factors i^-Wsx+Via? 

The second terms of the factors must be such that them product is 
+10a^, and them sum -llo Hence they must be -lOo and -a 
7? - lla*+ 10a’=(» - 10a){» - o) 



FACTORS OF TRINOMIAL EXPRESSIONS 


Sir j 






EXAMPLES XIV. c 



Resolve into factors 





1. 

a:*+3x-l-2 

2 

a?+5a:-i-6 

3 

a?+4^+3 

4. 

x®-3a:+2 

5 

5®+6 

6 

a:®-4x+3 

7. 

jr-rSg-ri 

8 

y2+6y+8 

9. 

ys+7y+12 

ao. 

p*-9y+20 

11 

i/®-8y+7 

12 

y®-7y-pl0 

13. 

s“t83+15 

lA 

£®-7s+10 

15 

2®+ 95x18 

16. 

z2-16i:+16 

17. 

zs+ 135+42 

18 

e®+85+16 

19. 

0 “— 9£i+S 

20. 

0^+ 10a +21 

21 

a®+10a+24 

22 

o2+9a6+146S 

23 

a*-8a-rl2 

24. 

a®+llo6-‘-24i^ 

25 

B2-66+9 

26 

6S-145+13 

27 

6®+ 116+28 

28 

5S-105C+9A 

29 

63+96ct8c* 

30 

65x126+11 

31 

a:®+162y+63y® 

32 

a?+10a:v+25p® 

S3. 

®5-14xy+24p* 

34 

a*6®-4a6— 4 

35 

o®6s+10a6+l6 

36 

c®65+12tt6+35 

37 

««-18n3+65 

38 

n*-23»®+136 

39 

«®-10n*+2o 

40 

i)®-18p5+173® 

41 

P<j.2£^+69 

.42. 

pPq^-lSpq+a. 

165 Kext consider the 

following cases 




(j+5)(ji;-3)=«2+2ir-15, .. (1) 

(r-5)(*+3)=*2-2»-J5 (2) 

B 7 examuung the factors oa the left-hand side of each of the 
above results, we notice that 

( I ) The second terms of the factors must have different signs in 
ordei to give the negative product which forms the third term of 
the trmomial 

Thus {J-o)x{-3) and (~5)x{-3) both gi>e the product -15 

( II ) The second terms of the factors are such that their a^g^raical 
sum gives the coefficient of the second term of the trinomial 

Thus -^5-3=: -2, and -5-3= -2 

f 

Esasiple 1 Besolie mto factors x°+2x-35 

The second terms of the factors must be such that their product is 
-35, and their alge^xcoi sum +2 Hence they must haie opposUt 
signs, and the greater of them must be positxu m order to give its sign 
to their sum 

The required terms are therefore +7 and -5 

xS+2r-35=(ar+7)(x-6) 

ExamfXiE 2 Stsoiie mto factors \® - 3x - 54 

The second terms of the factors must be such that their product is 
-54, and their algdmacal sum -3 Hence they must have opposite 
signs, and the greater of them must be negatne m order to give its sign 
to their sum 

The required terms are therefore -9 and +6 

a?-3r-54=(*-9)(x+6) 
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EXAMPLES XI7. d. 

Besolve into &otoi8 


1 

o®-a-2 

2 

n*-2a-3 

3. 

o2-a-6 

4 

o®+a-2 

5 

o2+2a-3 

6 

o2+o-6 

7 

6»-4b-5 

8 

63+2&-16 

9 

6S-45-12 

10. 

6S+36-4 ‘ 

11 

52-36-10 

12 

62-5-12 

13 

c=-cd-20i!* 

14 

(?-4c-12 

15 

<?+c-20 

16 

c®+c-66 

17 

c“-4cd-2ld2 

18 

c2+3c-40 

19 

ai*+9a;-36 

20 

a?-5iy-24v2. 

21 

a?-4x-45 

22 

a?-5xy-38^ 

23 

ai2-2!r-24 

24. 

a?T4!Ey-5y2 

25 

»»+y-110 

26 

y®+2^-63 

27 

y—lly-eO 

28 

y®+y3-lS6:^ 

29 

y*-2|y2-35 

SO 

^*+17^2-60 

31 

2^-122-85 

32 

s?-92-90 

33 


31 

22+2-72 

35. 

2^+322-54 

36 

a3+22z-75 

37 

T?-2a:y-8y® 

38 

a?+5ay-24^ 

39 

a?-4a:y-77y* 

40 

®>-lla;y-26y"- 

41 

ar®+lla:y-l02y2 

r42 

a?+6»y-91y2 

43 

o?62+2a5-15 

44 

o252-.a5-56 

(45 

a^+Sab-Si 

46 

2+jn-in* 

47 

14-&;-a? 

48 

98-7y-r" 


166 The following Eseicise (Kintains miBcellaneouB examples of 
tnnomials to be separated into factors 


EXAMPTiEB XT?, e 


Besolve into faotors 

1. *^-3*+2 

2 

o2T7a6-rl062 

3 

52 + 6-12 

L 

y2-4y-21 

5 

< 524 - 120+11 * 

6 

sP-ix-5 

7 

7i2+12;i+20 

8 

y2-*-9y-10 

9 


10 

y2+y-110 

11 

*2-92-90 

12 

P'-141t48 

13 

a2+18a6+8162 

14 

52-246c-81c* 

15 

c®J-30c-*-Sl 

16 

a?-14'B-r49 

17 

y®+l0y2+21z® 

18 

82+22-63 

19 

n2+ll»+24 

20 

jp-5pq~2il^ 

21 

P+9;-36 

22 

o^-4a6+4 

23 

a^+10a6+16 

24 

52-^c-45c® 

25 

i>^+3»i-88 

26 

n*-12a-45 

27 

pP+lOp-39 

28. 


29 

s=-a-20 

30 

3?+3;y-56y2 

31. 

o^- lla6-266® 

32 

a^-oc6-56 

33 

y*+y®~166 

34. 

s«-7z®-78 

35 

y‘-2y2-35 

36 

3?+6xv-91y2 

37. 

63-«-2y-s^ 

38 

52-925-3? 

39 

n2J-23o®Ao* 
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^^eDiiSto6nce.o£JFwit Sgmres. 

1 67 By multiplying a+ & by a - 6 we obtam the identity 
(a+6)(a-6)=a®-6*, 

a result which in Art 85 was expi eased as follows 
The product of the sum. and the difference of any two qnantitm ts 
equal to the difference of their squares 
Conversely, th difference of the squares of anv two quantities is e/qucd 
to the pi oduct of the sum and the dkffei ence of me tioo quantities 

Thus any expression which is the difference of two squares may at 
once be lesolved into factors 

ExAUrUB 1 Reactve into factors 25x^-16y‘ 

Tosfi 16j^=(5a!)*-(4y)» 

Theiefore the first factor is the sum of 5a; and 4y, 

and the second factor is the difference of 5z and 4y , 

25a? - 16^=(6*+4y){5a; -4y) 

The intermediate steps may usually be omitted 

Exampm 2 1 - 48(?=(1 +7<?)(1 - 7c*) 

The difference of the squares of two numencal quantities may* 
readily be found by the formula o*-5*=(o+6)(o-6) 

ExampieS (37)»-(32)**(37 +32)(37 - 32) 

s6gx5«345 

Exampie 4 (329)* - (171)*= (329 + 171 ) (329 - 171} 

=500x158 =79000 

EXAJVTPLES XIV f 


Resolve mto factors 


1 

a?-l 

2. 

a?-4 

3 

*»- 

9 

4 

a?-25 

5. 

*®-16 

6 

Oaa-t* 

7 

36- 

c* 

8 

cF-49 

9. 

j?-64 

10. 

100-2* 

11 

pV 

-1 

12 

c’a*-4 

IS. 

9-a®jr* 

14. 

16 -a* 

15 

25- 

4^ 

16 

81-25p*. 

17. 

100m*-49 

18. 

2* -121 

19 

9a^- 

-2ofr' 

20 

a?y®-16 

21. 

43,^ -a^* 

22. 

144 -oV 

23 

16a*a?-49 

24 

1?-169 

25. 

aW-U 

26 

i*-81mV 

27. 

25ni.*-64n* 

28 

a* -46* 

29 

a?o®-49 

30. 

9«*-25y* 

31 

16a? 


32 

1-255® 

33 


34 

49;? -81 

35 

2Sb^ 

-81c* 

36. 

a?y*-64- 

Find by factors 

the value of 






37 

(29)* -(21)* 


38 (51)*- 

(49)* 


39 

(101)* 

-(99)* 

40 

(81)* -(19)* 


41 (1001)*-! 


42 

(66)*- 

(34)* 

43 

Cff 

1 

Cl 

4 

44 (102)*- 

-(98)* 


45 

(875)* ■ 

-(125)*. 


H Ain 


5 
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The Smn or Di fference of Two Cubes. 

1 68 If we dmde bj a+h the quotient is c? -ai+b * , and 
if we divide a*- J* by a -6 the quotient is a®+a6+6^ 

We have therefore the following identities 

lfl»-6»=(a-&)(a>+a6+6*) 

These important results may be quoted verbally as follows 

\ 1 The sum of the cuhea of any too qatamittMS u egtutl to the product 
\of two expremons, one of which u the sum of the two quantities, and 
\the othei the mat of their sqwres diminished ^ their poduct 

2 The difference of the cubes of any two mmntxtves is equal to the 
\ product of tioo expressions, one of whvsh xs the difference of the two 
qiumtUm, and the other the sum of Aerr sqvoares increasea hy their 
j product 

ExAMPtB 1 8o®+276*=(2a)*+(3b)* 

=:{2o+36){(2o)*- (2a)(3ft)+ (36)*} 
:=(2a+36)(4a*-6a6+96*) 

ExaupIiB 2 642* -Is {kef - (1)* 

s(42-1)(1&c*+4x+1) 

Wo may usaally omit the intermediate steps and wnte down the 
factors at once 

Examples 8a?+729={22*+9){4a*-18»®+81) 
a«-27a:» - (a*- 3x) (a< + 3a%;+9x«) 





EXAMPLES XIV. g 



Eesolve mto factors 






1 

o»-l 

2 

**+l 

3. 

1+w* 

4 

l-»* 

5 

8-6* 

6 

c»+27 

7. 

d®+64 

8 

]+8p* 

9. 

27y»-l 

10 

aV+a* 

11 

0*6* -8 

12 

jtt*+27«* 

13. 

64 

14 

125p*-8 

15 

»*+1000ly* 

16 

343-y» 

17. 

6»+729 

18 

ar»+125y» 

19 

216 -a*6* 

20. 

n*+64TO* 

21 

125-a? 

22 

512o»+6» 

23 

8c*-343 

24 


25. 

a:*+64y* 

26 

125a*+l 

27. 

729p»-88® 

28. 

8+ 1000a* 

29 

64a;*-125y* 

30. 

c»dV-l 

31. 

p*+8g* 

32 

1-270*6* 

33 

s^-<-216 



34 

343a>-1256> 



35. 

64pV+l 



36. 

72Ba^-612s» 
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169 We shall now give an exercise containing miscellaneous 
examples illustrating all the rules and processes explained in this 
diapter 

In some of the examples which follow it 11111 be found that a 
simple factor is common to every term Such a factor must alnajs 
be removed as a first step 

Exautles (i) 3a?y-21flC2^+30ij/*=3y(a?-7aq^-*-l(ly®) 

=3y(a:-6y)(®-2y) 

(ii) oV- 16 a=o(oV- 16 ) 

sso (o®*® + 4) (a^ - 4) 

Now ah^-4=(aa;+2)(ax-2) , 

a*jc* - 16a = a (a®x® -I- 4} (ox + 2) (ox - 2) 


EXAMPLES XIV. h. 


more factors 


Resolve into two or 
1, m®n®-3mV 
4 (a+b)p+(a+b)q 

7 a^+a*+2a+2 

10. a^-Sl 

13. |>®-14p+49 

18 a*+o®-42a 

19 27-«-f* 

22 

25, 2»i'‘-w®+4«i-2 
27 p--pg-20^ 

30 x®+21x+10S 


2, 10x®+25x‘y 
5 :i^-xt’rxy^pz 
8 x«-26x 
11. 15m® -100 

14 pi^+8pq-rl6 
17 23 - 81a® 

20 1-64 j 7>® 

23 8:®+! 


3 y»-2y-15 
6 4(a-3)-<;(a-3) 
9 6V-1 
12 a«6«-a3-110 
15 s®- 2=-6 z 
18 a*l^-9 


21 it‘-23/» 

24 1-G4a® 

26 a*-3a®-a®&+3a®5 
28 P~P~42f 29 aW-81(P 

31. o®-^6o-91 32 ar'“20a:y+96y» 


33 o^®+14a5-61 34 c*+c®-156c 35 m®a-6»»n®+9n* 

36 (a+6)(o-36)+(a+5) 37 


Write donn the value of the following products 
38 (3o2+6)(3aS-6) 39 (o+2){a-2)(a5+4) 40 (l+7a?)(l-7x») 


41 


Wnte dovin the value of the following quotients 
o»6®+27 ^ 8a»-1000 ^ 1-6^ 


aft +3 


2x-10 


43. 


l-«-4pj-16p® 


44 


729Ty« 

9xyS 


45 . 


a^ +2a;-99 

a-9 


a®+20aft->-96b® „ <PiP-3ed-180 

o*»-8ft *'• cd-lo 


Examples illvsUatmg the apphcatwn. of easpfatAors mil he found 
in Examples xvzn h, xiz. h, xz. b 
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Habdeb Cases of Multiplication and Division 
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170 East cases of Multiplicaiaon aod Division of algebraical 
expressions have been dealt with in prenous chapters The 
principles already explained will now be applied to examples of 
greater difficulty 


ExamiXiE 1 find ihsproduU of 3x^-2x-5 and 2x-S 


- 2a;-5 

- 5 


- 4i®-10r 
-15g»+iac-t-2 5 

+23 


Each tenn of the first expression is mnlti- 
phed by 23;, the first term of the second 
expression , then each term of the first ex- 
pression IS mnltiphed -S, like terms are 
placed in Ihe same colnmns and the resnlts 
added. 


i 


[Chad. Fat zsl m ea^ expression, and in the product 
3 z*-23!-5=3-2-5=-4J (.4)x(-3)=12 


Also 


2z-Sa2-o 
6z»-193?+23=6-19+25=12] 


If the expressions are not arranged according to powers, ascending 
or descending, of some common letter, a rearrangement will be found 
convenient 


JjXASirCE 2 Find theproduet of 2a®+4b3-3ab and 3ah-5a*+4b® 
2a®- Soft +46® 

- ^ ■ The rearrangement 18 not 

-10a<Tl5a^-20a®fi® neownry, hut convement, he- 

6a®6 - 9a®6®+ I2a6® cause it makes the collection of 

8g®>^-l2gyTl63* hke terms more easy 

- 10a* J-2Ia®6 - 21a’7;* t 166* 

This may be checked as before by substitutmg any simple lalues of 
a and 6, snitabl}' chosen [See Note to Ex. 2, Art 65 ] 


Exampjie 3 2xz-z®+2x®-3yz+i7 by x-y-r2z 

23^t ay -233 -s? 

a; - y -2z 

2r-«- a^y+Zt^-Sxyz- as? 

-23r*y -23 ?sb -aj^+SjrsJ- yz® 

4aftT23^+433® -6yz~-^ 

2*®- aV+6*%-3ayz+33=®-ay®+3y%-3ys*-2s* 
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EXAMPLES XV. a 

Multiply togetiier the following pairs of expressions and oheok the 
results m Examples 1-12 


1. 

a?-»+l, 2 *-l 

2. 

a®- 2 a+l, 30x2 

3 

2a!®+3»-6, 3a;-2 

4 

4z®+3z+6, 3s-5 

5 

c®-3c-6, c-3 

6 

362-6-4, 4-36 

7 

6a!»-3a?+8. 3®-4 

8 . 

6tP-d-7, l- 2 d 

9. 

x®-6x+7, 

10. 

o26-a6®-6*, 0+6 

11 

3y»+6y-l, 4y-3 

12 

oar*+ 6 a;-c, ox-c 

13. 

o®-(i 6 + 6 ®, 0+6 

14. 

o2+a6+62, 0-6 

16. 

a?-6x+9, *-3 

16. 

c 2 + 2 cd+<F, -c- 2 d 

17 

l-9®®+20a:», 1-3® 

18 

a‘+a26Sj.6<, 02 - 6 ® 

19. 

m®- 2 +«, jn *-»+2 

20. 

aF-3r+l, a^~3z+l 

Find the product of 



21. 

a- 6 +c, 0 + 6 -c 

22 

2x-y+3z, 2x+y-3z 

23. 

1— 3d+(i®, l+3d— (F 

24 

2a^*-3«®+a®, 3ax-2a‘-‘a^, 

25. 

y*-5y+8, y-2+3y* 

26 

a-b+e-d, a-b-e+d 

27 . 

a^-ay-*+y®-y+l, x+y +1 



28 

o*+ 6 ®+c®- 6 c-ta-a 6 , u+ 6 +c 


29 

*®-y*+3a!y®-3®iyi a;*+3zy®+3*®y+y* 

30. 

2a«6>-c“+2a6cs-3a56%, 

o®&c- 

•ae® 


The Method of Detached Coefficients 

171 When two compound eniessions contain powers of one 
letter only, the labour of multiplication may be lessened by using 
detached coefficients, that is, by writing down the coefficients only, 
multiplying them together in the ordinaiy way, and then inserting 
the successive powers of the letter at the end of the operation In 
using this meuod the expressions must be arranged accordmg to 
ascending or descendmg powers of the common letter, and zero 
coefficients most be used to repieseut terms corresponding to missing 
powers of that letter 

ExamfIiE Mvltxjiy 2x’-4x^-d hy 3x^t4x-2 

Here there is no term contammg x in 
the moltiphcand, and we msert a zero 
coefficient to represent the missing power 
In the product the highest power of x is 
clearly x*, and the oUiers follow m de- 
scending order 

6 ** -4®* - 20n» -7*“ - 20r-H0 


2- 4+ 0- 5 
3+ 4- 2 

6 - 12 + 0-16 
8-16+ 0-20 
I -4+8- 0+10 

6 - 4 - 20 - 7 - 20+10 

Thus the product is 
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172 The method o£ detadied coefficients may also be used to 
multiply two compound ezpr^ions which are hmogetmua and 
contain powers of too letters [Arts 43-46 should here he revised] 

From the rule for dtstrtbuimg a product (Art 65) it follows that 
iheprodua of any two hmuatmous expremons u itself a Twmogeimas 
expressum, the d^ree ofwh/o^ ts the sum of the degrees ofihetm fiutm 
wm^farm thx i^vdwct 

For example, if each term of the first fiictor is of the fouith degree^ 
and eadi term of the second fiictor of the second de^^ all the 
partial products will he of the sixth degree Hence we complete 
product will be homogeneous and of the sixth degree 

£xa31fIiE 1 MvUij^y 3a^+2a3b+4ab^+21i* hy 2a? 

The two eimresBions are written m descend- 
mg powers of a and asoending powers of 5 
'We write a zero coefficient to represent the 
term contsuung which is ab^t m the 
first expression Similarly, the term con 
taming ah is represented by a zero coefficient 
m the second expression 

It IS easily seen how the poivers of a and 5 anse in the sueoessive 
terms, and the complete product is 

6o*+4a*&-3o*ft*+8a®6*+4a*&*-4fl6®-25* * 

Note The second line of multiplication is not wntten down as all 
the terms are zero 


3+2+0+4+2 

2 + 0-1 

6-^4+0+8+4 

-3-2-0-4-2 

6+4-3+6+4-4-2 


ExAMPiiB 2 Shpavd (2-x+3x’-x*)(l-2x‘+x’+2x^} as far as die 
term imolvmg x* 

In distributing the product we may omit any term of higher dimensions 
than a? m each factor 


2-1+0+3 

1 + 0 - 2+1 


2-1+0+3 

-4+2 

2 


2-1-4+7 


Here we omit terms which would fall 
to the nght of tiie vertical hne, as these 
would involve s* and higher powers of x 
Thus the reqmred result is 
2-x-4si?+7a? 


EXAMPLES nr. b 


Distribute the following products, usmg detached coefficients 
1 (2a*-4o»-l)(2B<+4aa+l) 2. {3a?~afi+2){a?-5) 

3 (l+3a+3a=+«r^)(l-2a+o») 4 (3p»-pgr+3“)(p»+^-ff*l 

5 (a-3+2a:«)(2-a!?-5z) 6 (af+a^^+y^Ha^-y^) 

7 (**'+a5*+a?+2a:-*-l)(je*+a:-2) 

8 (^J-y‘+l-4y*-4y){l+y®-2y) mascendmg powers 
9. (a«+2*»y+3ajV+4a®)8+5y*)(a?-23y+y®) 
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Expand the follo\nng prodnots 

10. (l-*+2a?+a?)(l+*-2a^+a:‘) aafaraaa? 

11. (2+a?+**-»‘)(3-2®-a^+af‘) asfarasa:* 

12 (y-3y®+p®)(y+2^-p®) aafarasy* 

13. (2-®+3a?-2r*)(l-2a:+a*)(l+3aj+a?) as far as 
14 Pind the first four terms of 

(i) (l-2a;+3a?+ti:*)*, (u) (l+a+a*+tt*+o*)* 


Division. 

173 The process of Art 73 will now be applied to harder cases 
of division of compound expressions 

Example 1 Dmdt 6x*-x*+4x*+5x-6 hy 3x®+x-2 

3aH+®-2)6aH- a^+4a?+5a5-6(2a;®-®T3 
6aH+2a^-4a^ 

-3a*+8a;®+6a! 

-3a:®- x^+2x 

9ar*+3a;-6 

9a:®+3a;-6 

Example 2 Divide 4x* - 6x®+ fix® - 18 - x* - 3x 6y 3 +2:^- x 

First arrange each of the expressions in descending powers of x 

2ar*-a:J-3)fia:*- X*+4a^- 5x^-3x-18(3a^+a:^-2x-6 
6x^-3x*+9x‘ 

2x*-5a^- 6a^ 

2x*- a:*+ 3aP 

-4®*- 8a:^-33; 

-43^+ 2a^-6a; 

-10i®+3*-18 

-10a^+5g-15 

-2x- 3 

Now the division cannot be earned on any further without introducing 
fractional teims in the quotient, thus the quotient is 3a:®+a^-2a;-5. 
and there is a remainder -2x-3 

In all cases where the divisor and dividend are arranged m 
detcendinq •pomrs of some common letter^ if the dinsor is not exactly 
contained in the dividend, the work should be earned on until the 
highest power in the remainder is lower than that in the dmsor 

Some further remaiks on inexact division will be found in a later 
chapter 
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174 The method of detached coefflcieilts may be used m 
Division 

(i) When the two compound expressions contain powers of one 

letter only 

(ii) M'hen the two compound expressions homogeneous and 

contain poweis of two l^tteis only 

Example jD%vtd& 2a’+6a^+9a‘-17a+6 ty 2a^+4a-3 

Here the missing powers, a* m the dividend and in the divisor, 
must be representea By zero ooeiBoients 

2+0+4-3)2+6+0+ 9-17+6(1+3-2 
2+0+4- 3 

6-4+12-17 
6+0+12- 9 

-4+ 0- 8+6 
-4+ 0- 8+6 

Sinoe the first power of a m the quotient is obvicnsly the complete 
quotient is a‘+ 3a - 2 


EXAMPLES XV. c 

{Most qf the/oBowmg Exatapka map hs vaorksd hy Dstachtd OoqffieieiUs ) 
Divide 

1, 2a®-7o®-a+2 by o®-3o-2 

2, 8o*+10B®-7a-6 by 4o®-a-2 
3 6l»»-lli^+6&-l by 2l(*-3t+l 

4, 6a? -23a? +28® -49 by 3a?-2a;+7 
5 6y*+lly®-39y-66 by 3»®+13y+lS 
6. 210** -6(?- 3c -2 by 7<?+3c+I 

7 12d»-19d*-2d+8 by 4d«-d-2 

8 21a?-26a?-27®+20 by 7a?+3a;-4 
9. 8y*-8y»+4y-l by 4y*-2y+l 

10 66»-76%+176<?-6c* by 6>-tc+8<? 

11 6a? -17a? -16a! +7 by 3a?+2aj-l 

’ 12. i»®-4»i®-18j»*-11ot+ 2 by jn®-7m+l 
13 I0a?-19*^+9ay®-y* by 6a?-7ay+y* 

14. l2a?+a?-8a?+7®-2 by 3a?-2a!+l 

16. 3a*+3o*+2a*+l by 3o*-a+l 

18. 4a*+19a?a?+2aV-5aa?+10a? by o*+6a? 

17. 306+6*-9-266® by 8-56+3* 

18 18l7+21i*-24iP+2U^+6l-7 by 

19, 35e*-3+<?+llc+10(? by 3c-l+7c* 

20. 33j?-13p»+lf!p*-9p+10 by 5j^-p+2 

21, 2a‘+4o*+7a+l-o® by o*-a+3. 
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TMFORTAl^T CASES IK DIVISION 

Divide 

22 c®--2c*-4c*+19«.® by c?-7c+6 23 8x*-«-y* by ^“-*-23^ 

24. Slar*-! by ac-I 25 3a:®-5a?+2 by a:J-2a:+l 

26 c»+64 by c‘-4c2+8 27 hy 

28 30y+9-71^+28y‘-3oy® by 4^~13yJ-6 

29 6i«-5jft''Tl2»i^+20 - 33»i° by 4»i®+m-5 

30 4a;f-29*-36+8a?-7x®+6aj‘ by a:S-2a?J-3a:-4 
31. 3a- + Soft X 46- 100(5+ 86c +3<? by 3a+26+c 

32 25o«-44a<-'-4oa-9 by 6a»-2a2-4a-3 


Important Cases m Division. 

176 The folloTnng' example deserves special notice 

Example. Dtiide a*-b*+o*-3abo 6y a+b+e 

0 + 6 -* c)a*-3o6c+ 6 *+c*(ar-o 6 -oc+ 6 ®- 6 c+^ 
a*+ aV>-ra*e 

- a^-a*c-3a6c 

- a^^ahr- ahc 

-a*c+ e6®-2a6c 
-o^ - abc-ae^ 

‘ a6®- o6c~ac®+6* 

^ +6»+6’V5 

- a6c+oc®-6% 

- abe ~lPc-bf? 

oc*+6(?+ c? 
ac®+6c®+ c® 

Here the work is arran^ m demending powers of a, and the other 
letters are taken in elphabetical order; thus,* in the first remainder aVt 
precedes a-c, and a®c precedes 3a6c A similar arrangement is preserved 
througliout the work 

It 18 equally important to remember the result of this example in 
its converse form that is 

^ff+6+c)(a*+6®+(^-6c-co-o6)=a®+6*+(?— 3a6c 

EXAMPLES XV d. 

Divide 

1 l-o*+Sa*-*-a® by 1-o+a’ 2 a?+3a;y+y®-l by as-i-y-i 

3 a®-6®~G^-3a6e by a-6-c 4 o*+b'+8c?-6o6c by a-*-6+2c 

5 3:®-27y®+S=*+lSayz by ar-Sy-^fiz 

6 aV-30aV+8a®a:®+125 by 6+2ax+o*** 

7. 27y®+lSxy-«-S-a:* bj x-3y-2 

8 8*®-y®+s’T6xy2 by y-2-2aj 
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176 The following examples m division may he easily vended 
th^ are of great importance, and should be carefully noticed 


and 80 on , the divisoi being a?— y, the terms m the quotient aU 
positive, and the mdex in the dividend eithei odd or eien. 


^|^=aj2_ary+/, 

ry3+y*, 


and so on, the divisor bemg i+y, the terms in the quotient 
altemately positive and negatiie, and the index in the mvidend 
aCtoays odd 


III 


«®-y3 


and so on , the divisor being v+y, the terms m the quotient 
olternately positive and Tteffatue, and the index m the mvidend 
almys even 


TV The egressions v®+y*, i*+y*, Jc®+ 9 *, (wheie the 
index IS eien, and the terms boti positive) aie neier divisible by 
A+y or v-y 

All these diffeient cases may be moie concisely stated as follows 

(1) sf-y” IS divisible by r-y if n be any whole number 

(2) Jtf+y” 18 divisible by a:+y if » be any odd whole number 

(3) jc"-“y’‘ 18 divisible by s+y if n be any eien whole number 

(4) «"+y" IS never dinsible by a+y or ar-y, when n is an even 
whole number 
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EXAMPLES XV. e. 


Without division imte down the guotiraits m the following cases 



2 

x3+8 

3 


4 

x*-y* 

p+q 


x+2 

v 

a-b 

x+y 

27 -x» 

6. 

16-rf< 

7 

qrS+yS 

8 

a»-l 

3-x 

2+rf 


jcJ-y 

a-1 

x«-^ 

10. 

<i«-rf» 

U. 

o’+l 

12 


x-y 

c+rf 

OtI 

2-8’ 


14. 

ai»-l 

x-1 

15 

aS+64 

0^4 

16 

8as+l 

2o^+l 


Write down the products m the following cases 


17. (o+6)(a*-a6-r6*) 

19 (l-a;)(l+®+aS+*») 

21. (a^-y®)(af‘+aVTy*) 

23 (a:+l){a:<-a;»+*®-a;-rl) 

25 (a:+l)(‘e®-**+a^-a^+a;-l) 


18 (C—£f)(^T erf ■*"<?) 

20 {o+l){o*“a®+a-l) 

22 {2j;+3y)(4a?-6afy+9^ 

21 (x-l)(*®+a:*-«-j8S+a?-*-a,+l) 
26 (fl^-5)(a!*+Sar+2S) 


Fimctional Notation Benminder Theorem 

177 In Art 1S9 any expression involving x has been defined as 
a function of z At this stage we are only concerned with rational 
mtegral functions. A function u said to, be rattonal when no term 
contains a sovare or other root, and it is said to be integral mtk 
respect to x when the powera of v aie all positive integers 

Thus jpx’+gr’+yx+a are rational mtegral functions of x 

of two and three dimensions re^eotivelj 

Such functions are often bnefiy denoted by symbols such a8/(x) 
and F{v) 

Thus in any example mi oh mg the functions a:?-7x+10 and 53^+6 
we might shorten the woik by sajmg 

‘let /(x)sa^*-7x+10, and J'(x)s6x*+6,’ 

and throughout that example /(x) and F{x) would be considered as short 
equivalents of these particular functions 

If in the course of work any definite value is given to the variable 
r, that value must appear in the functional symbols 

Thu8/{2)s2®-7 2+10, and A'(3)=5 3*+ 6, and, more generally, /(a) 
stands for the value of the function /(a} when x has the value a 

1 78 When di\ idend and divisor are functions of x in descending 

{ lowers, each successive remainder in the piocess of division is or 
ower dimensions than the pieceding one Hence the division can 
always be earned on until the remainder is of lower dimensiona 
than the divisor 
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179 The follomng example in division is very important 

x-a)pa^+q3ii^+rit+8(px*+(pa+q)x+pa*+qa+r 

pii?-paa^ 

(^+q)8fl+ra! 

{^+q)af^-~(p€^+qa)x 

^a*+qa+i)x+s 

(pa^+qa+r)x-{ptr^->-qa^+ia) 

pe^+qa^+ra+8 


Here the division has been earned on until the remainder does not 
contam and its value is the result obtained bj replacing a; by a in 
the dividend This is a particular case of an important proposition 
known as the Bemamder Theormn 

If my raHorud laAegrcH fmetion, f(x) ts dtmded by x-a untd the 
retnatn^ does not eontcan x, the remenn^ ts f(a) 

Again, the remainder is zero when the given expression is exactly 
divisible hya-^a, hence 

If a raitonal vfUegred fanetton of x becomes eqwd to 0 loAen a u 
Witten for x tt contains x-~a as a faotor 

Or m symbols f{x) is divisible by x-a when /(a)=0 

Note also that /(a?) is divisible by af+o when /(-a)=0 


ExaupIiE 1 Find the remainder when x*->^+z-7 ts divided (i) bjf 
x-2, (ii) by x+3 * 

(i) Hero/(«)=»*-2a;*+a-7, 

/(2)=2*-2 2®+2-7=-6 
the remainder is - 6 


(n) Smoe a;+3=x-(-'3), we must wnte - 3 for z in/(a;) 
Thus /(-3)=(^3)«_2 (-3)»-8-7 

=81+64 - 3 - 7=125, 
the remauder is 125 


Example 2 Without dansion shea tJiatx+7 is a factor of 7d-3!9x+10 
What other factors has ffns expression ' 

If /(«)=** -39* +70, 

/(-7)= -343+273+70=0 

Since the remamder 18 zero, S6+7 isafMtorof ic’-39z+70 
Again, since 70=7 x 10=7 x 2 x 5, we may apply the Remainder Theorem 
to test diMSibihty by the pairs of factors a; -2 and x-5, or a;+2 
and x+5 

On trial, /(2)=0 and /(6)=0 , thus x-2 and »-6 are factors of f{x). 
Hence finally a^-39a:+70=(*+7){*-2)(*-5) 
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Ezaufle 3 Fmd whal numancal values must be given to a and b in 
order that (he expression 2x*+ax‘-13x+b riuLybedivisS>ltby[z.-Z){z.+2) 

If f{x) stands for the expression^ \re mnst hare /(3)=:0 and /(-2)— 0 
Now /(3)=54+9a-39+6 /{-2)=-16+4o+26+6 

=9tt+6+15| ~la-(‘b'{‘10 1 

a and h satisfy the equations 9aT&+lo=0, 

4a+6+10=0 

By subtraction, 6a+5=0, whence a=-l 
Hence, by substitution, & =$ - 6 

EXAIIPLES ZV. f. 

1 If /(»)=** -3ar+2, find the values of /(2), /(6j, /(I) 

2 Find the values of /(2), /(-2), /(3) when /(»)=‘i?-3a^-4«+12. 
What do you infer from the resmts ? 

3, If/(n)=n2+n, find the value of /(n +!)-/(«) 

Fmd the remamder (if any) whioh results from dividing 

4. a:*+2a?-x+6 by z-3 5 ®“-!r+**T2a:+6 by ®+l. 

6. a^+9a?+26x+24 by x+4 7 a:*-8a^*--Slaf-20 by ai-ll. 

Without actual division shew that 

8 a;- 1 IS a factor of a?- 13x+12 

9 x+3 „ af+29x+6 

10 x-a „ „ a?'-4aa?+4a®r-a® 

11. a;+2c „ „ ar'+7ca?+ll^+2c^ 

12 Provo that a:*-7a!*”12»+18 is divisible by 2fi+2x-3 
IS If a:®-2aa;+15 is divisible by x-*-B, find the value of a 

14 Determme the values of p and g in order that the expression 
pa? +53? -58a; -15 may be divisible by 3r+2a?-16 

15 Apply the Remainder Theorem to shew that the factors of 
a?-37a;-84 are a+3, a:+4, and x-7 

16 If the expressions a?+2a?+3a;+a and a?xa?+9 leave the same 
remamder when divided by v+2, find the value of a 

17 By means of the Remamder Theorem find the factors of 

(i) a?-2a?-6*+6 , (n) a?-19a:+30; 

(lu) a?+a?-10a;+8, (iv) a?-2a?-6*-9; 

»(v) 2a?+13a?-36, (vi) 2a? -3a? -12a; ■‘■20 

18. Fmd what numencal values mnst be given to a and 5 m order 
that the expression 2a?-(a-&)a?-(4b-'l)a;+4a may be divisible by 

9mm OO 



CHAPTER XVI 
Involution and Evolution 
InvDlntioii 

180 Involution is the geneial name foi multiply- 
ing an expression by itself so as to find its second, third, fouith, 
or any other po\7er 

Involution may always be efiected by actual multiplication Here, 
however, we shall deal with some cases in uhich the lesults may be 
wntten down at once 

By definition (a^=a? o* a®=o®'‘‘*+*s=a®’‘®=so®, 

(~aa)3=(_a3)(_a2)(_aa)= _a2+2+2= _o3>‘»= -efi, 

(4»i*)«=(4)a(«i*)«=16m**s=16»i* 

Hence we obtain a rule for raising a simple expiession to any 
required power 

Rmse each of the literal factoie of the estMesaon to the lemired 
power iy inrLTiFLTiNo tts tndav hy the index of thoi powei If mre w 
a nwmericdl coefi&je/nt^ ram tt to the teyutred power by Arithmetic, 
and prefix the lesidt, Unth ite paper sign, to the iiteial evpretston 
edready obtained 

1 81 The following geneial piinciples, which aie evident from the 
Rule of Signs, should^here again be noted 

(1) The SQUARE of emy expiession, whether mih expiession is 
positive or negative, is positive 

(2) iTo power o/aitt expression can be eeoatite 

(d) Any ODD power of an expression wiU have the saiie sige o* tJiA 
eapession itself 

Exauple 1 (-2*^®=(-2)®a?’‘*=“321»*® 

E'xamplb 2 ( - 30^’)®=: { - 3)*o*6**®= 729o^“ 



In Ex 3 it will be seen t^t the numerator and denominator are 
operated upon separately 
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EXAMPLES Z7L a. 

Write doMTQ the square of each of the following evpressions 


1 

2o» 

2 

3xif 

3 

6%» 

4. 

4a6» 

5 


6 


7 

Ba^c 

8. 

-SoW 

9. 

-9pV 

10 

-4a6* 

11 

“0%*c*d* 

12 

-8jn*a* 

13 

3xy 
" 4 

14 

2»i®n* 

15 

1 

16. 

4y* 

17 

jm 

~w 

18 

1 

9oW 

19. 

4a!*^ 

7 

20 

11 

105*c* 

Write down the cube of each of tiie following expressions 


21 


22 

2i* 

23 

Sjf 

24. 


25 

-3a» 

26 

-2*^2 

27 


28 

-5e»d» 

29 

1 

3(1% 

30 

QISJS 

~ P'9 

31 

Sxif 

7 

32 

6 

6b*6“ 

Write down the value of each of the following expressions 


33 


34 

(-V)' 

35. 


36. 

(-3pV)» 

37. 


38 

/ 2o»*V 

vm 

39 

(M 

40 1 

fumy 


182 In Alt 85 the following roles weie stated 

(1) TAe square of the suh of tm quantities ti equal to the sum Of 
then squares ixcreassd hy tuice then poduct 

(2) The square of ths difference of tm quantities is equal to the 
sum of then squares DianxisnED hy tvnce Uiesr product 

Thus (T+2y)®=a;®+2 x 2j^+(2^)® 

(2a’-36sp=(2a3)®-2 205 36*+(367 
=4a»-12a36S+96* 

We maj now obtain a rule for wnting down the square of an 
ezpiession which consists of more than two terras 

Thus since (a+6)®=a®+2ei6+5S, 

(T+y+z)2={(t+y)+z}*«(t+y)3+2(a?+y)z+s? 

=i*+2ay+y*+2a3+2ys+£* 
—j^+y^+^+2jy+2xz-l-2ys 
In the same way we may prove 

(a - 5+c)*=a®+6®+<^ - 2flh+2oc - 26c 
(fl+6+c+cQ®=a*+6®+c®+(i*+2a6+2flc+2flrf+26(!+26rf+2(5(i 
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In each ot the above instances we observe that the squaie con- 
sists of 

(1) the sum of the squares of the several terms of the expiession, 
together with 

(2) twice the sum of the products of those terms taken two and 
two with their proper signs , that is, each product has the sign + or 
- iiccordmg as the tm factors composing it turn hie o> mlde signs 

Noib The square term are always positive 

The same laws hold whatevei be the number of teims in the 
expression to be squared Hence the following geueial Buie 

The square of any muittnomal is equal to the sum of the squaies of 
the several terms^ together vnth the algebraical sum, of twice the prodaet 
of each term tnio earn of the term which follow it 

Ex 1 (a!-2y-3z)^-a^+4^+9ifi-2 x 2y-2 x 32+2 2y 32 

=afl+4j^+9z^-4xy-6rs+12yz 

Ex 2 (l+2!«-3a?)®=l+4a^+9«*+2 1 2»-2 1 3a?-2 2x 3t“ 

= 1 + 4a? + 9ar* + 4« - 8a^ - 12a:® 

= 1 + 4ar - 2a:* - 12*® + 9a?, 
by oolleoting like terms and rearrangmg 

In Ex 1 we see that the square contains siv terms , in Ex 2, 
owing to collection of like teims, the square contains only Jive teims 
It IS easy to see from these examples that the square of a trmomal 
can ncoer ham mare thm sia, terms 

• EXi^MFLES ZVI b. 

Write down the square of each ot the following expressions 


1. 

a+2b 

2. 

2a-b 

3 

x+3y 


4 2x-3y 

5 

p-5q 

6 

4-« 

7 

«+7 


8 cd+1 

9 

2ab~3 

10, 

1+a? 

11 

l+3ay 


12 **-2* 

IS. 

a+b-c 


14 

a-b~e 


15 

jB+y+g- 

16 

x-2g+z 


17 

2p-q-r 


18. 

a?-a:-l 

19. 

2»*-a:+l 


20 

iP-P+OT* 


21. 

SI* -61+2 

22. 

o-b+c+eZ 


23 

2»+y-3a+b 

24 

j»+n-p-^2gr 

25 

c 


26 

■C Q 3 

r^-i 


27. 

3 ,2 . 

j-B+jm* 


1 83 By actual multiplication, we have 

(a+ 6)*=(a+6)(a+6)(a+ 6) 

= o® + SflSJ + 3a6® + 6® 
Also (a-6)*=a®-3a*fe+3a6®“6® 

Noxs These formula may also bo wntten os follows 
(0+ft}*sa®+(®+3a&fa+&), 

(o - 6i®=a® - 0* - 3o0(a - 6) 
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Bv observiog the lavr of formation of the terms in the foregoing 
results we can wnte doTtn the cube of any binomial 

Example 1 (2r+y)*=(2r)*+3(2»)Sy+3(2a:)^+y* 

= 8*s + + 6a:yS ^ 

Example 2 (3®-2aa)*=(3a:)*-3(3x)«(2a»)+3{3x)(2a=)S-(2a?)‘ 

=27a*-54aAi2+36a»4_8a« 


EXAMPLES ZVI c 


Wnte down the onbe of each of the foIlo\img expressions 


1. p+q 
5 3r+2p 
9 a»+3t3 

U. a.-\ 


2 m-n 
6 4£-1 
10 

14 1+1 


3 a-2& 

7 l-5y 
U 3c=-2(P 

15 


4. 2c+cf 
8 2a&-3 
12 4®»-3x. 

16 |+2y 


Evolution 

184 Befikitioe The root of any proposed expression is that 
quantity which will produce the giren expression by being raised to 
t^e power denoted by the index of the root 

The operation of finding the root is called Evolntion it is the 
reverse of Involution It is sometimes spoken of as the extraction of 
the root 

Thus because 

4^^?= - because ( - -«® 

It should here again be noted that every positive quantity has 
two equate roots equal in magnitude but opposite in sign [Art 95 ] 

Example 1 V9oV= +3aa:®, or -Sox* 

The two roots are convenientlv wntten +3a«®, and ± is read 
'*plus or minus The symbol ± is known as " the double sign ” 

Example 2 's/l69OT’®n®= ± 13ni®«* 

Again, by the Buie of Signs, it is evident that 

(1) Any EVEN root of a positive quantity witt hate the double sign. 

(2) No NEGATIVE quantity can have an even root 

(3) Every odd root of a quantity has the same sign as the quantity 
itsdf 

Flora (2) it follows that such expressions as ^/-25, 
can have no arithmetical meaning To distinguish them from real 
positive or negative quantities, such expressions are called iinaginai7> 
unreal, or impossible 

H ALO 


L 
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Examples (i) 4^fl*Vss±o*6*, beoaufle or (-o®6”)*=o“&*, 

(ii) <5^ a? =s - a:*, because ( - »*)®s: - a!^ , 

(m) <5^ =c*, because (c*)®=c^, 

(iv) 4^81^= ±3*“, because (Safi)* or v-3»®)*=81a^® 

In the present chapter, m deahng with the even root of a positiye 
quantity, we shall ooi^e our attention to the positive value 


186 From the foregoing examples we may deduce a general 
Hale foi extracting any required root of a simple expression 

Find tke index of eo/ch literal factor hy dividiko vte index in the 
given expression by the index of the root requii ed 

If there is a ntmerical coefieient find its toot by Arithmetic, and 
pr^x It, mth its proper sign, to the literal expremon already obtaxued 


Examples 


(i) <y-64a^— -4ar^ =-4**, 

(ii) ^a^c^=aS?, 




_ lafi 
“5c'd* 


EXAMPLES XVI d 

Wnte down the square root of each of the following expressions 


1. 

®v 

2 

4c*d* 

3 

16o®&« 

4 

9*V* 

5 


6 

Sla:*® 

7 

144a,V 

8 

36j»” 

9 

I 

8ia® 

10 

64fl:*® 

25 

11 

16 

12 

169y“ 

49 

13 

280 

32^ 

14 

100 

81x>'»y« 

15 

36c» 

255® 

16 

324a« 

4065=9’’ 

Write doivn the cube root of each of the following expressions 

17 


18 

27(J®d» 

19 

-84a:V 

20 

343a» 

21. 

125 

■fiV* 

22 

27o»^ 

" 85» 

23. 

ni« 

24 

1 

~WvF 


Write down the value of each of the following expressions 
25 26 4955 ^ 27 

28 ^^2^ 29 30 -3'-OT“n"p" 
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186 By Art 84, vre are able to vmte do\ni the square of any 
binomial 

Thus (23f+3y)*=(ai?)®+2 2r 3y+(3y)® 

Conversely, by observing the form of the terms of an expression, 
it may sometimes be recognised as a complete square, and its square 
root wntten down at once 


ExAHrLE 1 Find the sqmrt root of 
The expression = (5a>)" - 2 20a:y + (4y )* 
=(&)=-2(5a,)(4y)+(4y)S 
=(5*-4y)* 

Thus the required square root is 5x-4jf 


Example 2 Find the square root of -gp- +4+ 
The expressions 

8ti 

Thus the required square root is g^+2 


32a 

SET 


Example 3 Find the square root of 4a-+b^+c^+4ab~4ao-2bo 

Arrange the terms in descending powers of a, and the other letters 
alphabetioaUy , then 

the expression=4a°+4ab-4ac+b^--2bc+(^ 
=4o®+4a(6-c)+(6-c)® 

=(2o)S-«.2 2o(6-c)+(6-c)= 
={2a+(5-c)l«, 

whence the required square root is 2a-rb-e 
Or we might proceed as follows 

the expre8Sion=(2a)®-t6®+c®+2 (2a}b-2 (2a)e-2 6 c, 
which 18 eiidently the square root of 2a -rb - e [Art 182 ] 


EXAMPLES XVI e 

By mspection determme the square root of each of the folloinng 
expressions 

1 a®+10rT23 2 y“-18y+81 3 121-22»»®+in« 

A 9-I2;i;®+4a:® 5 9 c®+42Ct 49 6 ie-40y*+2^s 

7 a*-6a^+9If* 8 *®-24a:^2+144y%s 

9 TO<n*+26»i=iiy-*-169p« 10 49a26«-112aWP+64(P® 

11 la®-3ab+96? 12 

* o 0 4 
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By inspection determine the square .root of each of the foUotnng 
expressions 


9a° 80ac 25e? 
6= " M 


15 (®-l)®+4o®+4o(aj-l) 

17 a^+2!cy-4a»+y®-4y2+4z® 
19 a®+6®+9c®-2a6-6oc+66c 


14 


Oa^ . 


16. 100c“-20(!«(a+6)+(o+6)= 

18, a®+46®+<?-4a6-2ttc+46c. 

20 p®-6j)g+4jjr+95®-12qr+4j^. 


187 When the square root mmnot be easily determined by 
inspection ^ve may use the geneial method explains in the foUoinng 
examples, which is applicable to all cases But the pvpd » admm 
to use mmods o/tn^ec2zon, uherever possiUet xn preference to rules 


Examfle 1 To find the square root of a‘+2ab+b^ 

Supposing we know the result to be a-rb, we have to devise a process 
for mdmg tibe terms a and b 

The fiist term a is obviously the square root of a‘, the first term of the 
given expression 

Now (o®+2a6+i®)-a*=2a5+B®=;5(2a+5) 

Hence after finding the first term and subtraotmg its square from the 
given expiession, the remamder when divided by 2a+b will give the 
second term of the root 

The work may be arranged as follows 


o®-{'2b 6+&®( tt+6 
0? 


2a+h 


2ab+J^ 

2db+V 


The first part of the divisor is obtained by doublmg a, the term of the 
root already found Dividing 2ab by 2a we get +6, the new term m the 
root, whioh has to be annexed to the divisor to complete it 


Exavfijs 2 hind die equate root of 9\--42xy-49y^ 


9aia-42a?y+49y®(3T-7y 

9*? 


6a;-7y 


-42j?y+49y“ 

-42ay+49y^ 


Exj^avatton The square root of 9a^ is 3x, and this is the first term of 
the root 

By doubling this we obtam 6x, which is the first term of the divisor 
Dividing '-42aw, the first term of the remainder, by fix we mt -7y, the 
new term in the root, which has to be annexed both to the root and 
divisor We next midtiply the compete divisor by -7y and subtract 
the result from the first remainder There is now no remamder, and the 
root has been found 
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18B The rule can be extended so as to find the square loot of 
anv multinoniia] The first two terms of the root will be obtained 
as before When we hare brought down tie second remainder, the 
first part of the new divisor is obtained by doubhng tm terms 
of the root already found The fnU process will be clear from the 
following example 

Exaufle Find the square root of 

25x%®- 12xa*+ 16x*+4a‘ - 24x*a 
Beairange the terms m descending powers of x 

16x*-2^Ai+25aAi^-12xa^+4a*(4a^~Sxa+2a‘ 

16x» 


8a^-3aa 

-24aflo+2oaftr* 

-24aAi+ 9afti* 

8a^-6aa»+2o® 

16aft»®-12a»»+4o* 
16afti*- 12:ra*+4a'' 


Faq^nation When we have obtamed two terms in the root, 49^-310, 
we have a remainder 

12ica’+4a^ 

Donblmg the terms of the root already found, we jplaoe the result, 
89 ^- 6za, as the first part of the dinsor Dividing the first term 
of the remainder, by 8a^, the first term of the divisor, we get +2a^, 
which wa annex both to the root and dinsor We now multiply the 
complete dinsor by 2a^ and subtract There is no remamder, and the 
root 18 found 

The work may often be shortened bj the use of detached coefiicients 


EXAMPLES XVI f 


Fmd the square root of each of the following expressions 


1. o*-4a>+6a3-4a+l 2 

3 x*-2x’-afi+2x+l 4 

5 a:*-6a:>+13a^-12x+4 6 

7 8jj>+1t4p*-4j) 8 

9 a‘-Sax+afl+2a-2x+l 10 


11. 4e*+6eiP+12e>d+d*+13ckP 

12 a^+y®+ary-2aq;*+2i*y*-2!E*y® 

13 a>+4a^-2a>b--4a>b+b*-^4a*i> 

14 14o*-4o*+4a®+o*+49-28a 15 


o* + 20*"+ 5a* + 4a + 4 
4a?* - 4a:* + 5a^ - 2r T 1 
4a?*-12a:*+25a;*-24r+16 
a*+13a*+4- 120-60* 
ar* - 200* + 60%:® - 4o*a: •»- 4o* 


ISm*- 4jn*-L»n“+ 16m*-4ni*. 


16, 106®-306*+l-46-246*+255*+166*, in ascendmg powers 

17, 23jp-2(ki^+10+ji^+10x*-4z^'-24x, „ descending „ 

18 9-8a^-Ma^-12a;+'i^+2(b:*-«-28af, „ ascending „ 

19, 4o*+13o^-12o®+16-22o*-8a+25o®, „ descending „ 

20 o«-7oV+4a:«+10o^-12oo*+28o*2*-8o*x 
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189 We bare seen in Art 182 that the square of a tnnoimal 
cannot contain more that 6 terms , as the square roots of longer 
expressions than these are not often required the method of A^ 
187, 188 need rarelj be applied tnfdl We may either use methods 
of inspection as in Art 186, or ure may proceed as in the following 
examples. 

Example Find tht sgmn root of 

x‘-4x*'‘-10x*- 12x+9 

Here the square root is a tnnomial, the 6 rst term of which is and 
the last cither +3 or -3 j&Ieo by the process of Art 187, the second 
tennis or - 2 a; 

Hence the square root (if there is one) is either a;‘-2a;+3 or a^-2a;- 3 ; 
and, hy considermg the sign of the term - 12 a; in the given expression, 
we see that the last term of the root must be positive 

Hence the required root is a^- 2a:-}-3 

The result should be vended I 7 expandmg (a^-2r-f3}‘ and comparing 
the terms with those of the given expression. 

190 When an expression contains powers of a certain letter and 
also powers of its reciprocal (Art 150) there is an important pomt 
to be observed Thus in the expression 

2a;+^+4+a^+-+7a?+^i 
the order of detcendtng powers of a; is 

*»+7x?+2a:+4+5+i+^, 
and the numerical quantity 4 stands between x and - 

X 

The reason for this arrangement will appear in the Theory of 
Indwee 

Example 1 Find the e^n root of 

4x*+5+|-12x+^ 

The terms must first be arranged m descendmg powers of x , thus 

4a?-123;J-o-«--+i 

X X/ 

Proceedmg as before, the first and last terms of the square root are 
respectively Tx, and either +- or - - Also the second term is 

X X 

-12z-(2y2z), or -3 

Hence the square root is either 2a;-3+- or 2a;-3 — 

0 3 ? 

By considering the term - m the given expression we see that the last 
term of the root mnst bo negatii^ 

Hence the required root is 2»-3-- 
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Example 2 Stquvnd th^ agmre root oj ^+7 ^ ^ 

Eint arrange the terms in descending powers of a, thus 
9a? 12a % Jfi 

6* 6 * a 

Proceeding as in the last tno examples we find the three terms of the 

3(1 b * Sd b 

root are -g-, -2, Thus the root u ^ 

EXAMPLES XVI. g 

Find the square root of each of the following expressions 
L 4a'‘+4a*“7o®-4a+4 2 1-10*+ 27a® -10**+ a:* 

3 a«-4o»-4a«+16a?+16a« 4 67cS+49+9c<-70c-30c» 

6 i+2a-a>+^ 6. ^+f-a+l 7 4-126+?^+^‘ 

8 *<-3**+jga?+2*+| 9 4o®-4a®+-^^-^+^ 

10 a--2ai®+3-|-l 11 4*‘-12*+|-|+g 

19 ® 1 4 .^* 4 .“* ^ 1<t ^ 2a a* 9a? 

12 --1+^+jjj-- 13 3-~-gj+gj^+^ 

191 Cahe Roots By Art 183 we have 

the cube root of o*+3a*6+3a6*+6*=a+6, 

„ „ <i?-3a®6+3a6*-6*=tt-6 

Hence when a perfect cube contains only fm term its cube root 
can be found at once by wnting down the cube roots of the tm 
cube termt 

Example 1 Theouberootof 27c^+54a®l)+86at*+8b® 

= 4W+ W=3o+26 

Example 2 The cube root of 125** -300a? +2401? -64 
= ^125x«- ■5'6i=6a?-4 

Again, (a+6+c)*={a+(6+c)}* 

=a*+3a®(6+c)+3a(5+c)®+(6+c)* 

By expanding (6+o}® and (&+c)® ue see that the cube of a tri- 
nomial cannot contain more than 10 terms Also the second term 
of the root is obtained by dividing the second teim of the given 
expression by three <imes the sqtune of the first term of the root 

Example 3 The cube root of 8a?-36x*-‘-66a?-63®®J-33a?-9*-l le 
2a?-3*+l, the first and last terms being the cube roots of 8a? and 1, 
while the second term is -363?-3(2a?)®, or -3* 
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Find the ouhe root of each of tlio following expressions 
1 2 8a>+12a?6+6a5»+6» 

3 27x»-135t2y+226a;yS-125y> 4 a»+12»‘3^+48ay+6V 

6. o»-2o®6+^(ib--^l^ 6 ~+~+2«c®+8x» 

7, l+3a+6a®+7a®+6a^+3a*+o® 


8, 

9 

10 


8*«+ I2a:»- 30r‘-35a!»+45a?+27a:-27 

o® + 3a®& - 3o% + 3a6® - 6a6fl + 3flc® + 6® - 36% + 36c^ - 

fl» Sa®* Bo , 86 36= . 6® 

?■ F+T'' + e~F+? 


s 


{Miscellanmta Emmpla tn Intolution and EvoltUtm ) 

As in Art 66, 6nd graphically the square of 
11 x+5 12 a-6 13 2e-d 14 a+b+e 

16 Simplify 2{pTq)'+{p-g+i)^^{p+g-r)^ 

16. Express (a-6)®-i-3{a-6)®6+3(a-6)6®+6®in thesimplestform 

17 By expressing the tnnomials in factors, find i-he square root of 

(*® + 8x + 7) (a^ + 10* + 21 ) (a? + 4a + 8) 

18. Find the square root of 

(o=+o-6)(a®-4)(a8+5a+6) 

19. Write down the square root of (a - 6)®+2(o® - 6=) + (o +6)® 

20 Simplify (c+(f)®+3(c+d)®(c-d)+3(c+tf)(c-tf)®+(c-tf)® 

21 S1ie\i that a(a+l}(a+2)(a-i-S}+l is a perfect square, and find its 

square root 

22. If z—x+y, she\i that ^-a?-y*=3ryz 

23 Prove that 

(«“yr+(«+y}*+3(x-y)^a?+y}+3(*+y)®(*-y)=s8a? 

24 Find tho square root of 4a:*+8a:®+8a^+4x+l Deduce the square 

root of 48841 

25 Find, by inspection, tho value of 

(i) (a - 5)® + (6 - c)®+(e - a)®+2(a - 6)(6 - e) +2(6 - c) (c - a) +2(c -a)(o - 6} 

(ii) (3x - y)* + 3 (3r - yH2y - 3*) + 3(3a ^ y ) (2y - 3*)= + {2y - 3x)* 
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192 Iv Chapter ziv we consideied the resolution into factors 
of certain tnnomial expressions We now proceed to the case of 
trinomials in which the coefficient of the highest power te not unity 

By observmg the manner in whndi, m ordinary multiplication, 
the terms of the product are formed, we may wnte dovm the 
following results 

(3a^^-2)(^?+4)=3a:*+14a^+8, (1) 

(3i;-2)(«-4)— 3«®-14a?+8, (2) 

(34+2)(i?-4)=ai:*-lQ»-8, (3) 

(3:c-2)(i?+4)=3®®+10i?->8 (4) 

Here we see, as before, that 

(i) If the thud tern of the trinomial le positive, then the second term 
of Its factors both have the same nan, ana this sign is the same as that 
of the middle term of the trinomial 

(u) If the third term of the trinomial u negative, then the second 
term of its factors have opposite ngns 

How consider u detail the lesult 3a'^-14r+6=(3a;-2}(jr-4} 

The first term 3x^ is the pioduct of 3x and x 

The third term +8 „ „ -2 and ~4. 

The middle term - 14a; is the result of adding together the two 
products 3a;x -4 and xx~S 

Again, consider the result 3t‘-10lr-8B(3a;+2)(i;-4) 

The first term 3a^ is the product of 3a; and « 

The third term -8 „ „ +2 and ^4 

The middle term - IQr is the result of adding together the two 
products 3a;x -4 and a;x2, and its sign is negative because the 
greater of these two pioducts is negative 

The above observations lead us to the following method 
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Example 1 Budbtvniofadora 3x*-14x-5 

The only factors of Sx* are 3x and x, and of 6 the only factors are 
5 and 1 Hence we may Avnte down {3x 5){x 1) for a first trial, 
notiomg that 5 and 1 mud have opposite signs These factors give 3a^ 
and - 5 for the first and third terms 
The coefiioient of the middle term would be obtained 1^ the sum of 
the products 3x1 and 5x1 taken with opposite signs It is clear that 
these cannot combine to produce - 14 
Next try {5x l){x 5) 

We have now to take the sum of 3 x 5 and 1x1 with opposite sims 
This sum will equal - 14 if we arrange the sims so that, of these 
products, the negative shsJl be the greater Twt is, for the second 
terms of our factors we must have -l-l and - 5 respectively 
Thus 3a^-14a:-fi=(3a;+l)(a;-6) 

The result should be verified by mentally forming the product of the 
two factors 

193 It will not usually be necessary to put down all these steps 
at length It will soon be found that the different cases may be 
rapidly reviewed, and the unsuitable combinations rejected at once 

Example 1 Resolve into factors 14x*+2Bx~ 15, (1) 

14x*-29x-16 (2) 

In each case we may wnte down {lx 3){2x 5) as a first trial, 
noticing that 3 and 6 must have opposite signs 
And since 7 x 5 - 3 x 2=29, we have only now to insert the proper signs 
in each factor 

In (1) the positive sign must predominate, 
m (2) the negative „ „ 

Therefore 14a?+29»-16=(7a;-3){2»+5) 

14»s - 29® - 16={7 jc+3) {2x - 6) 

Note In each expression 14 admits of factors 14 and 1, and the third 
term admits of factors 15 and 1, with opposite signs , but these are oases 
referred to above which would be rejected as unsuitable For on tnal it 
would at once be found that the coefficient of x for the middle term uas 
either much too large or much too small 

Example 2 Resolve into /actors 5x*+17x+6, (1) 

5x*-17xr6 (2) 

In (1) we notice that the factors which give 6 are both positive 
In (2) „ „ „ „ negative 

And therefore for (1) we may wnte (5x+ )(x+ } 

(2) ,, ,, (6x— )(x— ) 

Awdj smce 5 x3+l x2=l7, we see that 

6x»+17x+6=(6x+2){x+3) 

5a? - 17x+6={5x - 2)(x - 3) 
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ExAMPtE 3 16ar*-56a^+49j^=:(4ar-7y)(4a:-7y) 

=(4a:-7y)2 

Exaupis 4 8+6a-6a3=(4-i*5a)(2-a] 

194 When the above method becomes tedious o^nng to the 
presence of large numbers, with several pairs of factors, the follow- 
ing method may be used 

Example Rcadvt 15xB+22z-48 tnto/aetors 

Multiply and divide the expression by the coefficient of , thus 

15x?>+22a:-48=^(15a!)2+22 15ar-48 15} 

=xVj/®+2a|y-720), if y stands for 16a;, 

=TVy+40)(y-i8) 

(15r+40)(15a;~18) , , ,, 

i, replaomg y by 16», 

=(3a;+8)(Sa;-6) 




EXAMPLES XVn 

a 


Resolve into factors 
1 2o®+3ffl+l 

2 

2«®+6a+2 

3 

a 

3a2+5fl+2 

4 

3a®+4a+l 

5 

2a®+9o+4 

6 

2a®4-7a6+66S 

7 

26®+76+3 

8 

26®+95+10 

9 

26®+116+5 

10 

56*-75+2 

11. 

36®-116+6 

12 

36^-106+3 

13 

2c®+3c-2 

14 

6c®-c-2 

15 

2c®-6cd+3d® 

16 

2c®-c-l 

17 

2c®+c-28 

18 

2c=-17c+8 

19 

4a?+4a;-3 

20 

Ga^+Sar-B 

21 

3a^+13a;-30 

22 

2ai®-lla;y+15yS 

23 

4a?+a;-14 

2i 

fteS+lla;+2 

25 

4y*-12y+5 

26 

I2y®Ty“6 

27. 

6y®-^7y-3 

28. 

12a?-23a:y+10y® 

29 

24a®+22a-21 

30 

16y»-77y+10 

31. 

3-^-12p® 

32 

6+17y+^ 

33 

4+13p+lCifA 

34 

15+l^-15y® 

33 

8+y-7p^ 

36 

28+31;>-^ 


196 We shall now give some harder apphcations of the fore- 
going lules 

Example 1 Essofve into/actors (a + 2b)® -16^ 

This expression, being (he dtjference between tm sqmrea, is resolved into 
factors by the rule of Art 167 

The sum of a+25 and 4x le aT2b+4x, 
and their difference is a+26-4z, 

(a + 25)® - 16a?s= (a J-26 +4a:) (o +26 - 4*) 

Example 2 Resolve tnto factors x® - (y - z)® 

*S-(y-£)2=:{*+(y-2)}{a:-(y-z)} 

={a;+y-s)(a;-y+z) 
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If the factors oontam like terms they should be collected so as to 
give the result m its simplest form 

ExabieleS (3ii;-i-72r)’'-(2«-3y)^ 

={(3«+7y)+{2»-8y)H(3*+7y)-(2r-3l^)} 

=s(3*+7y +2r - 3y)(3a;+7y - 2a:+3y) 

~(&!+4y)(*+10y) 


EXAMPLES Xm b. 

Eesolve into f aoton 


1. 

{x+y)8-a? 

2 

(x-y)8-s8 

3. 

(o-5)a-4c® 

A 

(a+5)8-9c8 

5 

(a-26)8-c8 

6. 

(a+26)8-e8 

7. 

(c+d)8-4a8 

8 

{fl-d)«-l 

9. 

(o+2d)8-9 

10. 

m*-(»+p)8 

IL 

m8-{n-p)8 

12. 

4i»*-(tt+p)* 

13. 

U(a+5)« 

14 

4-(a-6)* 

15. 

9-(a+6)» 

Resolve mto faotors and simphfy 



16. 

(a+6)8-68 

17 

e?-(c+d)8 

18. 

xs-(x-y)8 

19. 

(p»-3n)8-9j? 

20 

(«»-l-2n)8-4n* 

21. 

(m-4n)8-16»* 

22. 

(2o+x)8-(o-x)8 


23 9*8- 

(3x-4y: 


2A 

(8o-26)«-(26-e)» 


25 (2r+3y)®-(a 

-5y)» 


2B. (2i»-3«)»-(ot+S»)® 27. {a-6&)«-(fi6+l)» 

28. 4{2o-3b)3-(3a-76)* 29 9 (a -26)8 -.(4a •76)* 


196 By suitably grouping together the terms, compound ex- 
pressions can often be expressed as the difference of two squares, and 
so be resolved into factors 

Example 1 Beaolvetnto /actors a?-2ax+x^-i\:fl 
o* - 2a« + a:® - 46*= (a* - 2o« + *8) - 46® 
s=(a-a:)*-(26)8 
s (a - X + 26) (a - a: - 26) 

Example 2 Sssoive tnto/aetors 9a*-<fi+4ax-is? 

90* - c? + 4cx - 4a^ s= 9o8 - (c® - 4cx + 4a?) 

=(3o)*-(c-2r)8 
= {3a + c - 2r) (3a - ti + 2x) 

Example 3 Besoht mto factors 2bd-a8-(?+1?+d8+2ao 


of the expression Thus 

26d-o8-«?+6^+(P+2ac=68+26d+d*-o8+2oc-(? 


=6»+26d+(i*-(e?-2oc+«?) 

=(6+d)»-(a-c)» 

=(6+d+o-c)(6+d-'a+e) 
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EXAMPLES ZVH c. 

2 . 

4 l-»i®+6mn-9n* 


Besolve into faotois 
1, o®+2o5+6®-c* 

3. 

5 <?-2aZ+tP-9 
7 25--^+2yz-s? 

9. 9y3-16c®-16a2-4(P. 

11. r‘-a?*+2a:-l 
13 25B»-i»+69-10a6 
15 a:*-cS+9y®-6a^ 

17. o2+2a6+6=-c»-2«i-(P 
19. «»-14r+49-jr*+2yz-z® 

21. 9a=-12a+4-6*+86fl-16<? 
23 l+2x+2i/z+'«?-y2-z? 

25. m^+n^-o‘-6^+2ffl.V-2a*6® 
27 9o®-12a*-^i*-g^-2^5+4a? 


6 c»-(P-8rf-16 
8. ^-12j!>5r+9g®-81 
la 121-25aS-10a6-6» 

12. a^+2a?+l-a!‘ 

14 a^-4ay+4^-9*y 
16. a*-4c<+96*-6aS69 
18. o»-2o6+6»-c2+2«i-d» 
20. o*+2a»+BS-100 
22. 49i^-28y>+4-36i^ 

24 2cd-2ay+a?+y®-c?-d®. 
26. o®-6o*-o®-2ai- 6®+9 
»28 c*+9(tP-oS)+6ct? 


1 97 The following case is speciallj important 

Exauple Besdve tiUo/adors x*+x^y^+y* 

ar‘+a^*+y*=s(**+2rV+y«) -ay 
s(a?+s*)®-(a:y)® 
=(a^+^+a^y)(®®+y*-*y) 
=(a?+a:y+y®)(*®-Ty+y*) 

198 We shall now explain a geneial method bj which tmy 
trinomial expression of the form :d+pT+q or oa^+oar+c can be 
expressed as the difference of two squares 

By Alt 182 we have the following identities 

a;®+2<a+o®=(i+o)*, T®-2flT+c®=>(r-o)® 

So that if a trinomial is a perfect souare, and its highest power o? 
has unity for its coefficient^ we must always have the term without 
X equal to the square of half the coefficient of x If therefore the first 
two terms (containing a;® and ar) of such a tnnomial are given, the 
equal e may be completed by adoing the square of half the codQScient 
ora: 

Thus x^+6v IS made a peifect square if we add to it J , or 9 , 
and It then becomes a^*+fti+9, or (aj+3)® 

Similarly to make s^-7v a perfect square we must add 
or andne then have «®-7a,+^, or 

Noxx The added term is alwajs positive 
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Exahfi^e 1 J^rndtAe/octoraq/'x^+ex+S 

The expression may be imtten (s^+Sx+O) 4>5 - 9 , 
that IS, a^+6»+6={*+3)*-4 

=(»+3+2)(ar+3-2) 

=(x+6)(a+l) 

Example 2 Find thefadora of x^~7x-228 

»8 - 7x- 228=(x8-7»+^) - 228 — 

=(x-|+V)(*-^¥) 

=(x+12)(x-19) 

Example 3 Find tiiefaclora qf 3x*- 13x+14 
3a? - 1S»+ 14=3 (a? - 

=3{*>-^+(W+¥-W 

=s{(*-W-A} 

=3(*-V*-J)(*-¥+J) 

=(Si!-T)(»-2) 

As the process of completing the square is quite ^eral and applicable 
to all oases, it may conveniently Im used when laotonzation by trial 
would prove uncertain and tedions For example, if the factors of 
24a?+118x*-247 were required, it would probably be I^st to apply 
the general mediod at once 

EXAMPLES XVn. d 

Resolve into factora 

1, o*+o*6*+b‘ 2 »n^+4m®n*+16w* 3. o<+3a®6*+4b* 

4. j3*+9pV+8l3* 5. fi25c*+26(fti*+(i^ 6 a!*+y*-ll»V 

7. 4»i*-21m*n?+n* 8. a?+25y*-19a^ 9 a?+32x+247 

10 o®+4tt-221 U. y«-26y+165 12. o®+32a&+2076* 

13. 2c*-41c+144 14 27m*-16mn-112n* 16 12a?-68«+9I 

16. 2^+fip-36 17 30a3+37a6-846» 18 12a?-]02a:+48 

1 99 MisceUaaeons cases of resolution into flSiCtoxs. 

Example 1 Smlie ttUo/aeima x^-y* 
a? -y<s: (a?+y*) (a? - y®) 

=(»+y)(a?-*y+y®)(x-y)(a?+ay+y®) 

Note When an expression can be arranged either as the difference of 
two squares, or as the difference of two cubes, the rule for the difference 
of two squares should bo used first 
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Example 2 Reeolie iht following expt tBsioax tnto faximro 
(i) 25a® - 41)® + 5a + 2b, (ii) x(2+x®)-y(2+y*), 

(lu) 28x^ + 64T*y - 60j^y 

(i) 25a®-4&®T5a<>-2&=(5a->-2b)(5a-25)+(5a+25) 

-(5a+25)(6a-2&+l), 

(«) »(2+T®)-y(2+j/®)=2a:+a»-2y-y* 

=2(a-y)T(a!*-y®) 

=2{a: - y) + (iB - y)(x®+JBy +y®) 
=(x-y)(2+a;*+ay+y*) , 

(ill) 28'r*y+64a?y-60a?y=4a?y(7ar+16t-16) 

=4*^(7»-6)(*+3) 

examples zvn e 


{Tnnomtala ) 

Resolve into two or more factors 


'^ 1 . 


2 

cs+21c+108 

3 

m®+12in-85 

4 . 

2;®+s-15 

5 

4a®-8a6-56® 

6 

^-1^4-29®. 

7 . 

8x*+2a?-13 

8 

6/»®+7wi-3 

9. 

tt®-22ttC+67<? 

10 . 

a®A34£+289 

11 

x®-6y(a+12y) 

12 . 

4-x(6-x) 

13 . 

6 -x( 1 tx) 

14 

1 

1 

15 

28a?-x-16 

16 

6a^+xy- 12y® 

17 

8x®-Sx*J-x* 

18 

ar‘-2a^-63a? 

19 

o®+2a“235 

20 

6x®-38a?-144r 

21 

72-14x-a? 

22 

3(265-1) -76 

23 

o*+2a®-3 

(Jftsceffaiteotts ) 

24 

c*-2c®d5-63d* 

25 

250/)* +2 

26 . 

100o=6*-4 

27 

729+c»d» 

28 

9r'-4py= 

29 

(a+T)S-l 

30 

16-(6-c)8 

31 

P+l-212 

32 


33 

o*+3aS+4 

34 

16c’+4a?y®+y* 

85 

a*x*-64a®y* 

36 

729a"6-a6^ 

37 . 

500a^-20v® 

38 

(o+6)«-l 

39 

(c+d)s-l 

4 u. 

i-l»-y)^ 

41 

a®-6x-247 

42 

o»-22o-279 

43 

250(a-5)*+2 

44 

(c+(ff+(c-d)* 

45 . 

8x®+(y-2ix)* 

46 

a^*-4y®+x-2y 

47 

oS_68-a_6 

48 

(o+ 6)®+®+6 

49 

a®+lH+aT6 


50 a=- 

965Tfl'*-36 

51 

4(x-y)»-(x-y) 


52 x‘y- 

-xy- 

x*3^+xy* 

53 

Express in factors the square root of 




(a?+8xT7)(2xa - X- 3)(2!e®+ llx -21) 


54 B} means of the Remainder Theorem find the factors of 
(i) 3»*“9 o®t+6o*, (n) x®-37x-S4, 

(ill) 6 a*Ta^- 19 a+ 6 . (iv) a*-a* 6 - 7 tt® 6 ®+o 6 *+ 65 *. 
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Some Applications of Pactors. 

200 The fonauloe for resoluiaon of ^ressions into factors are 
often as useful m their converse as in their direct application 

ExAiiPUB 1 Mvitijiy a+b-o "by s-b+o 

The expressions may be wntten as follotrs 

o+(6-c) and a-(6“C) 

Thus \re have the sum and difference of a and h - e. 

Hence tbeproduot=a®-(h-c)®=sa®-i®+2&c-«* 

Example 2 Fiiid, thtpndua of 2x-7y +3z and 2x-7y-3z 

The product a: (23;- 7y+3s){2a;-7y~3z) 

= (2a; - 7y)* - 9;^=4ii? - 28®y +49p* - 9:? 

EXAUFU: 3 Find tht product of 

x+2, x-2, x*-2x+4, x?+2x+4 

Taking the ffist factor tnth the third, and the second tntb the fourth, 
the prodaot=s{(a;+2)(«*-2c+4)}{(j;-2)(a:*+23;+4)} 
=:(a>+8)(*>-8)*a»-64 

Example 4 Shtw that (2x-^4l)’-(l-3xr2y)* ts dwist^e bp 
6(x-y) 

An expression of tlie form A* - has a d» isor of the form A - B 
the gii en expression is divisible b> (2x - Sp+ 1) - (1 *• 3a;4-2y), 
that IB, by 5x-5p, or Bfo; - p) 

201 Identities An identity (Ajt 98) asserts that tuo ex* 
pressions are always equal for all values of the letters involved in 
it, and the pi oof of this equality is called "proving the identity” 
The method of procedure is to choose one of &e expiessions given, 
and to shew by successive transformations that it can be to 
assume the form of the other 

Note We use the sign s to denote identtocd eqmlttp • 

Example 1 Provt the tdenlttp 

17(5i +3a)®- 2(40x+27a)(5x +3s) s25x»- 9a» 

Since each term of the first expression contains the factor Sx-f-So* 
the first sides(3x •*•30)117 (5x+3a)-2(403;-^a)} 
s(&c-t-3a)(S5x-(-51a- 803;-54a} 

5 (ax -f 3a } (fix - 3a) m 253^ - 9a" 

Example 2 J(/ \+y+zsO, prone that x*-f j*-}-z?ss8jgs. 

Smce x+p+zssO, vrehaie -{»•^y), 
hence a?-*-y*-(-;^ssa?-t-y“-(*+y)’ 

=(»+y){**-ay +y®- fa+yj^} 

®(*+y){a^-ay+y®-*“-2iy-ir} 

=(-z)x(-33!y)*3i;ys. 
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EXAMPLES XVn f 

By the use of factors find the product of 
1 x+y-s, x-ff+z 8 a+y+s 

3 2a+b+e, 2o+6-c 4 a-Si + I, o-36-I 

5 1 + 0 - 0 *, 1-0-0® 8 o*+3«+3, aS-2a-3 

7. aj+y-c+d, x+y+c-d 8 »-y+a-6, x-y-a-^b 

9 c+d, c-d, «®+d® 10. (c+d)*, (c-d)®, (c®t<P)* 

11 . ct-b, 0 + 6 , a*+a®li*+6* 12, a?-2(a:-l), a?+2(a + l) 

13 0—3, 0+3, ft*— 3o+9, o®+3o+9 

'14 Prove that (7a^+te+8)®- (a^- %+.13j® is dnisible by 
(^-f}(23;+5), and &(! the quotient 
15 Shew that {2a+36-c)®+{3a+76+c)® is divisible by 5(a+2&) 

Ifi. Shew that the pcoduot of iafl+x-Q and 6a^-5a;+l is divisible by 
8aB®+5*-2 

17. Shew that (»+!)* evaotl}’ divides {'i?+a?+4)‘'-(ft*-2ar+3}* 

Praia the follomng identities 

18 oa;(«®-o®)+o^{a}+o)so(a!*+«*) 

19 (a+6}®-(a-6)®(a+6}s4a6(a+6) 

20. c^-d*-(c-d)®(c+d)sScd(c®-d*) 

21 (»i-«)(iM+»)®-fli^-^n^s2mn(m®-n®) 

22 (»+y)«-3a:y(*+y)®s{x+y)(a?+y*) 

23 3o6(o-5)*+(o-6)*s(o-6)|o*-6J) 

2i 6(x®+a*)+ax(3?-o®)+a®(X'ra)s(a+6)(x+a)(a^~aaYa®j 

25 (6-c)®+(c-op+(o-6)®s3(6-cKC'-a)(o'6) [See Ait 201, Ex 2] 

202 Solution of Quadratic Equations by Factors 

DanxiTioir An equation whidi contains the squaie of the un< 
known quantity, but no higher power, is called a quadratic equation, 
or an equation of the second degree 
Thus T?-ix=d2, 3x®+4a;-]5=0 are quadratic equations 

Evamfle 1 Find vafuea qf \ which eatitfy (he egucdtons 

(i) (x-2)(x-7)=0, ( 11 ) 2xJ+7v=15 

(i) An} \alue of z nhtoh makes either of the factors aero will make 
the product zero , that is, such a lalue will satisfy the equation 
Non a;-2s0 only when zs=2, and x-7b 0 only when as7 
Thus 2 and 7 aie roots of the equation 

(u) By transposition, 22^+7x-lo=0, 
and since 2a^+7x-loa:(2x-3)(x+5j, 

the equation may be written {2x-3)[x+5)s0 
This IS satisfied either when 2x-3=:0, or when x+5s0, that is, 
when xs4, ornhenx^s -5 


EAXO 


M 
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Ezahplb 2 Sdw the equatton 2^|-l^s(x+2)(x-3) 

Simplifying and removing braokete, tie have 

~-2=a!»-a-6, 

clearing of fractions, Qx-6=3a?-3se-18 

Now hnng all the terms over to one side of the equation , 
thus - 3a? +6x+ 12=0 

Change the sign of every term so as to have the aqum e term positive , 
thus 3si?-5x-12=0, 

(3r+4)(*-3)=0 

Hence 3a:+4=0, or «“3=0, 

that 18 , 0^ 3 

Note Before using factors the equation must he simphfied and 
arranged so that aU the term are on one side with the square term 
positive 

203 In each of the above cases we have found im roots It will 
be proved m a later chapter that every quadratic equation has two 
roots Sometimes the roots are equal 

Thus in the equation a? - 6a;+ 9=0, 

we have (z - 3){» - 3)=0, 

whence x=3 is the only solution But in this and similai oases it is 
convenient to say that the quadratic has tm equal roots 

204 The following example deserves special notice 

Example Find the values of x which saiitfy the equation 

3x(x-2)=x*-4 

We have 3x(x-2)=(x+2)(x-2) 

If x~2;&0^ ue may remove this factor from each side of the equation, 
thus 3a;=x-i-2, 

whence x=I 

But if »-2=0, each side of the equation reduces to zero, and the 
equation is satisfi^ 

Hence from x -2=0 we get another root, viz x=2 

Thus the roots are 1, 2 

If in the course of simplification any factor whteh contains the imknom 
IS ohsencd to he common to hotn sides of an equation, it must not be 
rejected, since eieiy such hnear factor equated to zero will give one root 
of the equation 


*Tliengn ^ iitaDdBfor"is9oteqiulto" 
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EXAMPLES XVU. g. 

Wnte do^ the roots of the following eqnations 
1 (a;-l)(a;-2)as0 2 (a;-^3){a;+4)=0 3. »(®-3)=0 

4 2x(5-a;)=:0 5 ae^+Sx^O 6 5a^=6x 

7. (2r-l)(x+4)s=0 8 (3a;-2){2ar+3)=0 9 (53:-6)8=0 

Solve the following equations, and ^enfy the solutions in Nos 10-25 
10 arS-7a?+6=0 11 a?-3JC=28 12 ai==2a+99 

13 a!S-»=lS2 14 aa+8T+18=0 16 23 i=120t*® 

16 3*®-10c+3=0 17 6ai*-13x+6=0 18 Ba?+a:=:2 

19 2ar*-6a:-12=0 20 a;(3T+2)=6 21 2*“-15=a: 

22 2a!*-7a;=39 23 2a;(xxl)=15+a. 

24 16-llz=8r(l-La:) 25 18+6a;==33* 

26. 4^»=~T+3 27 28 *“-^^^=0 

29 (*-tl)(2a:J-3)=4a^‘-22 30 {3a,-5)(2a?-5)=»®x2!c-3 

Find, by inspection, one root of the following equations 
81 *-l*3(*=-l) 82 2a:(®-'-7)=a?-3r 33 2x=-32«*+4 

34. (3a:+5)=+2a;(3i+5)=s0 35. |(»-^)T^(3x-l}aO 

(Jn fhe/ollomng protlms negative ansuers are to be neglected ) 

36 Find two numbers, diffenng bv 3, such that the sum of their squares 
18 117 

37, Find two consecutive numbers such that their product is 182 

38, Find a number which when increased by 17 is equal to 60 times the 

reciprocal of the number 

39, The sum of a number and its square is si\ times the next highest 

number find it 

40 Find tw 0 consecutn e odd numbers w hose product is 255 

41 The units’ dimt of a number is the square of the tens’ digit, and the 

sum of the digits is 12 , find the number 

42. If on New Year’s day each one of a family sends a card to each of 
the rest, and the postman dehiers 156 cards, bow many are there 
inthefmily* 

43 The adjacent sides of a rectangular court vard differ in length by 
11 yams , if its area is 840 square yards, &id its dimensions 

44. The penmeter of one square exceeds tliat of another by 100 feet , 
and the area of the laiger square exceeds three times the area of 
the smaller by 325 square feet find the lengths of their sides 
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ExEBOISBS TOB BBVlStOK 
A 

1. !E^d iihe jEactors of 

(i) ii^+x-132, (ii) 2a?-f8a&-‘2&’, (m) (6 tc)*-9b®. 

2. Find the remainder trhen 3x4- 2x^+Sa;- 15 u dinded hy x - 2. 

3 Without removing brackets, add together 

tf+Salx+y), -a(i;+y)+(x+y)^-4, 

2a^-(x+y)®+6, and -a®-5o(«+y)-2 
4, Solve the equations 

W ?i^-|(*+l)=x+l-5(to+S). 

7»+St^=17. te+“i±?5=21 

5 1 bought a certam number of articles at 7 for 6d , if they had 
been 13 for 1« I should have spent 6d more hoiv many didlbny* 

6. A pays a debt of £6 in shillings and half croirns If he had half 
as many sTullings again, and three times as manv half croums he could 
pay his debt twice over How many shilhngs and half crowns has he f 

X 3 1 

7. Plot the graphs of y»x+g from xb- 5 to x=5 Fmd 

&om the graphs the values of x and y which satisfy both equations. 


B 


8, hloltiply x4+x^+3x+5 by a^-x-2, and divide 

3p*+16y*“33y*+14p® by l^+7p 

9. What value of x uiU make the product of x+I and 2a.+l less 
than the product of x+3 and 2x4*3 by 14 * 

10 A man walks at the rate of a miles an hour for p hours ; he then 
ndes for q hours at the rate of 6 miles an hour How far has he travelled, 
and how long would it have taken to nde the same distance at e miles 
on hour* 

Also work out the lesult, supp(»mg p=7, q=3, as:4, &—9, 0=11 

IL Besidve into factors 

(i) 4tt®+12®6*f9J®, (ii) tt*+2a**fo*-l, 

(ill) a?-a6-ae+6c, (iv) a*-2o-5®*hl 


12, Solve the equations 

(i) 3x-4- 


4{7u-9) 
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13, Of the candidates in a certain examination 36 per cent f^ed. If 
there had been 7 more candidates, of whom one passed, the failures would 
hare been 37 6 per cent bow many candidates were there * 

14. A fanner buys 20 sheep and 15 cows for £330 Had he bought 
half as many sheep agam but at £1 a head less, and 3 fewer cows at 76 

E er cent of the pnce he paid, he would hare spent £81 less What did 
e pay for each sheep and each cow * 

0 

16. Multiply 3ab+4bc-Sac by 3ad-4&c+5ae by using factors 

16 Find the square root of (2a^-5x-3}(4x’+12a;-^5)(2z^-a;-15) 

17 Find the ralue of (a+6+c)®+(o+6-c)®+(o-6+c)®+(5+c-o)® 

18 A man who owes x half-crowns tenders a £5 note in payment, 
and receires ns change 2x flonns, Sx sixpences, and 4 shillings I^nd 
the amount of the debt 

19 Resoh e the following expressions mto factors 

(i) , (ii) 6(*-l)®-a;, (iii) 10x*-40a:^ 

20 Sohe the equations 

(i) 02x-05y=025, 2ox-y=1025, (ii) --3v=l, ~-i-5y=21 

21. If 1 cw t of sugar costs £1 6s 8d , draw a graph to find the pnce 
of any number of pounds Find the cost of 26 lbs How man} pounds 
can be bought for 4s lOd ® 

D 

22 What ralues of x will make the following statements true * 

(i) 3(a-5)=4(a;-5), (u) (x-l)(3a-4)=(2i:-l)(*-l), 

(ui) 7(«-2)=a?(a-2); (ir) (2xJ-o)(x-2)=(zJ-12)(2x+5) 

23 State m words the general truth expressed by the formula 
6==a®-(a+6){B-6) 

Use it to find the square of 9999, by taking a =10000, 5=9999 

24 Using Detached Coefficients, multiply 

2r'-8a?+6a?-l-5 bj a?-4a;-6 

25 Shew that z+y and a - y are ffictors of the expression 
(z®-2yS)’x(2z»-y8)» 

26 Soh e the equations 

(i) 6z®+4z-l=0, (ii) y-1 2r=0'25y+l 8z=l 4, 

(m) 2z-3y+s-*'l=5z-3r-6=3z+2y-4:=0 

27. By bupng oranges at 20 for a sluUing and selling them at 6 for 
Sd f a hawker gamed 4s 8(f How many did ho buy ® 
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28 Mary la twenty-four , Ann was balf the af e Maxy la, when Maxy 
waa the age Ann la now Ebw old la Ann * 

29. A ba^et of 65 oiangea la bought for 48 2d Draw a graph to 
ahow the pnce for any other number How many could be bought for 
38 4d ^ t^nd the pnoe (to the neareat penny) which muat be paid 
36 and for 78 oranges respectively 


E 

30. Use factors to find the product of 2m^+8, m+2, 3m->6 

31 Solve the equations 

(u) «+3y-a=6, 3«“2y+s=6, 2a+4y--3zs:l 

32 Without unnecessary work calculate the coefficient of as* m the 
product of 

aJ*-29a?~20a?+6 and 2a?-a?-»4l 

33 Wnte down the values of 

(i)(l+^+^*2)«, {u)(|o*-§6»)8 

34 If s;+3 divides Sa^+x -6a without remainder, find the value of a 

35 A dealer buys a tons of cool at h shilhngs per ton If he sells it 
at c pence per owt without gam or loss, shew that 35~6c 

36. Asauming that 13 dollars 9X6 approximately equal to 54 ahiUmgs, 
draw a graph to shew the relation between dollars and shiUings for any 
sum up to 

Bead off (i) the number of shillings in 7 dollars , 

(ii) the number of dollars m £3 

Shew that £4 78 is very nearly equal to 21 dollars 

37. 7?he highest and lowest marks gamed m an examination are 297 
and 132 respectively These have to be reduced m such a w^ that the 
maximum for the paper (200) shall be given to the first candidate, and 
that there shall he a range of 150 marks between the first and last 
Draw a graph from which the reduced marks may be read off and find 
what marka should be given to candidates who gam 200, 262, 163 marks 
m the examination 

Eind the equation between x, the actual marks gamed, and y, the 
corresponding marks when reduced 



CHAPTER XVIII 

Highest Common Factor 


206 TVeek a factor divides two or mote algebraical expressions 
it IS said to be a commoii factor of those expiessions 

Thus, as 5 18 a common facior of 10 , 15 , and 20 , 

BO a^b „ „ a*£S, fl® 6 c, a* 6 c^ 

206 Defixitiok The Highest Common Factor of two oi 
more algebiaical e\piessions is the expression of highest dimensions 
which mvidea each of them without remaindei The abbreviation 
H C F IS used for the words highest common factor 

The terms hwhest common dmsor ^ C D ) and greatest common 
measure ^ C M ) are sometimes used instead of highest common 
factor But the latter term cannot strictly be used vi^ regard to 
algebraical expressions 

Foi example, a, x, and a^v are common factors of aH and aV, 
and the highest of these common factors is a^v 

Now suppose a=ii and then 

So that, in this case, the factor a*r, although it is the highest 
common factor, is numerically less than eithei of the factors a, v 
This shews that the algebraically highest common foctoi is not always 
the greatest common factoi 

207 In the case of simple expressions the highest common factoi 
can be written down by inspection 

Example Write doxon the ff GF of B*b®, B®b*o, a^lAi® 

The highest pouer of a, which is a common factor, is a®, 

II II bf ,, ,, 18 6®, 

and e is not a common factor 

Hence the expression of higher dtmenaionSf uhich is a common factor 
of 0*6®, o®6*c, and a^lfii?, is 

208 If the expressions ha%e numerical coefficients, find by 
Arithmetic their gieatest common measuie, and prefix it as a 
coefficient to the algebraical highest common factor 

Example Find theHGF of 21 a®x*, 3ob®x*, 2 Sa*x 

The greatest common measure of 21 , 35 , and 28 is 7 , and the highest 
common hiotor of aV, and a*x is orx , therefore the H C F is 7a^. 
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EXAMPLES ZVm a. 

Pind the hipest common factor of 

1. aty» 2 2a;*, 4^ 3. 3o6*, 2o*6 A cd®, inN, 

5. 2^, ^g* 6. 6, 16p^ 7. 3tt®6, 9o6c 8. 

9. 7tV. 21»Vz» 10. 0*6, o5* 0*6* H. as"^, a^y, «y. 

12, 3a?y®, 6**, Wy 13. S^g®, 3p*g 14 2cd, 4c*, 6a6c 

15. 1206^, 8o^, 4a*6c* 16 15a> 45a%, 26a« 

17. 9**y*a, 6*y%», 18 34p*H‘, 17y»^ 

19. 256c®d*, 356V>, 45e*(Z 20 3aa;*yV, 49z*yz>, 14a;yV 

209, 210 and Examples 1-24 in the next Everetse may be taken 
mmeduOdy after Chap xiv , in ilUutiraiion of Ea^ Fanfare J 

209 The highest common factor of am^nd expressions which 
are given as the product of factors, or whiw can be easily resolved 
into factois, may readily be found by a similai method 

Example 1 Fmd ikeSOF qf 3a(a+b} and 6(a*-h*) 

It will be easy to pick out the common factors if the expresnonB are 
arranged as follows 

3a(a+6)»3a[o+6}, 

6(o*-6»)=3x2{a+6){o-6), 
therefore the H C F is 3(a+6) 

Example 2 Fmd theS 0 F of 3a*+9ah, a*-9ab*, a*+6**b+9ah?. 

Besolvmg each expreesiun into its Motors, we have 
So* + 9a& - 3a (o + 36), 
a* - 9a6* — o (o* - 96*) o (a + 36) (a - 36), 

0 ^ + 6a% + 9a6* = o (a* + 6a6 + 96*) =: a (o + 36) (a + 36) , 
therefore tne H C F i8a{a+36) 

210 When two or more expressions contain different powers of 
the same oompormd factor, it should be noticed that the highest 
common &ctor must contain the higheet power of the compound 
factor which is common to all the given expressions 

Thus the H C F of a(a - 6)*, 6(a - 6)*, and a6(a - 6)* is (o - 6)* 

Example iVnd the htghea common factor of 

ax*+2a*x+a*, 2Bx*-4a*x-6a*, 3(ax+a®)* 

We have o‘i?+2o^+<^=o(**+2o.c+o*) 

=o(*+o)* (1)> 

2oa? - 4o%; - 6o*=2o(a^ - 20* - 3a*) 

=2a(»+a){a;-3a) (2)» 

3(a«+a*)*=3o*(a+a)“ , ( 3 )* 

Therefore from (1), (2), (3), by inspection, the H 0 F is o(«+«). 
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EXAMPLES ZVm. b. 


Find the highesb common factor of 


1. 

a{a+5}, &(a+b} 

2. 

L®-d*, c(c-d) 

3 

*(*+y)i a^(a+y) 

4. 

a(2a;+l}, 4a?-l 

5 

inn(m-2n), 2n®(ni-2a) 

6. 

p^(2p+3g), 4p®-9g®. 

7. 

c®d(c+d}®, c'-cW 

8 

a»-3a®5, 3oi=-9b5 

9. 

air(6+c), o®6(6+c)® 

10 

n*-4n®m®, »i®»+2»i® 

11. 

a*+8, a*+5a+6 

12 

(a:-3)», sd~27 

13. 

ax{a-x)\ 2a%B(o-a!)® 

14 

d^(c-d)% d?{f?+cd-m 

15. 

iM(»i-ny®, (i»-»)(n^-n®) 

16 

®»y*+a!V, af»(a:®-i/®) 

17. 

a:*-2ra^, (x-3o)® 

18 

4a®+2a5, 12a®6-3li* 

19. 

<?-c, (c-l)=, <?-l 

20 

d+2, d®-4, d*+8 

21 

p?+7p-18, p»®J-lQp+9 

22 

«i®-3»i-18, «i*+3jn+6 

23 

a?+14*+88, a:*Tl0a?-lla: 

24 

a* -27a:, ar‘+2a:*-16a? 

25. 

16a®+8a+l, 12a®+a-l 

26. 

14c*+6c-l, 8c®+8c®+2c 

27. 

a*-a6-2i® efl+3ab+*3r 

28 

^-4cd+3d®, ^-2cd+d® 

29 

a:®+3xy+2p®, afi-hbxy-^Qr 

SO 

2tt®-9aT4, 3a®- 7a- 20 

31. 

4a»5>-96, 2a®ft2-aft-3 

32 

2a;*-7a»+3a^, 3a^-7^®-6a^ 

33 

2a6*-2o*b, 3(ah-a®)® 

34 

16pf‘-8pg+g®, {4pg-g®)® 


35. z=--c-2, a^+T-e, at»-13«+l4 
86 **-16r, 2e®+9a^T4t, 2*?+a?-28ar 
37, 2 j?+6x+ 2, 3a?+8af+4» ae®+3a:-2 
38 2»+<a:+2c+<^, fte+c*, 4+4c+c® 

211 When one or more of the expressions cannot readiljbe put 
mto factors, \ie may sometimes procera as m the foUo^img example. 

Example Fmd ihtHC F of 3x*+x- 14 and x*+2x®-3x - 10 
We have 3a?+aj- 14»{3a;+7)(«-2) 

Of these tiro factors 3r+7 obnonsly does not diiide the second ex- 
pression Hence the HCF (if there is one) must be a; -2 
Applying the Remainder Theorem to the second expression, vre find 

2»t 2 2®-3 2-10*8+8-6-10*0 
Thus a;-2 divides both expressions Hence the HCF is ar-2 

EXAMPLES XVJUl. h. {Continued) 

Find the highest common factor of 

39. ar*-4a:-21, »*+3a?*-3a!-9 40 6a?-3ar-8, a;*- 2a:* -4a! -7, 

41 a*- 125, a*-6a*+a*+4a-45 

42 a?+x-6, a?+3x-10, a®-ar‘-5T-2 

43. a*-*-o-12, a*-2a-3, a’ - 4a®- 2 b J- 16. 

44. 2B®+lla-21, 3a®+25a+28, o<-«-5o*-14o®-6tt-36 
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212 When the expressions are not easily resolved into factois 
their HCF may be found by a method similar to the ‘Division 
Method’ used in Arithmetic. 

The method depends on the foUovnng principles 

(i) If an expressum contains a eertam factOTf my mvli^ of the 

oxpftmm, M dimsMe by that factor 

(ii) If two expressions have a common factor^ \t wdt dxmds their 

sum am their difference, and tt will also dxmde the sm and 
dfference of my multiples of them 

These statements will be formally pi(|ved m Art 218 

Example Fmd the highest common factor tf 

4x*-3x*-24x-9 OTid 8 x®-23l.®-53x“39 


X 

4x»-3x®-24x-9 

4r®-5x*-21x 

8x»-2ii?-63x-39 

8x»-6x»-48r-18 

2x 

2t*- 3 t-9 

4x*- fir -21 


2a?- fix 

4fl?- fix -18 

3 

3r-9 

X- 8 


3u-9 



Therefore the H G F isx-3 

Bxplamiwn The given expressions are arranged according to de« 
scsndine powers of x The expressions so arranged having their first 
terms of the same d^ree, we toke for dmsor that whose highest power 
has the smaller ooemoient Arrant the work in parallel columns as 
above The first quotient 2 is placed to the right of the dividend , when 
the first lemainder 4s^>5x-21 is made the divisor we put the quotient 
X to the 2^ Again, when the second remainder 2a^~3x-9 is m turn 
made the divisor, the quotient 2 is placed to the right , and so on As 
m Anthmetio, the last divisor x-3 is the highest common footOT 
required 

The process succeeds because at any stage every common factor of the 
onginol expressions is a factor of the dividend and divisor at that stage 
This follows from the principles above quoted Hence the HCF. will 
be the same as that for the last dmsor and dividend , that is the last 
diMsor IS the H C F 

With detached coefficients the work would stand as follows : 


1 

4_3-2t-9 

8-2-53-39 


4-5-21 

8-6-48-18 

2 

2- 3-9 

4- 6-21 


2- 6 

4- 6-18 

3 

3-9 

1- 8 


3-9 
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213 This method is only useful to detennine a compound factor 
of the highest common factor Smj^ factors of the given ex- 
pressions must be first removed fiom wem, and the highest common 
lactoi of these, if any, must be lesen'ed and multij^ed into the 
ctmpound factoi found by the divimon method 

Example Find At hgKtit commonfactoi of 

34x*-2x*-60x®-32x and 18x*-6\»-39\=-lSv 

We ha\ e 24®* - 2®* - 60i? - 32£=2®{12x3 - a® - 30® - 16), 
and 18®‘-6a?-39®®-18®=3®{8a?-2a?-13®-6) 

Removing the simple factors 2® and 3®, and reserving their common 
factor ®, we continue as folloivs 


2® 

6®»-2i?-13®-6 

12 *s- a8-30®-16 


6a?-8®®- 8® 

12‘B»-4a?-26r-12 

2 

6x® — 5® - 6 

1 

1 


6i?- 8 t-8 

3t»+ 2* 


3:ir+2 

- 6®- 4 

- 6®- 4 


Therefoie the H C F ib®(3®+2) 


214 In some cases certain modifications of the anthmetiCcd 
method are necessaiy 

Example Find At highest ammon, factor of 

3\*-13\®t23x-21 and 6x*+\®-44x+21 


3i:»-13®®+28®-21 


6®*+ a^-44i;+2l 
6 t® - 26®“ + 46r - 42 


27*®-90®+63l 

The remainder, if made a divisor, os it stands, would give afracitoncd 
quotient Noticing that 27a^-90®4-63s=9(3T®- 10®+7}, we take out the 
factor 9 This will not affect the result, because the two original 
expiessions have no simjde factors, and therefoie, m rejectmg the 9 we 
are not rejecting a common factor of those expressions 
Resuming the work, we have 

»|3®»-13c®+23®-21 I f®2-10®+7 
|3®»-10ir*+ 7® 1 3*s- 7® 


-1 


- 3®=+16®-21 

- 3a^+I0®- 7 

2 )6g-14 

3jr-7 


- S®+7 

- 3®+7 


-1 


Therefore the H C F is 3® - 7 

The factor 2 is remoi ed for the same reason as the factor 9 aboie 


**The woik may here be completed as follows 3®^- 10® +7 must 
contain the H C F But 3a?- 10®+7=(3® “7)(®- 1) 

By the Remainder Theorem we find that ®-l does not divide either 
of the gi\en expressions Hence 3®-7 is the H C F 
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EXAMH^S xvm. c. 

Find the highest comnum factor of 

1. a»-7a?+14a;-8, a^-6x«+llaj-8 

2. ai?»-6o8+5a-6, 2a«-7aS+8a-9. 

8. c*-7c*+llc-6, e»-8(?+13c-8 

4 4a*-llft®+2Sa+7, 2a*-5a®+llo+7 

5. 6»-66*-86&+33, 6*~56*-996+40 

6. 4*»+9aj»-2®-l,4x»+103?-2 a^-18o+S5, a»-21o+2l) 

• 8. i»-676+24, 6*-766 + 98 -9 2*»-8*+30, 9a:»-12ji»m 

10, 6w*-9)n*-39Mi*+36j», {&tt*-13«»*-28»i*+32»i. 

U. 3**+6a^-12r*-24*, 4a:* +14*®+ 8a? -8* 

12 3a?y-24«^+9y*, 3**-8a:V+*'y* 13 c*+12c-5, c*+2^+8c+B. 

14. 3a* - lla®+ lda<- 6a, a* - 6a®+ 12a®> 9a 

15. 3?-j?-100. »*+53?-78y+20 

16. 6o*-a«i+8a6®-356*, 3o»+7a*%-47a6*+45t» 


216 Sometimes the process is more conmient when the ex- 
pressions are arranged in aaeendtng powers 


Example Fmd the highest common faaor of 

(1) 3-4a-16a®-ga® (2) 4>7a-19a®-8a® 

To avoid a fraotional quotient we must here mtt oduce a suitable simple 
factor into one of the two given expressions As neither of them 
contains a simple factor we shall not thereby multiply one expression ^ 
a factor which is contained in the other , and, theiefore, Uie H.C F 
will not be affected 

Multiply (1) by 4 and use (2) as divisor 


4- 7o- 19o*- 8a* 

J 

4 20-35a- 95a*- 40a* 
20-28a- 48a* 

- 7o- 47a*- 40fl? 



7o 33a + 235a® + 200a* 

35o- 49a»- 84o» 

284a* )284a«+284o» 

1+fl 


12 -16a -64a® -36a* 3 
12-2la-d7o*-24o* 

a )5a- 7o*-12g * 

*5- 7a -12a« 5 
5+ 5a 


-12a -12a= 
-12a -12a* 


-12a 


Therefore the H G F is 1 +a 

After the first division the factor a is removed as eiqilained m 
Art 214 ; then, at successive stages, the hictors 5 and - 5 are introduced, 
and finally the factor 284a* is remo^ 

* At this stage we may proceed as follows 

Theremaindier=6-7a-12o*=(l+o)(6-12a), and since 5-12a does 
not ^vide either of the given expression the H C F is 1 +a 
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216 From tbo last two examples it appears that we may 
multiply or divide either of the given expressions, or any of the 
remainders which occur in the course of we woik, by any factor 
which does not divide both of the given expressions 

217 The H CF of moie than two expressions must be a factor 
of the HCF of any tm of them Therefore the HCF of more 
than two expressions may be obtained as follows 

(1) Tale caiy tm of the given expi essions and find their EOF 

(2) Tale thie ^es\dt and a third ea^resmn, and find then EC F i 

and so on 

The HCF last found must be the HCF required, because it is 
Ihe highest factor contamed in all of the expressions 

EXAMPLES XVm d 

Find the highest common factor of 

1. a:*-3a?+l 

2. 8iB»+6a!“-123c-9, 24x1-20*3-24 

3 y*-2y*-4y-7, y*+y®-3y“-y+2 

4 c>+4<ftf-63d* ci-7(ftf»+441di 

5 6aj‘-2®’-17*3+ac-5, 6*»-43:i-ll**-3a?-3»-l 

6, ®i-6a^+13a?-12a:*+4x®, *’-5**+8a^-4»* 

7. 2»i+5*®y-6a^®-9t!y3, 6x*y-17tV+l^y*“3y* 

8. 24ai5+72a>li3-6a=53-90aii, 6oi63+13a*6»-4o=6i-15o6' 

9, 4»i*+14m*+20OT’+70jn®, 8ni’+28»»®-8»i*-12mi+5Bm* 

10 2a:«-3a?-14, 6** +10*»- 17*3-35* -14 

11. 2a!*-5T>-6ar»+18, 4**-18»*+81*-81 
12 y*-16y»+7V-145y-^84, y«-17y®+101yS-247y+210 
13. 6-8o-32o*-18o», 20 - 35a-95a»-40a* 

14 9ji?- 15»»-45**-12*», 42a,-49i?-203**-84*« 

15, 3a?-5t?+2, 2**-6ar*+3 16 1 +*+**-**, 

17. **+a?-7®+2, 2a?-a?-7*+2, **-4a?+4* 

18 a*-4o®+4o-3, a*-o®-7a+3, a*-6o®+9a-9 
19. 2yS-7y®+7y-2, 4y*-13y3+lly-2, y«-3y®+6y-4 

218 The statements of Art 212 may be proved as follows 

(i) Suppose F IS a factor whidi divides an expression A, then F 
will divide any multiple of A 
For if F IS contained a times in A, then A^saF 

fflA=fliaF , that is, F is a factor of mA 
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(li) If F divides expressions A and & l^en clearly it inll 
dindeA=B 

IffoTT suppose A*=aF, Ba=JF, 

then mA=nBssmaFinlF 

>=F(fna±ni) 

Thus F divides mA^sB, vrlieFe mA and nB are any multiples of 
A and B 

219 We may no-nr give a general proof of the rule for findmg 
the H 0 F. of any two compound algebraical expressions 

Let A and B be the two expressions aflir the tm^fa^s haw 
hsen rmawi Let them be arranged in descendmg or ascendmg 
powers of some common letter ; alro let the highest power of that 
letter in B be not 1^ than the highest power in A 

Bmde B by A ; let p be the quotient, and C the remainder 
Suppose C to hare a ample factor m Semore this factor, and so 
obtam a new ^nsor 0 Ihrther, suppose &at in order to make A 
divisible by D It IS necessary to miutiply A by a ample factor n 
Let a he the next quotient and £ the remainder Pin^y, dinde D 
^ b ; let r be the quotient, and suppose that there is no remamder. 
lien E will be the H.C F requirei 

The work will stand thus 

A)B(p 

it, 

m)0 

D)nk{q 

E)D(r 

rE 

Firsts to shew that E is a common factor of A and B 

By examining the steps of the work, it is dear diat E divides D, 
therefore also gD , therdore gD-f E, therefore »A ; therefore A, smce 
n is a amj^ factor. 

Agam. E dmdes 0, therefore mD, that is, C And since E divide 
A and C, it also divides pA+C, that is, B Hence E divides both 
A and B 

Secondly, to shew that E is the hxgheet common factor 

If nof^ let there be a factor X of higher dimendons than E 

Then X divides A and B, therefore B-pA, that is, C ; therefore D 
{since m is a sfmpfe factor) ; therefore nA-gO, that is, E 

Thus X divides E ; whi^ is impo^le since^ b7 hypoihesh^ X is of 
higher dimendons than E 

Therefore E is the highest common factor. 
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220 lx Anthmetic the fiactioQ | denotes foui times the fifth part 

of the unit Bat if we dmde 4 units bj 5 we get a result which is 
/our tunes as great as the fifth part of 1 unit 

Hence the fraction ^ is the residt of dmding 4 unite by 5 
0 

In Algebra we define the fraction ^ as t/ietesult of dindmg a by b, 

vhere a and b may haie any lalues ichateiei 
The statement of Art 68 raaj now be written 
fraction x dinsor—diiidend 


221 The xalue ot a fraction is not altered if »fe multiply or dvmde 
the numerator and denominator by the same quantity 


To proie that 


a_nia 

B~mb 


Let the fraction ^ be denoted bv t , then, bj definition, bi=a 
0 

Multiply both sides bv m , then mbs. =ma 
D.\ ide both sides by mb , then • 

that is, 

b mb 

Conversely, 

• mb b 


222 To reduce a fraction to its lowest terms du ide numera- 
io" ard dei ominator by euru factor vhich is common to both, that u, 
bv their hiahest common tactoi 

IT b 

EwatriE 1 Btduee to its lovKst umt 

The H 0.F of the numerator and denominator is Sac 

&A Sacx2a 2a 
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EzampIiB 2 Sed/uc6 to lom^ temu. 

The H C F of the numerator and denominator u lafij/z. 

Th» ^4. 


SXAMFliE 3 


?“ 7*^ x 4a» "”4*8 
61c»d» 17fi®d*x3«f» 


Vf?<P~ IWxl 




• Note Dividing numerator and denominator by a common Jaotor » 
called cmadlvag that factor It » importwit to remember that when a 
&etor IS oanoelled, its place is really taken by waty The banner 
should be careful not to begin oanoemng until he has einressea both 
numerator and denominator m the most convenient form, ciy resolution 
into huatmn where necessary 


BTATWTPT.Bg THT. a. 


Reduce to lowest terms 


6»>y 

2 

4cd‘ 

6^ 

3 

3a*l>’ 

m 

1 

3nfin 

JWT* 

m*n^ 

Bnafi 

6 

18pV 

27«*' 

7 

21c*d* 

m? 

8. 

aV 

12aW 

8ai^ 

10 

15at*^ 

65a%** 

11 

25ed«z3 

40C^ 

12 

3a*a*y» 

67a;*y 

38m>n> 

52il^'*n* 

11 

4gaa^ 

84a?*y* 

15 

381>«cd« 

67t?d» 

16. 

42ir»» 


223 When the numeiator, or denominator, is a compound ex> 
nession, whobe &ctors may be wntten down by inspecfoon, the 
iraction uisl> be euaplv&ed by a eimvUx method 

Example I Reduce to »<s lomA ttsrm 

24 a?c^ _ 6oVx4ac* _ icu^ 

18oV ” lii^a^'’6o’a?(3a - 2®)“3a - 2* 


Example 2 St?>tph/y g J - ^-y^yi 

6a^-8*y _ &c(3*-4iy) _ 2* 

8**+*y- liV'tis - 4y){2*+3y)”'2»+3y 


Example 3 Reduce to tie lomat Urm 

, a!v(a^-2>*l a^(*-fy)(*-y) _ SByia+Pt 

^ - y* ~{* -yil |a?+ay +y^) "" {* +y^) ”a*+aw-»y 


Note In simplitymg froctionsi a factor must not be removed unless 
it (hvides both numerator <md denomuiator, nnjk (aim as a wAcfa 
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XIX] 


P.TAMPT.T.R YTT b 

4 

(Exavp^es 1-20 map be taken mmediate^p after Chap siv tn 
i^ustraiion of Easp Factors.) 


Reduce to lovrest terms 


1. 

ah 

2 

ar4-ay 

3 


a-h^- ah 

A 

*y+y* 

V 

x‘-r2xy 

4 

c‘~2c 

R 

Sa^J-5ab 

6. 


<4c»-Sc^ 

V 

4ab+ib^ 

6a^+18o^ 

7 

h^+Sah 

8 

Sa^y-Sr* 

9 

pgr—gi^ 

I 

2ah>+6a^ 

4xjf-2a:^ 

pmr-mt^ 

10. 

0^-46* 

11 

ba^-rSxp 

12 

(2ar+y)S 

a^-2aj 


ir'-iyS 

13 

ary-s 

14 


15 

(m-»-2n)* 


j)’-^p-30 


16 

xV-a*y 

17 

o*- 5a -1-6 

18 

x®-4o»-21a* 

ary-4xy-5s, 

a^-Ba-hO 

(-HTSax)- 

19 

sSj-pS 

20 

ar*-5ir®-h4 

21 

a^T4r-4S 

a:®-xy-2i/® 

ar^-Sx+2 

3*®— 14x— 5 

22 

3a»-3c»-14 

23 

3*»-M 

24 

9csas-Sc<P+d* 

2a*xllaTl4' 

2*=-l-bx-20 

2rc»Td^ 


224 'When the numerator and denominatoi cannot easily be put 
mto factors, their H C F may be found by the rules given in Chap 
xnu 

- 3v»-13\S-23x-2l 

Example Seduce to hicest terms — ,o ■ - ■ - iz r di 

15r-3Sv-2x+21 

First iTe^bod. The E C F of numerator and denominitor is 3jr-7 
Dividmg numerator and denominator by 3z - 7, we obtain as respect» e 
quotients jr-2x+3 and 5jr-x-3 

3i’-13i:*x23a:-21_(3a;-7)(*=-2r+3)_ar‘-2e+S 

15i»-3SiS-2e+21”(3lr-7)(5j:®-»-3)"54-=-x-S 


Second Method Art 212, the HCF of ntmieratoi and de- 
nominator must be a factor of their sum lbT’-0lx°->-21x, that is, of 
Sr(3r-7}(2r- 1) If there be a common dnisor it must clearly be 
Sr - 7 hence arranging numerator and denominator so as to shew & - 7 
as a factor, 

gg(3r»-7)-2r{^r-7)-3(3r-7) 

■ 5r- (A t - 7) - xlilx - 7) - d(3x - 7) 

{iA-7){i«-2i-l.S) 


the fractions; 
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225 If either numerator or denominator can readily be resolved 
into factors we may nse the following method 


Exaiinai SedautolovatiterrM 


r»+8i»-4x 

7x*-183^+8x+5 


The munetator=ii!(a?+3*-4)=*(i!+4)(*-l) 

Of these feotors ^e only one which can be s common divisor is s-l 


!t(g+4)(g-l) 


!t(a-f4)(!e-l) !t(g-f4) 


■(*-l)(7a*-ll»-6)'7**-ll®-6 


mMPI.ESIIX.e 
Bednoe to lowest terms 

I ai^+3»+l 0 2#s+a“-8B+6 , c'-2c+l 

• 7a»-lZs+6 3c'+7c-10 

4 2j?+3a?+4S e **-2!!^+3s-8 a «‘-ii!*+7a!+2_ 

*• *‘+3**+14* 3r‘-7it'+lla?-I 

7 g*-nii!»-t-7g-3 » 2ii*+o^-4fl»h«-3By 

' 2it*+7!i!‘-a'+* 4o<+i^-2s-i“+oi’ 

Q 4!t*+3!i^-2(h!-16 <n 7o’-4o*-21tt+12 

* Sa;‘+2*'-2fe*-iat “ So'+2a>-15#-6 

ii^-8**+ll»-6 ,0 3j/*-8si*+I ,0 it‘+9a“20 

“ !t»-2x»-s+2 “■ y-8y+3 " 5a‘+9a«-84a 

„ 6j!»-ii!‘+16 „ 3e»-6i?+2 „ 3-4*-I6*“-fe' 

“ 8a!*-I4a^Tl9a;-4 ^-6ei+3 4-7ir-lfti!*-S 


Multiplication and Dmon of Tractions 

226 To nnillsply ti^ether two or more ftactions ' 
togi^ aU tie mmrafere to pm a m numerator, and off A>e 
Jeiummton to pm a neie denommior 



Then 'bx^a, and dysc 

or i^xidsae 
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Similarlj 


ace _ace 

V^d'^'rWf' 


and BO for any number of fractions 

In practice the application of this rule is modified bj cancelling, 
in the course of the i\ork, factors i&hich are common to numerator 
and denominator 


3&V aCT*t* _ 2aCT* x 36^° x car?3? _ c? 

^ Bm^ ^ 6lPm* a*y®x6?»"x66%* “5a?’ 
the result bemg obtained by removing like factors from numerator and 
denommator 


227 To divide by a &actloii : mtilUply by tU rempiocal 
Sinco division is the inverse of multiplication, we may define the 

quotient r,'when ~ is divided by ~, to be such that 


arx 


c _a 
2 ~h 


a 


Multiplymgby ^ we have 



But 




that IS, 

which proves the rule 


a e_a d 
I d~l^? 


Example 

4a?j? 5a6“ isFap 43?^“ Salfi 28a“(? 8? 

all the other factors cancelling each other 

Note When several fractions are connected by the signs x , -, each 
sign applies only to the fraction which immediate^ follows it 


EXAMPLES m. d. 


Simphfy the following expressions 


xy ab^ 


x-jr a wr 


aiP 2c(P 
4<Pd^ db 


4. ^ 


7y° S5y^ g libPc 6g^ 
oAjr* ^ 14xy 12a<i ^ lab- 

23?y g* 4y^ 

Sjrt 3a? 9ar 
13<? 16a« 48'i=ft=e 
15o’'39<P“ 27d' * 

l&^m* 156ni°nj;? ^ 36n-j? 


10 


19 


„ 3oif IShV 
^ 5&»c 9a-^6 

« 39a=6» 28(Pc* 
® 21<rd»’*13aP 
3Ay° Sf^x 45aj^ 
4iy5 *'7ar^’'l4^^ 
a? 4i? 

ay®s ^ o-bsT ^ li8a^y*s' 
s? c?x 


9 
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228 The same method le followed when the numerators and 
denominators of the fractions are compound expressions 

^ 1 « 3a^-2a 2a*+10a» 

Example 1 Smjlifv x ~ i 2 

mi- a(3a-2K.2o®(a+6l 

The expression x 

a+6 

“TT’ 

cancelling factors common to both numerator and denominator 

TTvinfuTT-Q y(g-ttl .. a(3a+2ol 

&Kc+2o?“‘(3aj+2o)(3as~2tt) y* 

_ o(x~o) 

■"3/(3® -2a) 

Bca«h*« 

_»(®-2)(a:®+2«+4)^ 2®-! ^ ®+3 
(2®-1)(®+3) ’‘a^+2®+4^®(af-2j 

al 

Note When all the factors of numerator and denominator canwl 
eaoh other, it is a common mistake with beginners to give the result as 0 
A littiie reflection will shew that ikt rmli of such a multtpluxUton, eon 
never be zero 


Simplify 

I ^ 6a®+9o 

20+3’' 4»* 

. b®-100 b+10 
a®-b* ^ a-b 


EXAMPLES XIX e 
18J» 


2 


6 . 


c^-2 

6ab ^5a*-10o® 

a?~® a?+3® 

2*4+6®*’* a=-l 


a*-4 P^“* 

ai® - i ’* a’ 


9c®-16d*„ c*.^ 
t®-26*’^3c-4d 


7 

tiv — 'Vie evrrf' 

mn(m+2n)® 

8. 

9. 

o®-b* ..a®- 6® 

10 

0 ® - 2ab + 6* ’* fl?+o5 

11. 

a?+3*+2 ^ a?-7»+6 
a?-4®-12’^ ar*-4 

12 

13. 

3^^+7®+12. a?+3®+2 
*S+9® J-20 ’* a?+6®+ 6 

14. 


o®b*-9 2a®+a 
4o®-a ’* 06+3 

c?-l6 .2c+8 
8c +16 "Sc -9 

ai*+4a; a^+2®-8 
aj®+®-6 

®*+9a!®+2Qg afl+lx+lO 
a^+6®+4 j^+3®+i 
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Find the value of 


15. 


»»- 2 y- 24 .,sr“F-l 2 
y=-16 ^s»“+6y+9 


■•n w^-w -12 

»n*-64 ”’ffi?+4j»+16 

,o 6^-276 „ 46®-25 
" 2lfi+Sb W-llb+i5 


a*-4(t-*21 

o®t27 

*?4 

1 

1 

o®-«-9ot14 

2y-y=-6y» 

4y+12y®T9y® 

2-7y+6y* 

4-9y"- 

3a?-7*+2 

1 

CD 

2a?-6x-3 

9a?-'6x+l 


01 2a;-3 4aj®-3a:-7 sB!*+6a;-24 

2»“+13*-24’‘ 4x-7 ^ ic‘-2x-3 


4a?+a;-14., 4a? , x-2 2a?+4a; 

6x-14 3a?-x-14 


M a?+8g» 2a?-3ay-2ya 2a?+5a:y+2»8 

a?-3a^y+2^ a?-2ay+4^~ a?'-2ay+^ 

04 a?-6a!+6 a?-4as+3 ^ a?+3x-4 

“ a?+fia!+4“2a?+3a:+l ^2a?-3x-2 

ne 2a»+3a5-26« . o»-86* 2a8-6o6+25S 

*'* o 9 + 2 a 6 + 46 a ’‘a*+ 3 o 6 + 2 &^ ?+M+P“ 



27 


!^Z®_/£i 2 v 8 c* \ 
c+3 \ 4c C"+3c/ 


op tt*~a? oV?+a? \ 

o*-2a»+a? \a^ ^ o* - ox+a?/ 

on oSj-oaft+ai® o2+6fl6-276“ a®-7a6+12J® 
a^-3ab-^~ 


on (8+5)®-a® (c+a)®-6® J*+a6-6c 
^ b^+bc-ab^[a+h)^-<^^ae+a^-ab 

g. a?+2xy+v^-a° ^-2ay+a?-^ x+y+g 
^-c*+2tx-a?^ (y-c)*-x® y+x-c 

QO o*+o®B®+6* o®+2o6-3B* 1 

^ ' a=- 4 a 6 - 216 i’' a*-B» a-TB 


QQ ro*+4m°it+4>Hii° (ot+2?i)^ nfi-irfi 
3??i®» - Smn® - 2B*'^SWj»*+n* ^ 9»i® - Smn 4-n‘ 

o^ l+8x*. 4x-x» (l-2x)=+2x 
2-6x+2a? 

oE a?(x-4)« (a?-4x)»„64-x» 

*'• (X+41S-4X'*' (x+4)® ’‘if^ 
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229 DsFizriTioN The lowest common multiple of two or 
more algebraical expressions is eawemon of lomst dtvmnons 
which IS divisible by each of them without remainder The abbre- 
viation L 0 M IB us^ for the words lotirat common multiple. 

280 In the case of swiple expresnona, the lowest common 
multiple can be wntten down % inspection, as follows 

ExahpiiB 1 JPind the loweH common muKtple qf a,*, a*, a* 

As no other letter than a ocoun m the given expressions, the required 
expression of lowest dimensions is the lowest<power of a divisible by all, 
that IS a* 

ExAurus 2 Fmd the loweA common mvith^e of a%^ ab”, a‘b^ 

The lowest power of a that is divisible by o^, a, is and 
„ ,, 6 I, ,, 6*, 5*, 6^, IS 

Therefore the expression of lonest dimensions divisible by a%*, 
and is 

% 

231 If the expressions have numencal coefficients, find by 
Arithmetic their least common multiple, and piefix it as a coefficient 
to the algebiaical lowest common multiple 

Examplb Bind the L 0 i[ qf 21a<x®y, 36a*x<y, 28a»xy< 

The least common multiple of 21, 35 and 28 is 
the lowest power of a divisible by rt*, a*, a* is o*, 
ti i> » a^, a?*, a: IS aj*, 

If If y • » yfy*wy< 

the L C M IS 420i(zfa?*y* 


TITAWPT.TIS ZX. a. 


Find the lowest common multiple of 
1, c?, abc 2. 20 ®, o®b 

d 4a^, 3a^ 5. She? 


3. 3a^f 2a?y* 
6. 15e*d, Bc^ 


7. ay, yz, z» 8 a?y, ay», ys? 9, ob®, bxy 

10. 20, 3b, 4c 11. a?, 2y», 3z^ 12. 7a«, 2ob, 3b». 


13 pPgr, pgfr, pgt^ 

15. 17a*, 86b», 68o*b» 

17. 27m*n?^, SlnV, Qpm* 
19. 7a*b, 4a^, Oot^, 21bc. 


Id, 4a*bc, 8a?b*. 12bc* 

16. 1S(^, 39ed*, 

18. 32o«b^, 48abc*, 16aV 
20 8a%>, 24aW, 18abc^. 
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xxj 

[Art 232 and Evam^es 1-20 tn the next Everctse may he taken 
immediately after Chap xiv in xUnstrafion of Easy i^actorf ] 

232. The lowest common multiple of compound expressions whudi 
ere given as the product of factors, or which can be easily resolved 
into factors, can be found in a similar way 

ExAMPif 1 Fmd the L.CM of 

6x®(a-x)2, 8a*(o-x)*, and 12ax(a-x)* 

The least common multiple of 6, 8, and 12 is 24, and the lowest 
common multiple of the alg^nuc factors is a*j:;^(a -a;)^ 

Therefore the L C M is 24a’j^(a -x)® 

£xa'«iflb 2 Fmd theLC M of 
• (x®+2x)5 2x<-*-3x®-2xS, and 2x®-3x»-14x 

Resolving the expressions into factors, we have 

(a:fix2i)»={x(xx2)}® =*2(x+2J®, 

2r*-«-at*-2ji?5=i®(2*s+3r-2) =is=(®+2)(2ar-l), 

2*»-3*» - 14a;=:x(2rs-3a;- 14)=x(*+2){2a:-7) 

Therefore the L C ^ is x®(xt2)®(2x-1}(2x-7) 

EXAMPLES XX b 

Find the lowest common multiple of 

1 a®, c®-2a 8 lf+Vt 3 o®&+ot*, a®<fah> 

4. 7c®(c*i'l), 28c® b 2p®+p, 6 p*-4, jf+2p 

7 *=-4, a:®-S 8 3cd, 6c»+12cy 9 {*-!}*, x»-l 

10 a=+2axl, a»x3ax2 11 x»-21i+108, x®-81 

12 *®-4, a:®x2i. 13 x*-x, (»-l)® 

14. arTX-2, a?-4x-t3 15 a?-4x-21, a?-9x+l4 

16. aS-a6-2o®, a®-5a6-66=, a*-2a6-3&» 

17 r^-9jn-22, m~-Sm-S3, m^TSm+S 

18 cs-2td-15d=, t«-18cd-65ds, <?-10cd-39d® 

19 a=-18!r-45, *=-26 xt 165, a?-14x+33 

20 a®-19x+7S, a:®-21x+104, *=-14xx48 

2L aB®-«wyx2ir‘, 2c®+*y-y® 

22 Sir-iar-«-14, ar'-4, RrS-x-W 

23 2r=-5x-3, arxx-12, 2z®x9x+4 
24. S/r®T5'’*x2, m®-»B-2, 3m*-4m-i 

25 4ar'-iar-6, Sj:»-10xSj-3r, 12!F!+2r-2 

26 9a®-S6iS, 4a=-4ax-*-*2, 2a=+3TX-2*s. 

27. 15i*x(a+x)*, 20ax®(o-x)®, 36a*j:®{a*-x®)® 

28 x*-*-a?|r-^p*, *V-*-y*» (ar-xy)® 

29 3a*-18a®x+27a4?, 4o®-«-24a^+36aV, 

SO (3c?-Scd)5, (4e-6d)» 8c*-27d5. 
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288 When the expressions are not easily separated into fectoi^ 
we may proceed as fdlows * 

Let A and B be two expressions, and X then H.C F . , 
then AhsniX, and B~nX , 

where m and n are expresdons which hare no common factor 

LChl of AandB=CTnX-?2^^»^. 

Hence the L.CM. of two expressions may be found by dividing 
then piodnct by their H.C F 

Also we condude that the product of two expressions is the same 
as the product of them H C F and L.C M 

234 We may also use the method of the following example 

ExAMPia. J^Tid the LCM.t^ 

x»-2:^-13x-10 and x»-x=-10r-S 

The highest common factor, found by the method of Art 212^ is found 
to be 

By division, we obtam 

a?-2a!®- ISr- 10ss(*®-«-S®+2)(x - 5lss(*- l)(*-2)(x-6)i 
t»-r'-l(Hr-S«{x*-'-3x-2)(x-4)*(x+l){x-«-2)(x-41. 
Therefore the L C M. is (x4-1}{xt2)(x-4)(x-5) 

EXAMPLES XX c. 

Fmd the lowest common multiple of 
L o»-3U=-10a-34, a>-3a2-0£j^l8 
2 a?-3jf-4r-*-12, x»-5a:®-Sx-«-4 

3. <?TtP-5d-«-3 

4. a?“Sj%-18x^+40ji*, a:®-4t®y-llT^-«-Sfl!p* 

5 a»A4a?^-3xy=-lS^, x*-2r*^-9a?y5TlSr» (*y+3j^F- 

6 d—6fi®^6c“5, e^TGc^—Ge+Tf c^— 2c— 55 

7. a?-ys xs-y®, x*-xSy-ayS-2y» 

8. 12r»-44x=x51x-lS, 4x»-4x'-39x-3e 

9 12r*-32x»TlSi=-9x, 12j?-40x*-39x»-9jr!. 

Fmd the ILC F and the L C M. of 
10, 9x-9, a^-^a?-3x— 9 

IL x*-3x*-33^-3x-»-2i a?-a?, a^J-a? 

12. 9o<5’-4o®&», (3a^+2aJff, 3rf6-l0u3B»-SaM. 



CHAPTER XXI 

Addition and Subtraction of Practions 


235. To find the algebraical snm of e number of fractions, \re 
must first reduce them to a common denommator Foi this purrose 
it m usually best to take the lovcsi common denominator (LCD), 
which is the L.CM of the denommators of the given fractions 
The process is exactly the same as m Arithmetic 


Bsaxple 2 Eepress the fradiora 
man denonhiafor. 


^ ~ tntk their lanest com- 
3b 6c 6a 


2a _ ga X 10ae _ 20a\ 
36 “35 a 10ac~30a6c' 
35 __ 35x6ab _lSa6*^ 
6c “ 3c X 6ab ~30ti5c’ 
_c _ c\5bc _ 55c^ 
6a 6ax5bc“30a5c 


The LCD is 30a5<,, and the sue 
cessive multiphers are obtained by 
dividmg the LCD by 35, 5c, 
respectively 


Exasifls 2 Express mth loicest common denominator 

6x , 4a 

2a(x-a) 3\(x®-a-) 

The lowest common denominator is 6a3r(x-a)(a;Ta) 

We must therefore multiply the numerators by Szix-f-a) and 2a 
respectively 

Hence the equivalent fractions are 

15a:®(g+o) Sn® 

6orlx-a)lx+o) 6(wr{x-o)(x+a) 


1 . 

5 

S 

11 . 

13 

15. 


EXAMPLES XXL a 

Express with lowest common denominator. 

S ^54 S 


6 

9 


a’ 2c" 

T T* 

fi 2 

X p z 
r-S g+4 
4 ’ ”3' 
c d 
e—d* i-d' cd 

sy 

a--a5' o®tb/'* otn-'-b-)* 
4-P Sc® 

aJa.lScS_7c' c.o_49rf 


a5 cd 

T 17 

X a 1 
? X a? 
2o-5 a-£f> 


a5 5c 


2 a 


2o® 


r 


Sab 

12 

11 

16 


7 

10 


j a 3a 

, X®' S 

a b c 

25x’ cad* Sax 

a X 
■» 


x-*-a x-a 

Sr 

3x(x-a)' 2o(x^-a-}' 


2a 


y-r2 


y±l 


jr’-2y-?’ ^-y-6 

g — ay a^g-xy+p* 

4(a:*-2ry-i-y’)’ b{x--y^) 
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Addition and Snbtracfdon of Fractions, 

236 Topxmethai 

* b d bd 

?y Art asi, Wi lay, and 

a c^ad ho ttd±hc 

If b aad d have any common factors, hd is not the L C D of the 
denominators To avoid woiking with hactions not in then simplest 
foim, some modification of the above is necessary Hence the 
following lule 

To add or subtract ihuitions : reduce them to the louest common 
denommatoi , Jmd the cUgdnausal sum of the new nnm&ators, and 
retain the common denominator 


EkampiiE 1 




21a.+l(Ja!-I6« 

ine expressions; ^ ■ 

15a; 6a; 

“2r*T 


The L C D IS 24, and the 
successiie mnltiphets for the 
unmerators are 3, 2, and 8 


Kotb Answers should always be given m Ion est terms 

When no denominator is expressed the denommatoi 1 may be 
undeistood And if a fiaction is not m its lowest teims it should 
be simplified before combining it with other fractions 


ExAMPtB 2 Find the tabic of Sx - S + A 

'' 4y 4x^ 

The 

1 4y 4y 4y 

This result cannot be simphfied, for no factor of tlie denominator will 
di\ide the vihoh of the numerator 


Example 3 Fmd the tedue of 

W oy ax 

The lowest common denominator le eucy 

Th™ tb, 

oay 

_ a«-2gy+3xy^ag-Sa!y+2oy 
“ oa^ 

= 0 , 


since the terms in the numerator destroy each other. 
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EXAMPLES XXI b 

Find the value of 



a a a 

2 

5 65 5 « X 1 X 

X 


4'''l2 3 ^6 4'*‘10 

4 

-+^+- 
ab be ca 

6 

0+ !■ 6 3+ — 

ca ab yz xy 

7 

. 3y 
ax^yz 

8 

a- Q ^ 

"“8xy2 to 55 

10. 

---+2 

3c» 

11. 

3a^ 1 .0 3a5 a5 a5 

6x“xs X 5x“2x"l(te* 

13 

2y+l Zy-2 y 

6 ~ 10 '*‘S 


14 5+4 5 5-3 

“ T-s+ir 

16 

2x+3 , »“1 , *+3 


3c-4 2c-6 c-»-7 

35 7 fi 


6 15 " 20 

17 

3o-5 0-4 a®-3a 
0 a 2a° 


10 o+Sr.o-x 2x+o 

2o ' 6a 3a 

19 

b-e^c-a^a-b 



be CO ab 


^ 25 

21. 

2+0 0-6 o -*-2 

61a 34a 17a 


00 2x®-3a. 2x“+x*,a?-x* 

^ X ” X® '*“~W 

23 

X xy-2!»? xy-yz 
3s 2xy 2ys 


a 34.!^ 


237 We shall novr consider the addition and subtraction of 
fractions whose denominators are compound expressions 


ExA2in;B 1 


„ , . 2x-3a 

Smplijy 


2v-a 

x-a 


The lowest common denominator is [x-2a)(x-a) 

Hence, multiplying the numerators by x-a and z-2a respectively, 
wehaie 


(2r-3a)(x-o)-(2a-a)(»-2tt) 
th. otprealon*! 


23^-5ax+3a°-(2!c^-6eix+2a°) 

(*-2a)(x-a) 

2a^-5ax+3a"-2j^+5ax-2a* 

(x-2a)(x-a) 


(x-2a)(x-a) 

Note In findme the value of an expression like -(2x-a)(x-2a), 
the beginner should first express the prrauct m brackete, and then re- 
move the brackets, as in the above example After a httle practice he 
will be able to take both steps together 
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Mjote 2 JRwi vdva of 

The lovest oommon donomn&tor » (9;-4)(»+4]* 

TT«.« f Jifl (te't-2)(g+4)4-(x-6)(g-4) 

Hence the expression- (»-4)(*+4j*’ "* 

3!t°+14x+8-fa^-te+20 

(*-4)(»+4)^ 

4s!*+5x+28 

■(*-4)(*+4)‘ 

_ 3 12 _ 3(yH-lj-12 

~y-3"(y-3)(j»+l)"(y-3)(y+l) 

3y-9 .. 3(y-3) . 3 
“(y-3)(jf+l)“(y-3)(y+l)"y+l 


Fmdliie value of 

1. -L+-U 

1 b-6 , j+ 6 
*• o+6^a-6 

7 ‘ ^ 

m 

*'-4^(*-2)« 


EXAMPLES XXI c 


5 

8 

11 


3 _J_ 
i^"x+2 

7+2 ^ 

^"y+2 
5b I 
e^-l6 0+4 

* l_ 


<0 ■e +27 g(g+<7) u 7* ilL 

13. tr-BT-s-rr 14 

17 


* X 
a-x~d-y 


_L+-L 

X+ 3 V -9 


6 -4 


9 . 


i» e-3d 
?^'c+8d 

ia 35 2 

Fi?“5+i 

2o* 2o* 

“ 3Cp-OT 




(J_4(i* (*+2ci-l 
(?-4(P 


(?- 




1 


2L 


2*-7 2(*+ 
CT’ 


22 , 


4(Bt-l) 4(in-8) 

j»*+3»+2^m*-j»-6 


23 


7*+2y y 

7*+7 - 2 y+i 
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238 The following eicaniples furnish additional practice in the 
simplification of fractions 


Exauple 1 


Smpltfy 


a°^2a 

a®-a-2 


3a 5a 
6a -4 


n« (i((Z-2) 3a 6a 

_ a 3a 6a 

”o+ 1 ‘2(30 - 2) ■*‘2(3a - 2)(o + 1) 

_2a(3o - 2) - 3o{a+ 1) + 5a 
2(3o-2)(o+l) 

_ 3a*-2a _ a(3a>2) a 

~2(3a - 2J (a + 1) ”&(3o-2)(o+l) ~2[a + IJ 


nes the woik will be simplified by first combming two of 
the fractions, instead of finding the lowest common multijue of aU 
the denominators at once 

EXAMLE2 

Taking the fiist tno fractions togethei, 


the 


expressions 


3(0+^)- (a-®) 


a~2a; 

4(5?+^ 


_ a+2® a~2® 

“4(0® 41a®Tar') 

_ (a+2i) (a»-l-a®) - (a - 2a;)(a®-a®) 

“ 4(0* - p*) 

_a•+2a®^ + 00 ^+ 2 ** - (a* - 2a®a, -/xa?+2a?) 
* 4(0*-®*) 

4a^+2aa® _ ag(2o~®) 

4(a'‘ -■ a*) ~ 2(o* - ®*) 


EXAhlPLES ZXI c {Contimed) 


Pind the value of 


24 

6 , 

1 

25 

7 6 

i 

a?+5®+6 

y®+y-12 y+^ir-S' 

28 

7 

. 1 

27 

. ® 1 . ® 

tSOEim 


yi+%+9V-3y-4 

28 

a-3 

®-i 

29. 

o®-ai6 06-76® 

ai®-3*-4 

®*-®-2 

ftive 

o*Ta6-6fr* a®- 0^-426^’ 

il 

p+2 p 

p»-2j»® 

31. 

a+® , 0 -® 2as. 


2 “^+2 

2p®-8 


2(a-a,) 2(o*»-») o-*-*®' 

92. 

2+2® 3-3»'*'4-4«-‘ 

33 

5 4 3 

2^ 3+3®’*'4^‘ 
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SWl the value of 


34 


38 


a;» (g--a)» {x-bf 
a 6 ^o(a- 6 )*&{a-j) 
1 . 2.1 

3a^-8 5x+7 2 

a?-! ”a!*+«+l'*"a-l 
3a;-5 Sas+S , 2a? 
3a?-2a;-6 " 3a?+2a;- 1 


85 . («+«)* («+y)* 

xy x[»-y)'~y[x~y) 

37. L+ 

« »“y ^-2y 

m 3 ct *~5 4 !»t+S 1 

»»*~1 "m^+TO+l^OT-l' 


41 1 1_ 1 

2a?+3*-2 8t®+7a:+2'^-af-l 

42 ® 5 1 

a*+a;- 2 “ 2 !B*+ 3 *- 2 ‘'fc^~Sa 5 +l 


43 1 t 1 I 1 

2 (l+y)+ 2 (l-y)+ri^ 

46 1 I 1 ^ 

3tt+2^3a-2 9?+4 

iff 2,2 4m 
3{3M-6)‘^3(3m+5)"9mH25 


44. 


46 

48 


1 ^ 

2-x’’2+»''4+a? 


4a . a+1 0-1 
(o^'^ol^'o+l 


l 2 + 3 ^'^ 4 + 2 a'^ 4 - 2 a 


49 gy ig(y-i) 9{y+3) 

2(y + l)(y - 3) “ l6(y - 3)(y -2) 16 (y + 1) (y- 2) 


aa 

St 


c+3(i C'4'2 c{ c+cf 

4(c+d){c+2(i)‘^(c+d)(c+3d)"4(c+2tf){c+3(f) 
5(2& -3) , 1b 12(36+1) 

ll(66»+6-l)‘^6^+76->3'’ll{46*+86+8) 

3 *1 0+26 

8{a+6)"8(o-6)'^4(a!'+6^) 


Changes of Sign in Addition of Fractions. 

239 An algebraical fraction has been defined as the quotient 
obtained bj dmdmg the namerator the denomnator 

Thus — I denotes the division of -o by —b, and the result is 

obtained by dividing o by 6 and prefibung the proper sign , in this 
case + 


Therefore 

-a , a 
r3-+5 

(1> 

Similarly, 

-o a 
b “”6 

(3). 

and 

II 

i 

(3> 
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Bj commnng the light side with the left side of these identities 
respectively, we see that 

(1) If the signs o/both numerator and denominator of a jracUon he 
ehangea, the ngn of the ukde fraction, mil he unchanged 


(2) ff the sign of the numerator alone he changed^ ike sign of the 
lonm fraction mil be (dianged 

(3) If the sign of the denonunator alone he chained, the sign of 
the vhole fraction mU. he changed 

240 When the numerator or denominator is a compound ex- 
pression, the alteration of sign apphes to each term of the expression 

Example 1 

y~x -ty-x) -y+x x-y 

EximrLBZ 

2y 7y %j 2y 

Example 3 Reduce to its lowest tmns 

js-xy 

}f-xy y{y-x) y~x~ x-y ' 


Example 4 Smjltfy -iL + y 

x+a x-a a^-v® 


Here it is endent that the lowest common denominator of the drat 
two fractious IS a?-a^, therefore it will be convement to alter the sign 
of the denominator in the tlmd fraction 

Thus the expressions—^ +-?£- 

^ x+a x-a ar~a- 

a{x-a)+2x{x+a)-a[^-a) 

a?-a? 

ar -a°+2a^+2aa -3ag+a^ 

~ a?-a'* 


EXAMPLES XXL d 


Find the value of 

1 1 , 1 ■ 3g 

l-«-o'*'a-l 1-0* 

S J^_J L 

4-y® y-2 2+y 

i; Jt . 3 1 

o(a-6)^a6^6(6-o)* 


_± 3_ 7* 

l+»"l-x“a?-l 

5 2 .6(1-2) 

3-«.z"3-s^ s*-9“ 

y(p-2)^2y^2(2-y) 


6 



alsebra. 


t(EU?. 


fmdtheTaloeot 

9 


i[z-y] 2(a+y)^^-i? 

U. _i L.+_L 

^ 2(l+a) 2(o-l)^l-«-a^ 
« ^^,fe+lj.4£+2 
a?+a^j?”j' a-x* 

« l-2a^l-2B l-20o» 
l+2» l-2»' 4(1-1 


17. 


j L+J— L 


19 111 ill _i_ A. 

0-2 0+2 4-0^’^2-a 


m s?+l X 1 
r-1 1-X*”x-1 


2o-5 _2 3 

a*-6flT6.^2o-^^3a-o* 


25. 


46t6 J_,36»-8 

T+i5+F“i-ri-5» 


« 3-v 3+v l-% 

*• r^"T+^"9Fi 

4n 5 , 3wi 4— 13w 

i;2i'''SnT5^ 

<p 5 1 X— 2 

“ I^64"5nS"3!?^ 

U , 2o-1 . 2-40 


3-2m,2)»+3, 12 
3T2m^ra^S?^ 


19 _L.-L+JL.J_ 

y+1 4-y l-y y+4 

Oft 8-1 i+1 12 ^ 6 

22 _L+_i— 1+1? 

y^l+l-y« 

oi 8-3a‘ 5o+7 . 2 

^ T^'Sqfi+T+JTI 


26 


0 3b , 1 

(o-x)^ x*+ax-2B*^2«+x 

» 


241 If the 6igD of wdy m of the factors in a product u changed 
th tign of the pndwi at o vkle u altered 

Thus (o-i)((f-e)=(o-J)x{ ~{c-d)) = -{a-b){e-d) 

Is the following example the awlication of this prmaple alters 
the sini of the denominator of ea(m fraction, and therefore the sign 
of eoim fraction must also be changed. 

Examfle. Simplify ■ — 1 — -j.- — L — — i— ^ 
(a-o)(a-c) (b-t;(b-a) (o-s)(o-B) 

Here is finding the L C M of the denominators it mnst be obsorred 
that there are not «x different compound factors to be considered, for 
three of them differ from the other three respeobi el> only m sign 

Thus (a-c)= -(c-B), 

• (b-o)=-(a-b), 

(c-bis-(5-c) 

Hence, rq&ieing the second factor in each denominator h} its eqmralent, 
we may write &e expression in the form 

1 1 1 ‘ (11 

(B-6)(e-o) ^-?)(tt-bj (c-a)(6-c) 
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NoTTtheLCM is (6-c)(c-a)(a-6), 

-(b-c)-(c-a)-(o-6) 

““ (f-cHc-olla-ll 

-b+c-c+g-tt+b 
“ (b-e)(e-a)(a~b) 

=0 

« 

NbTE Id the expression (1) the letters in the seieral factors oconr 
in irliat is knoirn as cydlC ord^t that is, b follows a, e follows b, 
a follows c, ]iist as if the letters were arranged round a circle and the 
letters taken in order lound the circumference 


242 If the sign of each of tu>o factois m a pioduct is changed 
the sign of the product is unalteied , thus 

(o - 1 ) (i - r) = { - (j? - a)}{ - (a - 6) } = (ar - a)(r - 6) 

Similai ly (a - p)®=(i - a)® 

In other woids, in the simplification of fractions we may change 
the sign of each of two factors m a denominator without altering the 
sign (n the fraction , thus 

1 1 
(6-a)(v-b)~(a’-6)(b-c) 


E\axfle 




2x 4x* 
a®+x®'^(x--a®)* 


Here it should be eiident that the first tno denommators gire L C M 
a®'-'i^,whichieadily combines intha®->-a:^ to gireLCM a*-a^ Hence 
it will be conrenient to proceed as follows 


The 


expressions 


a+x-(tt-g) 


2g , 

o®-*® 


_ 2x gr iT? 
~o®- 1? o®+a^’*'(x^-a®)® 


_ 4x* 4** 

_ 4a^a®-a:®)T4af(a®+a;®) 
“ (a-+x®)(o— ay 

8a®T® 


Note It should be observed that, in adding the last two fractions, 

IS wncten factors, (a?-a®)(a?-a®), of 

the denominator are thereby dianged in sign , therefore the sign of the 
fraction as whole is not changed 


B AtG 


o 
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243 The observance of the pimciple of cvdic order is especially 
important m a large class of examples m Which the diffeiences of 
thiee letteis aie involved 

Thus we are observing cyclic ordei when we write h-e, e-o, a-h, 
moving round in order in the direction of the arrows , 
br e-b, 6-a, a~c, moving in the opposite diiection 
We are violating cyclic oraer by the use of arrange- 
ments such as b-c, o-c, o-5, or a-c, b-a, b-c 
It will always be found that the work is rendeied 
diorter and easier by following cyclic oidei fiom the 
beginning, and adhering to it thioughout the siniph- 
fication 



Fmd the value of 


S2AMFLES Xn. e 


1 . 


3. 

5. 

7 

8 


9. 


m 


t 


11 . 


12 . 


13. 


li, 

16 

16 . 


(a+5)(o-2)'^(l-o)(2-o) 
1 , g 

l~c c-3 1 

c-2^c^~(2-c)^ 


a 1 ■ 2 g 

a®+4 

.. 1 . 1 _ 
2*-! 2[x+7i 




a-2 2(a-3) o-4 

(a-3)(«-4)'*’(«»-2)(4-a)’^{2-a)(8-o) 

2.2 11 
(2+5p'‘'(Sr2)5*’a:+2’'2-» 


« ■ ft . c 

(a -b){a-cy(b- e){b - o) ^(c - o)(c-b)' 

* b~c c-g tt-6 

(a-ft){a-c)'^(ft-c)(5-o)'*’(c-o)(c-6) 

l+a 1+y 1+s 


y+g 8+a; g-i-y 

(*- y) (T - g) (y - z) {y -»)’*■ {g - x) (g - y) 

mhar * w*m r^mn 

(m -»)(»»- r) (a ~ r) (n - m) (r - to) (r - »)* 

a+b-e 6+c-o c+a-R 
{a-b){a-‘cy(h-e){b-ay{c-‘a){c-b) 

g+y 1 r+p P+g__ ^ 

(js-y)(a-z) (y-z)(y-x) (g-®)(g-y> 


CHAPTER XXn 

MiscELLAi^ous Fractions, 


244 Defixitiok A fraction \7b1ch contains a fractional expres* 
Bion in its numerator or denommator, or in bo^ of them, is called a 
Complex Fractioii 

a a 
h h 


Thus S, aie complex fractions 

ox C 1 

e "d X 

The above fi actions may also be vntten as follows 

“/? !/'■ -^3- V('-j) 

2^5 An algebiaical fraction has been defined as the result 
obtained by dividing the numeiator bg the denoiiiinator 


Thus 


a 

b_a c_a d_ad 
e~l'~d~l^ c~ be 

d 


24-6 The following special cases should be noted, so that the 
results may be iintten down at sight 


1 . a . b b 

-=1— j;=lX-=- 
a 0 a a 


0 1 , ^ L 

T=sOXr=00 

1 0 1 


Similail}, at once, as m Ait 245 

1 (I — I 


a+ 1 


247 Simplification of Comply Fractions. 


Example 1 Simph/g 


X 

X 

S'* 


The expression 


a:®+o* 


ar*+a= 
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Exjuifix 2 Sm]^tfy 


Ibe’^alue of the fraction Trill sot be altered if we mnltipl; numerator 
and denominator the »me quantity Hence mnltiplying above and 
bdow by 62, rhioh le the L C ]I d the denominatore, we have 

theexpreBsion=-p-^=-p-^ 

_ 3 (*- 4 )( 2 - 2 ) 3 (*- 2 ) 

" (t-4)(y+2) “ 2+2 


a»-y 
V-V a-b 


ExaiiFLES ‘Simplify 

a^"a+b 

The niimetator--^-g^-,-^ 

4(ii 

Similarly the denominator= |^— g j - ^-- gj 
Hence the fiaetiona ; x ■ . - fv -- — 


4oV 


Jo-‘-h)(g-h) _ ct 

^5 




Find the value of 


EXAMPLES m 8 


9 . 


1 

*7 

1 

-i. 

2*” 

3 

2+1 

rnr 

i 

c 

T 

C 


— Z 

V 




r:3 

hi 


1-5 


3 a 


22 5 

Mrsap« 

a 0 

F~a 

6. 

^ a 

Sf"”" 

—0 

a 

7 

• 

tt"3 

1_1 

tt”8 

8 

£! 

2r 



fih h 


f 

X a 


2 y 

*“3a 

rnmmmm 

3a » 

IG 

h e 

— 

U 

0 

2 , a 

12 

r? 

n- 

T-® 


a-i— 

e 


ty 


y”» 
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i-^+l 

a a? 

4 S 
It s 




^-l-■ 


-- 6 +® 

X 

h+L.l 

2^2r 

m l-wi 
Ij-m^ m 
m l-?w 
1+m” m 


1 2 16 

25 
a 

a 

a b 
a+b^a-b 


a~b a+b 


248 The fraction m the folloiring example is called a Continued 
Fiaction, and m cases of this kind \7e begin the work from the 
lowest fraction, and simplify step bj step 

Exahiple Find the xalvt of — ■ ^ l 


The expression = 


\ 3 3(1-®) 

2 - 2 ®+® 2 -* 
1 -® 

1 1 2 -® 

' 8-4j;-3+3g S-r '~6^'x 
2 -® 2 -» 


Find the value of 


EXAMPLES XZn. b. 


1 I-' 


2 . 2 - 


3 (!+• 


4 1 - 


a+6+- 


5. a- 


0-25 


6 ®— 


7. o-' 


8 1 -. 


T+y- 


»+■?: 

X 


2 1 2 1 
5+c 5 , b+e^e u 
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Find the value of 


la 2- 




2 - 


1-af 
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y M. z 
z^y-2z. y a-^ 


[CEAP 


12 . 2 - 


1 +- 


5a 


14. 


2+M3 

^ a+1 


X X 

y =“ y+ — : 


1+: 


r-» 


1 - 


y+of 


249 It IS sometimes convenient to express a fraction in an 
equivalent form, partly integral and partly fractional 

a-2 a-2 a-2 

o fa-2 8(*+S)-16-2 8(»+6)-17 . 17 

T+S 1+6 *+6 “’•J+B 


Exaufub 3 Shew that 


2i?~1x-l 


X-5 


=:2X-1- 


x-3 


Thus 


®-3)2*®-7a,-l(2a:-l 

2a:°-6x 

- x-I 

- g+8 

-4 

2^-7x-l 


Here by actual division we 
obtain 2x-l aa quotient, and 
- 4 as remainder 




250 If the numerator be of lower dimensions than the de- 
nommator, we may still perform the division, and express the lesult 
m a form which is paitly integral and partly fractional 

ExAxaua Prove that j:fr^~2x-6x*+18x®-j'^^ 

By division l+3z^}2v {2 t-6x’+18x* 

2x463^ ' 

-8x* 

-6a!»-18a^ 

18®» 

18»*+64*» 


whenoe the required result follorra 


- 54 ®? 
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Here the division may be earned oq to any number of terms in the 
quotient, and ue can stop at any term we please by annexing to the 
quotient the fraction whose numerator is the remainder last found, and 
whose denominator is the divisor 


Thus, u we earned on the quotient to four terms, we should have 


l-;^^=2a: - - 54*'^+ 


162a? 

l+3a? 


The terms m the quotient may be fractional , thus if is divided 
by 7^-0^, it will be found that the drat four terns of the quotient 

aie and that the lemainder is ~ 


251 Further lUustratiFe examples in fractions 

Example 1 Divide a-+9b"4-- y^4, 6y aT3bT-- ^ g . 

a-'-yo* p-ob 

(a»+g5®)(o«-9&*)+665* (a+3t)(o-36)+1369 

The quotient= ^ 

a*-SW+65h* a-% 

~ a^-W ’*02-96=+ 136® 

_o*-166^ .0-36 
“ d?-W ’‘?+5P 

_ o®-46® 

“ 0+36 

Example* S,r^^y 

Here we see that the L C M of the first two denominators contams 
the factor a? -4, which readily combines with 3?-t-4 to ave a:* -16, 
which again combines with 9?+ 16 to give a? - 256 Hence ue following 
compact arrangement will be found convement 

m. a:+2-(x-2) 

The expression + 

= J— J-+ 

a?-4 a?-‘-4^ 
ae+4-(aS_4). 

“ a?-16 * 

8 , 8 

“ar*-l6 i?+T8 

War* 
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BXAMPLES Xm c 

Express the following fractions in a form partly mtegral and partly 
fractional, as in Art 249 


1 . 

6 . 


a? 4*8 
z+2 

6a;-7 

w-3 


6 . 


ar 4-8 
x-2 

3a; 4*9 
a: 4*2 


3. 

7 


a-7 

04-3 

4x4-12 

IsTT 


8 . 


Prove the foUoeing identities 
9. *^+?::|s2+ 


x4-4'«-4‘ 


a?-16 

3&> 


(a- 6)® a-b 


10 . 

12 


s3- 


afi+x-i 


13. Shew that 


8a;‘-6a;®4-x-16 


a:»4*j;-6 


5x4-31 2x-9 
X4-6 X“6 

X+y V-ry- 

15 


2x4*5 

X4-1 

9x4-6 

3x-2 


11 


Perform the following divisions, giving four terms m the quotient, and 
the remainder at that stage 


14 x-**(l4*x) 
17. l-(l-x)* 


15 (l4-x)-(l-x) 
18 a-(o-ft) 


16 l-(l-*4-a?) 
19. X*— (x4*8). 


20. D.^»+^byx-l+j^ 


2a® 


a, Mdhply *+a.-gj^ ty 2*-.-— 
91 Mdfply by 


252 The followmg Exercise will furnish practice in all 
ocesses connected with fractions 


the 


processes 
« 

EXAMPLES xm d 

Simplify the following fractions 


1 2 , 1 
^ 4a?-r^S+TP 

o x***-y* .. 04-6 (x-y)® 

o®fc4*^ (x-l-y)*” ob 

R a^-7ay4-12y® a:? -Say 4*4^ 

"* a?4-ay-V 


a^4-5x*t-4 

a;*4-4a;®4-6x4*2 

5 1 


24 


2(x 4-1) iO{x-l) 6{2 x4-3) 
fi iX4-lp**-(x-l)» 
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7. 


9. 


10 

12 

13 

14 

16 

18 

19 

20 


21 . 


22 . 


23. 


a^-1 


8 


2 SLt~l 2a»~ 
»-'+a^a?-a!+l a^+i 


a*~b* o»-6» 1 

cP+oF+P ^ (a-Zi)(a>^j ^ (a+&)(a -^2b) (a - 6)(a®-*-6®) 


1 1 ^■*■*+1 « 2a?-17iP*+29x-12 

»-8"»+4'*‘ IT 4x»-36a?+27x+27 



3 .1 .x-2 2{a?+2) 

2(x-l)"2(x+l)'*'j?+l" r*-l 


I-X xVx } 

15 

J. 1 _2 , 

x + l”x x-hl ~ 

^ ‘.1 

* 1-2* ’■■'■i-* 


17 

2yz 

1 

X — 

X 

X^AySrp 

2xy 


d 25 

3c 

■ * # _ k * 



(a-6)(a-c) (&-c)(6-a) (c-a)(c-6) 


2!g»-17x+21 2x®-llg+12 5ag-23x+12 
15a^'-»-16x-15 3r^”10x-26’^ a?-2a,-35 

x^-(y-gp ■ y®-(g-g)® (a-y)®-g® 
(s+x)*-y®'*'(a+y)-’-s® (y+gj'-a? 

(x+y)®+(g-y)® x*-y* 

(x+y)r-(a-y)-”2iy(x-y) 

a^+3aP+5x+ld x*+a^+3rr+x~2 
r* + 2r* + fix + 10 ^ x* + 2x® + 4x - 4* 


X 


1 + 


X 


1 -X-*- 


a 

lA® 


l+3x+3x-+2x^ 




25. 


x+y a^+i^ 1 ^ 
a,-y~’a?»-y® y"a 
x+y , x-»+y “a*-y°* 
x-y x®-y® 


•217 


24. 
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80. 


32 


_1 1 1 ^ 

6»-2”2(a!-^)~l-3a! 

-l^+±.+-L- 

(T^ l-aS^(l+a)J 
(j;-y) 4 -gy(a-y)«- 2 a.V 

(a-y)(ie^- 2 />)+ 2 ieV 


27 *+2 4 2 

9V»-6 3 j ti 

„ (a*.ar)»~(a^-.2)* 

® (a:-l)(;f+l)('i!i-2)» 

,1 -ts-l '«»+l 2£* 

!B*+l^a*-l i^+a^+r 


a‘ l» 
P“o* 




■ ij 
5 “o 


3 2e+15 2 18(2c^l6) 

26-3"4flH9"2c+3‘^ Sl-iec* 


34 




r+ 2 »mj'’(?n' 


w+b/ 


J 


36 


37 


1+ 


l+3”l+o 

(I-alU-ft) 


*+ 2 - 


33 


S+5 


*+4- 


{l+a)|l+6) 

(ttc+6d)*-(a(f-f5c)* [ae-i-hif+[ad+icf 
(o-6){c“<i) ” (o+t){c+d) 

3.1 1-* 'S 

8(l-r)'’'8(l+«)~4(l+A^'‘4(?^ 

I 3 


ib+4 

T-X p 

»+2 = »+4 — 75 

®+6 »-^4 


W- 


•■ 5*3 



43 Shew that 

, .,*+ 2 a.»- 2 a. 4db _t ' 

44. Pmd the telue of ^+a+;+5C4p' *=5+? 
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Haboeb Equations and Problems 


263 Iv solving some fractional equations it is convenient to 
clear of fractions in tieo oi more steps, instead of multiplymg at 
once by the L C M of all the denominators 


Ezaufle 



x+10 

21 



9x+6 

35 


Multiplying throughout by 8, we have 


2*- 14+— 757— +8=6a:-7 


transposing, 


8a;+80 

21 


21 
722+48 
35 


=3*-l 


72a ->-48 

35 ' 


To clear of fractions we multiply by 3x7x5, or 105 
Thus 40i+400+216»+144=315»-105, 

544+105=3151-2662, 
649 = 692 , 

2=11 


264 The following examples explain how to deal with equations 
which contain fractions whose denominators involve the unknown 
quantity 

Example 1 Solie 

2\+7 x+5 

The L 0 M of the denominators is (2x+7)(x+5), and by multipljmg 
both sides of the equation by this expression we have 

(6i -SK! c+ 6)=»(32 - 2)(22 +7), 
or 62S+272- 16=625+172-14, 

10r=l , 



Note It will be obsened that the first step of the aboie solution is 
obtained by mvlltplymq tht numerator on the hy (ht dmmxmtm on 
(ht rtqhtj and the mimeraim on the right by the denominator on the left 
This procpss is called mvlujfying across, and can always be direcUy 
applied to equations which can be reduced to the form in which the 
aoove example is given 
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When two or more fractions have the saihe iTunniwinnfatr they 
shottld be taken together and simphfied. 

.Example 2 Solve 


X“! 


4-x x-2 


By transpoffltion, we have 


8*-49.,.._28-{24-6»). 

3-&e _ 4+5g 
4“» ~ «~2 

Multiplying across, we have 

3* - 6a? - 6 + 10* = 16 - 4* + 2(te ■>. . 

that IS, -3g=:l^, 

22 • 


x= - 


3 


Example 3 iSMtw JLlA^£zis;^l4+^^ 
x-10 x-6 x-7 x-9 

Here the LGM of the denominators is (*‘‘10)(g-6)(g’‘7)(g'‘9), 
and if we were to dear of fractions by multipl ying hy thu n^ wwmnn 
the work would be very laborious The folh>wmg method greatly 


The equation may be wntten m the form 

(g- 10)+2 (g~6)+2 _ <g~7)-f2 (tc-91+2 

g-10 g-6 "" g-7 x-9 * 


whence we have 


which gives 
Transposing, 


L+J_ 

g-10 g-6 g-7 g-9 

J 1_ _ Jl 1_ 

' g-10 g-7 g“9 g-6 


(11 


g-7-{*-10) g-6-(g-91 
{g-lp)(g-7)”(g-9)(g-6}» 

or "S 8 

p (g-10)(g-7)’'(g-9)(*-6)‘ 

' Hence, smoe the two fractions are equal and their numerators are 
. equal, their denominators must also be equal , 

that 18 , (g-10)(g-7)=(g-9)(g-6), 

g8-17g+70=a?-16*+64. 

16=2g, 
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If at the stage marked (1) we had simplified tnthout tran^osiiion 
we should have Stained 


2®- 16 2®- 16 
(®-10){a-6)“(®-7){»-9)’ 

or (2c-16)(®-7)('B-9)=(2a;-16)(»-10)(a-6) (1) 

If 2x - 16 IS not equal to O, we maj divide by this factor, m which case 
a?-16®-*-63=x®-16*+60, (2) 

which IS an impossible result 
Hence we conolude tint 2®- 16 must be equal to 0, 
whence ®=8, as before 


Example 4 Sohe 

s-13 ^v-7 x-14 ^ x-6 


Wo have 








aj-13 r-7 ®-14 ®-6 

Simplifying each side separatel} we ha%e 

2®-20 2®-20 
r^2bi^W*a3_20®+84 ’ 

whence either 2®-S0^0, m which case ®=:10, 

or a?-20®+91=ir*-20r+84, which is impossible 


Note It will now be seen that when the two sides of a stmjpfe 
equation haie a common factor contaimng the unknown, the equation 
can be sohed at once by removmg this factor and equating it to zero 


256 In Alt 106 it was explained how, by means of the funda- 
mental axioms of addition, subtraction, multiplication, and division, 
we ainve at the solution of an equation by a senes of operations 
which change the foim of the equation step by step until the un- 
known stands alone on one side of the equation with the answer 
on the other It is impoitant that each opeiation should lead to an 
equiialent equatior, that is, one whidi is satisfied by the s^me \alue 
or values of the unknown as the onginal equation, and by no others 
lliis general result will always be secured if oui transformations are 
such that we ran legitimately work back from the answei, leveismg 
every step mthout fallacv, until we arrive at the original equation 
Any step which is not thus strictly reversible requires special exami- 
nation, foi It may mus a solvUon, or, on the other hand, it may 
xAtrodiice ati exttaneous talue of the unl'notcn which does not sattsfy 
the onginal cqi'ation 
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266 The condusioxu of dhe preceding article may be lUuetrated 
as follows 


(i) In the second sdution of Example 3 we have seen that equating 
the factor 2a; - 16 to zero we obtain the solution of the equation, viz a:s8 
But if we attempt to simphfy by dividing both sides of the equation by 
2a;- 16, we mtse thta eoluhon, and the resultmg equation is not an egta 
valent one The step from (1) to (2) » not reversible because 2a;- 16 
IS in reabty a zero /aetor which cannot be legitimately used either in 
multiphcation or division 




(ii) Consider the equation 

aj»-2a;-12 

^ ai*-4 ^ar-2‘ 

Multiplymg throughout by 3(a;‘-4), or 3(a,+2)(x-2), we have 
8(a?-2af-12)+9(»+2)=4a;®-16, . 

which reduces to a:‘-3x+2=0, 


( 1 ) 

( 2 ) 


or (x-l)(a?-2)=s0 

It IS readily seen that xssl satisfies the equation, but if we substitute 
2 for X we get - attached any 
meanings to expressions like this result is unmtelhgible, and 

x~2 cannot be accepted as a solution of the equation 

The step from (1) to (2) was obtained by usmg 3(x+2)(x-2) as a 
multipher, tohtch te not a legtttmaie operation ^ x-2 w equal to 0 In 
other words, when x has the value 2, this stop is not reversible, for the 
derived equation is not equivalent to the original equation Equation (2) 
contains the correct solution of equation U), but it also contains as 
ex/raneou8 solution loAicA does not eattefy equation (1) 


We may amve at the same conclusion as follows 
Simplifying the first side of the given equation, we have 
a?-2»-12+3(»+2) !b®+w-6 (x+3)(x-2) 

*3-4 " a?-4 ’-(r+2)(«-2) 

If we divide numerator and denomuiator by x-2, the equation 
reduces to 

®+S 4 , , 

whence x=*l 

But this division by x-2 is only legitimate os long as x-2 ts no^ 
to 0 

Hence xs:2 is not a solution 


257 If in the course of simplification we multiply or divide 
every term of an equation by any constant factor, the step will 
dearly be reversible , but from die forewing examples we condude 
that multiplication or division is not alwavs a reversible prMess 
when the operating factor contains the unknown quantity whose 
value we are seeking 
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EXAMPLES XXm. a. 

Solve the equations 

1 3a:-2 ^ 13a:-3_5a;-12 2-5a; 

8 27 " 18 4 


3. 


3-15r 6~5x 7z-l 4+13i z 


4. X- 


3 4 “ 3 22 2 

4x-7 1. .._2a.-l 4-5x 

Si 3 ■ 38 


5 

8 

11 

13 

15 

16 


2 


1 


3»-l“5r-ll 

3^ 5 
5+8r 47-6® 

1 5®-5 6i+7 

12''‘12®-‘-8"9t+6 

®-3 2a -1 5i -1 
10 


6 

9 


3x-*-4”5(®-3) 

3z-«-16®-7 
x-5 ~2a?+l 


7 

10 


32 


r+1 r-3 


2a,- 1 2(a,-4) 
2r-3 21-8® 


-0 


_Lx 3 =_ 

®-2 X x-4 


X--2 7-4® 

5 


= 0 . 


2 ■^ 8 *t 2 ’ 


-ll 


8r'^57 15-2® 2(®J-2l . ^ 

14. 


ox- 17. 2r- 11 23_3®-7 
13 -4x 14 "42* 21 

» ‘ 


3 1 •>! 1 

^“TT3“r^“3i^ [S'wnjjft^CttcAwofeeepotiaWy] 


17. 

1 1 _ 3 1 

3®t12'^8{t**-4) 2t+10 ®+6 



18 

1 1 _ 1 1 

19 

J 1__J ^ 

®-10 x-5 ®-7 «-2 

®-6~®-3 x-5~®-2 

20 

x-o ®-6_®-l ®-2 

-.f 

‘21 

®^8 , g+4_ t+ 9 g-3 

®-6 ®-7”®-2 ®-3 

i-‘'9 ®+5 ®+10 ®+4 

22 

®-2 ®-3_«-l ®-4 

23 

® .9-®_a+l 8-® 

®-3^®-4 ®-2 ®-5 

r-2 7 -®~t-1'”6-* 

24. 

3®+36_5t-r 17 

25 

17® - 54 _ 17® -87 

®-*-7 ~ ®+3 

jr-3 “ a;-g 

28 

4x-3 3r-8 7xT2 

27. 

5®-l .3g-5_8®-19 

AU 

a;-i ar-3 ” ® 

® ®-l ®-2 

28. 

2®-27.®-7..®-12 2r-17 
®-14 ®-8 ®-13 ®-9 

29. 

®“-7®+10 a!®+3®-10 
a?-7®+12~ ii?+3*' S' 

30 

5®-21 8*-10 6»-23 Gt-S 



2®-3 “ 2®-7 ^ »-l 
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Equations with Literal Coefficients 

258 All the equations hitherto discussed have had mihmcal 
quantities as coefficients When an equation involves hteial co* 
efficients it must be remembered that they represent Lnom guonMiet, 
and vrill appear in the solution 


Example 1 Sdw m(%-2D)=:n(n-x)*)‘m’ 
Removing braoketa, mx-2mn-n*-nx+m^ , 
transposing, }na;+tu:=m*+2m»+n*, 

that IS, «(»»+n)=(»»+»)*, 

xssm+n 


Exahtle 2 Solve 


a b _ a~b 
x-a x-b^x-o 


Siiuplifymg the left side, Me have 

a{x-b)^h{x-a) _ a-h 
{x-a){x-b) “"a-c* 


that 18 , 
or 


aa-oft-ba+ah tt~5 
(a;-a)(a-A) ”»-c’ » 
{a~b)x a-b 
(a-o){*-6)~a-o' 


Multiplymg across, 
or 


X ^ 

(z-o)(v-6)”»“C 

a? - c»= a? - 0 * - 6x + ob, 
ax+bx’-exsiab, 


(o+6-c)x=;a6. 


ob 


a+b-c 


Example 3 Fknd the vSlves of x which satitfy the eqnatum 

x3-6a\=b»-9a“ 

This IS a quadratic, and may bo solved os in Art 202 
By transposition, a?-6B»+9a®-b*=0, 
that 18 , (*-3a)*- b*s=0, 

or (z-3a-b)(»-3a+b)=0, 

either z-.3a-bs:0, vrhenoe x=3a+b, 
o> x-3a+b=0, whence z=:3a-b 
Thus the reqnircd roots aro 3a->>b, and 3a-b 

Notf It IB important to remember that the equation must he ex* 
presses in its simplest form, with all the terms on one side, before 
solution by means oi factors is attempted 
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EXAMPLES rrm b 

Solve the foUoraig equations * 

1, cx-*-t®s=o®-bx 2 af-o®s:(2o-a:)® 

3. Ca-6)lr-c)^(o-6)(r-c) 4 (*-^&)(fc+6)=(3r-5)(B-5j 

5 (r— a)(ar-*-a+6)=(*+6)(***-3o) 

6 . (5J-c)(a:-a)-(c+a)(a:'6)=(o+6)(ar-c) 

7, (tt ~6)(*+a ~6) -rlo -6)(x -o -b)s=2a(2c - x) 


s. 

(o-g)(6-g)s=(o-6-g)(a 

i"^b-x)+o' 

• 


9. 

(p-i-g-g)(p-g-g)+(p- 

*)(S+af)+p^=0 


10.* 

(erg - b) (bg-*-a) SB (6x® - a) 

n 

n(ffT*) 

-pn=;(g+g)- 

12. 

i*-o x-h o-i-3g 2g- 

^ 13 

a -a . 2o~g 3o-g 

2 3 “ S 2 

# 

a ' 

2b 3o 

14. 

glg+irlJ-lCg-nlsilar 

1* 

>4iB)+g(2g-n) 


15 

g g g 

16 

g-B . X 


be <10 ab'*^ ‘ ‘ ^ 

B 

b ^ c 

17. 

g-a x-b_, 

g-f-gjSL.B 

bx 

’a+b 

19 

g-c 

20 

g-tp g+g (p-^g)* 

21 

g 

t i 

p-g- pJ-qS 

grb-o 

a+b-c * 

99 

6r-a 3x+b 

9^ 

7a -X 

, 3g-da 

ZCm 

4g-b"2gJ-o 


b-3o 



a?+c 


24 


i-6t r-ca z-db 
— — — 


=2{a+6-«-c) 


9*? c~6 

»i-6'’e-6 "a-pb 

M g-t+d g _ 2c(g’>c-d) . 

c-jj ”c-*-d c*-rf- 

Solve the folloiving qn'idraturequations 
S3 SjrJ-gtrg-fJaSsO 29 g®J-eob=2ag-35g 

SO. iLf®— 2r'gsrg—n»n 31 g®-4d®=c(2g-c) 

^-,-±-=1 33 -5- 

JX'-sc 2r-c c 
o Sf _ 1 


S2 


g-2a g~o a 


SI. 


g-p gT 2 p“in 
II XL'" 


«- g 4 d 4o 
erf d tx da 
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269 Exaiiflb 1 Sake ihe eq^totis 

p(X'-p)-q(y+q)-2^+q* 

At H # 

After sunphfioation these egoafoons may be wntten 

gr+pyspg, (1) 2Wj“-gy=3p*+2g® (2) 

To eliimnate y, multiply ( 1 ) by g and (2) by p , 
thus g^+pgy=pg*, 

pi*a!-pgysa3p*+2pg* 

By addition, (ji/‘+g“)a=^+ 3 p 3 ®-^(p^+g’), 

«“Sp 

Substituting this value of x in ( 1 ), vie obtain ya - 2 g 

Zn the following example the cc^oients m the first equation are a, b, 
and e , in the second equation th$ coeffioients of corresponding terms are 
the same letters distinguished ter oocmits, namely a, h', and e' (read 
*'a dash,'* "b dash," “e dash") There is no necessary connection 
between the values of a and a', which are os different as p and q in the 
preceding example , but the notation here first introduced is convenient 
as it aids the eye m recognising letters which have a common property 
Thus a, a' have a common property as being coefficients of r , b, b' as 


Sometimes instead of accents letters are used with a numenoal a/i0x, 
such as Oi, Os, 03 , hi, b^, bj, etc (read "a one," “a two," “a tlire^" etc ) 

ExasifIiB 2 Solve the eqiiatvm 

ax+by+o= 0 , ( 1 ) 

a'x+b'y+c '=0 ( 2 ) 

Multiplying (1) by V, and (2) by b, we have 

ab'»+bb'y= -b'c, 
o'b«+bb'y= - be', 

by subtraction, (ab' - a'b)xs=bc' - b'c , 

( 3 ) 

^'-o'b 

Again, multiplying (1) by o', and by a, we have 

aa'x+a'bya -a'c, 
oa'ie+ab’ys-oc', 

subtraction, (a'b - ab')y=ac' - o'c , 

oC'-o'c 

^“o'b-ab'* 

or, chan ging signs m the terms of the denominator so as to have the 
same denominator as in (3), 

o'c“Oc' , „ be' -b'c 

*'*55^' **55^ 
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260 Since every linear equation in two unknowns, x and y, can 
by suitable reduction be expressed m the form ax+hy^-c^Q^ the 
values of x and y found in the last example may be used as formulte 
for wntmg down the solution of other simultaneous equations 

Thus, to solve the equations z+2y3:13, 3x+y=14, wa may put asl, 
6=2, c= - 13 , a'=3, V=l, c'= - 14 

6c'-5'c 2(-14)-l(-13) -15 „ 

*“a6'-a'6“ lxl-3x2 "-6"**’ 

, a'c-ac'_3(-13)-l(-14)_ 

lxl-3x2 “-6"° 


PTAMPT.BS 


.♦:eii 


C. 


Solve the equations 

1 ax+tn/=:l, 
ax-by=m 

4 2ba;-ay=a6, 
bx+2ay=3ah 

7, cx+<Zy=c?+crf, 
dx+cy=cd+^ 


10 5 +^= 2 . 

a b 

ax+ii®=a®+6y 


13 




X 

c~d 



2 aa;+6y=a?+a6, 
x-{-y=2a 

5 ax+6y=2a6, 
bx-ay=lP-a^ 

8 <te-cy=tP, 
(c-dl)«+dy=(? 

U £.+X-_L 

20^26 '■a+6’ 
ax-by=a-b 

iA x-a v-b 

U - 2 -+V=“' 


3 S6x+ay=5a6, 
ay-bxssab 

6 a(x-a)=5(y-o), 
6 (x+ 6 )=B(y+ 6 ). 

9 5x-3)y+g®=0, 

[p+g)x+gyssj^. 

12 lx+my=n, 
I'x+m'yssn' 

16 axx-6iy=(^, 


16 (aS+l®)(x-l)=o6(2x-y), 

4r=y+2 


17 m(x+y)+n(x-y)=2Bwi, 
m{x+y)-n[x-y)=mn. 


18. f+j=a. It 


• 

^+”L^b 

X y 

px+qy=r 

i-r‘ 

21 

2®-6_2yJ-a_3a;+y 
o "" 5 “a-*-® 

22. 

qx+py ^"gz+py 

23. 

a+a , 6 

*'=“2“ ■‘■ 3 ’ 

24. 

8-a y-6_ 
c-o+c-6“‘* 




x+g ^ y-e 0 


23 c o-6"c 
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261. Example 1 A mem can vsdkfrtm A A; B and hacl tn a ceriam 
tvm M 4 miles an hour Ifhe UKUkt Z mdea an Jmrjrom A to B, and 
rtiuma at 5 mdee an hour, he takes 10 mmates longer for ^ douhte 
ynumey* Find the duAameefrom Au>B 

Let X be the distance in miles from A to B 

At 4 miles per hour he mil go and return in ~ hours, or | hours 


At 3 „ 

U 

„ from A to B in 

X 

3 ” 

and at 5 „ 

31 

„ „ B to A in 

X 

B " 

Hence 

• 

X X X 1 

or 


lOx+Bx-lBx+B, 




xt=B 



Ihus the distance from A to B is 5 miles 


Example 2 Dtmdt £720 into two pants such tiiat, fthep are put oat 
to interest 3|^ % and 6 % re^p&iltvelff, they may toge&er yield the same 
annual income as f the whde were invested ati^% 

Let « be the number of pounds invested at 3|%, then IfSl-x is the 
number invested at 6 % 

The interest on £9 for 1 year at % is 

„ ,.£(720-t)„ 1 „ 6% iB£(^2^^)i® 

and,, „ £720 „ 1 4|% is £??5^ 


II 

„£(720-t)„ 

and,, 

„ £720 „ 

Hence 

“loT 


or 

whence 


^+3600 - 6a:=^~. 


whence 7«+7200-10i;=6480; 

3xA720, 

* »s240 

Thus the required mvestments are £240 at 3^ % and £430 at B %. 

The follomng solution, by the use of two unknowns, is shghtly 
simpler than the above 

Let £a; be invested at 3? % and £y at 5 % Then »+y=720 (1) 

S3a wKenoe 7.+Mr=8«0 W 

100 100 100 * 

From (1) and (2) we obtam «-240, y-480 



xaii] 


HABDER PROBLEMS 


229 


E}au!FiiE 3 A ffioeer bupa ^ Ib^ of tea and 30 Iba of coffee for 
£6 2a 6d By aeUtng the coffee at a loaa of 5 per cent , and the tea at a 
gattt of 10 per cent , he malea a prcfft of ^ ^ , what vna the pnme coat 
of tea and coffee per lb * 


Let the pnce per lb of tea and coffee be represented by x shillings and 
y shillings respeotiTely , 

then the total pnme cost \ia8 (2aa;+30y) sbilTingB 
Therefore 25s; +30y =1027, 

\ihich reduces to 10a;+ 12^=41 (1) 

The gam upon the tea is x 25a; shillings, and the 
loss upon the coffee is ^ x 30y shillmgs , 

thus the net gam is shillmgs 


5x 3y 
2 "2 


=4l 


uhloh reduces to 10z-6y=17 , {2) 

From (1) and (2) we get x=2^, 

Thus the tea cost 2s 6d per lb , and the coffee 1* 4d per lb 


Example 4 A man buya orangea (UM a down, and tmce aa many at 
lid a acore, he aella the whde of them at 8d a dmeti, and makea a profit 
of Sa How many orangea did he buy ^ 

Let X denote the number he bought at 12 for 6d , then 2x is the 
number he bought at 20 for lid 

The coat pnce, m pence, of x at 12 for 6d =x ^ or ^ ; 
and „ „ 2a; at 20 for lid =2a; ^ or ^ 


( X ll;c\ 

2+JqJ pence, 

and the aelltny pnce of 3a; at 12 for Sd s=^3x pence, or 2z pence 
Therefore the gain=^^- pence 

Hence ‘ 2a;-(|+^)=60, 


or 




I 


that IS, 


20x - 5x - llx=600 , 
4x=600, 
x=160 


Thus he bought 150 at 6d a dozen, and the total number of oiai^s 
was 3x, or 450 
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EXAMPLES nm. d. 

1, A nan can walk from A to B and back m a oertain tune at the 
rate of 4 miles an hour , if be walks 3| miles on hour from A to B, and 
4^ miles an boor from B to A, be requires minutes longer for the 
double journey what is tbe distance from A to B’ 

2 A oniisar sailing at the rate of 10 miles an hour disooven a ship 
18 miles off running from her at the rate of 8 miles an hour , how many 
miles can the ship nm before she is overtaken * 

3 B has S miles start of A, but travels at the rate of only 3 miles an 
hour, while A travels at the rate of 4| miles an hour, wheio will A 
overtake S, and bow long wiQ ho take to do it ’ 

4 A boy walks to school at the »te of 3? miles an hour, and » one 
minute late , if he had walked at the rate of 3^ miles per hour he would 
have been 3 minutes late , find the distance to Uie sehool 

6, A boy walks to scbool at the rate of 3| miles per hour, and is 
4 minutes late , the next day he inoreasos his paw by a quarter of a mile 
per hour, and is 2 minutes late find the disUnee to the school 

6 A bioyehst can nde from A to B and back in a oertain time ^ an 
average rate of 10 miles on hour If he aero to nde from A to B at 
8 miles an hour, and retuni at 12 miles on hour, ho would lose half an hour 
on the double journey Find the distance from A to B 

7, A cyclist, whose average speed is 10 miles an hour, sets out to 
nde from A to B , at the same time his fnend, whose aiciage speed » 
8 miles an hour, sets out to nde from B to A If thiy meet 4 miles bom 
half-way, how for is it from A to B * 

8 Diiide £55S so that by investing put of it at 4 and the 
temunder at S ^ the total income prodnecd may bo £23 10s 

i/ fl, I iniest £720 paitly at 3JJ and partly at 5X, theieby obtwning 
the same income as if I hod invested the whole at 3^ % ‘Sum much did 
I invest at ueb rate’ 

10 A petaon buys 20 yards of clotli and 25 yards of cuivos for 
£1 17s 6a By selling the cloth at a gam of 15 % and the canvas at a 
gun of 20 K ho clears w 3d , find the price of each per yard 

11 A dealer spends £760 m buying horses at £24 each and cows at 
£20 each , through disease he loses 20% of the homes and 16% m^e 
cows By selhng tlie remaining animals at cost price bo receives £628 , 
find how many of each he bought 

12, An income of £180 is denved pu tly from money mvested ®t Sy X 
per annum, and partly from money invested at 3% jet annum, if the 
investments were interchanged tlie income would bo £165 How muen 
IS invested at each rate’ 

13, A grocer buys 16 lbs of figs and 28 lbs of currants for £1 * 

by selling the figs at a loss of 10 %, and the ennunts at a gun of 30 %, a® 
cfwrs & fid on bis outlay , how much per pound did ho pay lor eaon i 
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14. A man bonght a number of eggs at three for twopence, and three 
times as many at two for three hal^enee, if ho gams half a crown by 
selling them lul at tenpeuce a dozen, how many did he buy * 

15 A man buys oranges at sixpence a dozen, and an equal number at 
ninepence a score , he sells them at ninepence a dozen, and makes a profit 
of Ss Qd how many oranges did he ba\ * 

16 I bought a certain number of apples at three a penny , I kept one 
sixth of them, and sold the rest at ^o a pennj, ana gamed a pexmy 
how manj did I buy* 

17 A man bujs 3 horses and 7 sheep for £100 , he sells the horses at 
profit of 8 %, and the sheep at a profit of 12 % , his whole gam is £8 148 
What price did he pay for a sheep ’ 

18 On a tour a man spends £3 lOs more on railway fares than on 
hotels, and the hotels cost £2 lOs less than all other expenses If the ^ 
whole cost IS £48, what did he spend on railway fares * 

19 The profits of a business were £150 m the first year, and half as 
much m the second jear as m the third In the fourth 3 ear the; were 
three times as much as in the first two jears together Ime total profit 
m all four rears was half os much again as m the first and fobrth years 
together 'Find the total profit 

262 EXaMPUB. a certain mmhef of persons paid a bill, \f there 
had been 12 ftiur each woidd hate paid Is fid more, ^ there had been 
8 mm e each widd have paid 6d less find ike number of persons and what 
each had to pay 

Suppose there were x persons and that each paid y shillings 

Then the total number of shilhngs paid is x y 

If (t- 12} persons paid (y-*- H) shilhngs each, 

the total number of shilhngs paid=:(x- 12 )(y-M|) ; 


and if (x-*- 8 ) persons paid (y- 7 ) shilhnp each, 

the total number of shiUmp paid=(x+ 8 )(y-'^) 
Xow all these expressions for the total sum paid must be equal ; 


therefore 

ay=s(»- 12 )(y+U), 

( 1 ) 

and 

a^r=(r+ 8 )(y-^) 

( 2 ) 

From (1), 

ay =xy T 1 j* - 12 y - 18 , 


that IS, 

3x-24y=S6, 

a 

or 

a:-Sysl2 

(3) 

From (2), 

37 

ay=ay-^J-8y-4; 


that IS, 

x-16yss-8 

.. . (4} 


By combmmg (3) and (4) we find that x=32, y=2^ 
Thus there were 32 persons and each paid 28 fid 
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263 The following problem illuetrates how a solution may be 
Bometunes neatly effect by the introduction of an auioliaiy ^mbol 
which will diTide out in the course of tiie woik 


Example! An express Imnng 9 at Z pm teadhes Q at 6 jo m , a 
elm train leamng Q at 1 30 ^ flt aurms ai P taZpm , \f loth tram 
are supposed to Uuvd at a lui^orm speed, find the time when uiepw^ meet 

Let X be the number of hours after 3, 

and let a be the number of miles from P to Q 


The express goes a miles in 3 horns, that is, ^ mi per hr 

3 rt 2 a 

The slow tram goes a miles in hours, that is, ^ or ~ mi per hr 

a ^ 

Thus in X hours the expiess has gone miles, and the slow tram, 

. ® 2a 

starting hours oarher, has in (a 4-1^) hours gone (a;+I-|)x-^ miles 

But when the trains meet the whole distance has been oorered , hence 

<**•. 2 ®/ .111 
-g-+-g-(af+lj)=o, 

w |+^+gs=l, whence assl| 

That IB, the trams meet 1 hr«12 min after 3, orat 4 12p m 


BE:Ai!rpT.BS TYm* e 

1 A tram tiavelled a oertam distance at a uniform rate Had the 
speed been 6 miles an houi more, the journey would have oconpied 
4 hours less , and hod the ^eed been 6 miles an hour less, the journey 
woidd have ocoupied 6 hours more Find the distance 

2 A oertam number of penons paid a bill , if there had been 10 more, 
each would have paid la 1^, if there bad been 6 feaer, each would 
have paid Is more find the number of persons, and what each had to 
pay 

3 A oertam subscription is raised m a boys’ school , bad each boy 
given a penny less, the money would h^ been obtained from 20 more, 
and if each had given 2d more, from 25 fewer subscribers How many 
oontnbutors were there, and what did each give^ 

4 If the breadth of a oertam rectangle were increased by 5 yds , 
and its length diminished 10 yds , its area would he increased by 
200 sq yds , whilst if its breadth were diminished by 5 yds , aiuHts 
length increased % 15 yds , its area would he decreased by 75 sq yds 
T'^t are its lengw and breadth ^ 

5, A sum of money is to be divided equally among a oertam nui^ier 
of teys If there were 3 fewer, each would receive exactly 2s , and it 
there were 2 more, each would get only Is Od. HoW much money is 
there for division, and how many boys are to sfaare it 7 
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6 At 7 40 a m the ordinaiy ttam starts from Normch and reaches 
London at 11 40 a m , the express Trhich starts from London at 9 a m 
amres at Norwich at 11 40 a m if both trains travel at a uniform 
speed, find the tune when they meet 

7 A can mn 50 yards whilst B mns 45 yards if B has 5 minutes 
start m a race, what time will A take to get level with 

*8 A boy starts from home and walks to school at the rate of 11 yards 
in 9 seconds, and is 1 minute late, if he had walked at the rate of 
22 yards in 15 seconds he would have been half a nunnie too soon find 
the distance to the< school 

A man has a number of coins which he tnes to arrange in the 
form of a sohd square ; on the first attempt he has 116 oier, and when 
he mcteases the side of tiie square by three coins he wants 25 to complete 
the square how many coins has he ’ 

40 A man has 81 coins, sdme of them crowns and the rest shillings , 
if he exchanged each crown for a flonn and each shilhng for a half-crown 
he wonld neither gam nor lose how many orowns has he * 

11 After a repulse a general found that only 5400 men more than 
half of his former force were fit for service, as 400 more than one fifth 
were wounded, and 500 more than one eighth were killed, missing, or 
prisoners what was his force before the battle * 

12 A box of oranges cap be divided so that half the bo} s in a school 
will have 3 each, the other half 2 each, and there will lie 25 over; if 
all the hon but 45 had been given 3 oranros each, the rest could have 
had 2 each, and there would have been 10 left over how many oranges 
were there in the box * 

13 With a capital of £415 invested partly at 2^ per cent and parti} 
at 4 per cent an income of £14 10s is secured. How is the money 
divided* 

14. A person swimming m a stream which runs I 3 miles per hour 
finds that it takes him five times as long to swim a mile up stream as it 
does to swim the same distance down at what rate does he swim* 

15 Three trams A, B, G travel on the railway from Bristol to Hull, 
a distance of 220 miles, at the rate of 25, 20, 30 miles per hour respec- 
tively ; A and B leave Bristol at 7 a m and 8 15 a m respective!}, and 
0 leaves Hall at 10 30 a ro when and w here will A be equidistant from 
B and G* 

16 A man expected to receive on a certain day 300 tons of coal at a 
cost of 128 per ton , this he had contracted to sell at ISs per ton He 
only received part of the coal, and had to bay the rest at 198 per ton to 
complete his contract He gamed £21 less than he had expected How 
many tons did he get at 12$ per ton * 

17. A man travels a certam distance, and finds that if he had gone 
one more Tn i 1 « per honr, he wonld have saved an hour and a half , bnt 
that, if he had gone slower than he did by half a mile an hour, he would 
have taken one hour longer Bind the distance and bis rate 
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A 


1. Resolve mto two or more factors 

K (i) (u) l?y*-30!y+12; 

4 (m) 2i»«+m®-l+n®, (iv) *+3y+a?+27j>* 

^2. FmdtheHCF andLOM of 

3a^4-aB-10, 6a^-x-15, 6a5*-19»+16 

3. Find, by inspeotioiij mlaes of x which satisfy the fbUowiqg 
CQuations 

(i) (x+7)(*-3)s=0, (ii) a?+8»s=0{ 

(ill) a? -25-0; (iv) 2ac^s3x. 


/I. 


5 . 


Simphfy 


Solve 





l-a\ / a 
a /■^U+o 



2 a®(a*+c*j 4 c(?‘(c-a)^ 4 «^(tt+c)’ 
(.) ^(iSt+7)-^(s»-|)=9, 


2as+6_y+4_ac+2y+9 
' ' 3-2 6 


6 , 1 bought a certain number of articles at 7 for 6 d ; if they fasd 
been 13 for Is I should Iiavo spent 6 d more how many did 1 buy? 

7 , Expand tbe product ( 2 -a?+a^- 3 x*){ 4 - 23 ?+ 8 ®*) as for as the 
term which involves a* 


B 

8 Simplify 6 (y+l)*-ll(y+l)®+ 10 (y+l )-2 
9 . Using Detached Coefficients, 

( 1 ) divide «*- 7 a*- 2»+12 by a^+x+2, 

( 11 } find the H C F of 

2 a^+ 6 js*+ 3 a?- 7«-3 and 2 x*- 4 a^+ 7 *®-n *-6 

10 . Write down the square of 2 n- 1 . Hence shew that the square of 
my odd integer when divided by 8 leaves a remainder 1 

IL Simplify 

(x+l)(a^+*- 12 )(a*-»- 12 ) 

- (*- l){a?+ 7 x+ 12 ){fl?- 7 a+ 12 ). 
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]2, Write dcnni*the factors of 2a"-l-13a+15 Hence shew that the 
graph of the equation 

2(»-2y)®+13{*-2y)+16=0 
eonsists of two parallel stiaight lines 

13 Solve the equations 

6a; + 4y - 2: - 5 = 3a; - 2y + 4z-i- 10=5x - 2y + & + 13 = 0 

14 A man buys oianges at the rate of p for a shilling, and 1^ selling 
them at q pence a dozen makes a profit of r per cent Shew that 

2Spg-36r=3600 


0 

15. Draw the graphs of 3 - 2a; and 3a;-7 referred to the same axes 
From these graphs determine the value of each expression when they 
have the same value 


18. I^d the factors of 

( 1 ) l(te(a;-l)-3(*+l), (u) 96®-66c+(?-16 


17 Fmd the square root of a^->-4fi^+e^-4a&-2ae+45e 

18 If /(i;)=a;*+7a^-36, find the value of /(2), /(-3), BJad/(-6), 
Hence write down x^+Ta^^-Sfi as the product of tbiee simple factors 


19. 


Simplify 


( 1 ) 

( 111 ) 


l+a;+a?, a;-a? a;*“2a;*+2r-l . 

2a:Tl 2a;-l 2a^ 

2ar*+3a;+ 1 "2a?-3a;+l’*'a^'- 1 


20, Solve the equations 


( 1 ) 



(») 


3a+6y=16'l 
6a;-3y-8 J 


21 A crew, which can row at the rate of 8 miles per hour on still 
watei, finds that it takes twice as long to pull up a certain reach against 
etoeam as it does to come down the same reach Fmd bow fast the nver 
Sows 


D 

22 Shewthat {y’'-3y)(y°-3y+2)-|-l isasquare Whatisitssquars 
root’ 

23 By means of the formula (a+&)(a-h)=a^-&‘, find the value of 
2117x1883-1113x887 

24. Besolve into factors 

(i) 9(®-2)®-4(a;-l)®; (u) 2z»-a“+8a:-4 
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25. Simplify 



1/J I» . 1 

p-l Jj+lj 3\j>-l p+l T^J* 


(a) 


3a?~2t?-a 

4aj^-2ai*-3*+l 


26. By means of factors, find the product of 

(i) 2a?-3«^+5b* and Scfi-^Sab-Sifl , 

(u) l-2a®, l-2a?+4a*, l+2(^, and l+2a*+4o^ 

27. A cash box contains three equal sums of money, one m soTereigns, 
one m shillings, and one m su^ences If the total numbor of corns m 
the box is 73% find how much money the box contains 

28. Tahing one inch as unit, draw with the same axes Ihe grmbs of 
2a:+ya:2, 2a;+6ss3y, yssl • and find from the diagram tiie cooniinates 
<ii the three pmnta at which the Imra mtersect 


E 

29. Factorize, as fully as possible, 

(i}2a-18a*, 035+26*- e^-2a6, 2Pi‘p-‘4&, 

{ii)27d»+8, 6o»-o6-a», m«-(n-r)«; 

(m) o«-13oa+36, fl?+2a5-255, (a?+6*)a-4o»6», 

30. A journey of * miles takes me n hours ; a journey of y nules takes 
a oyehst m hours express in qfmbols the &ot that the (yehst^s pace is 
6 miles ^ hour faster than mine If *=20, n=:6, shew from (he 
formula ^t on an average the cyclist covers a mile in 6 minutes 

31. Bimde a^-6a^+8 ly a^-r*+2 by using Detached CoefBoients; 
and venfy the result 

32. Fmd the H.C F. of 

a^+3eB?-6a^-8a? and a?-2oa?-o%s+2»* 

33. Simphfy je,_8jj+2‘^a^-4«+5'*’6a5-a?-6’ 

3i. Solve the equations ; 

x+y+z=ll, 2y-®-z=10, 6z-^=l 

With half an moh for the *-unit and one*tenth ot an mob as the 
y.tiTiitj[ draw the graph of ysa^+a for mtegral values of * between -o 
and +4. 

On the same scale draw the graph of ysSx+S, and find Ihe coordinates 
of the points where the two graphs intersect. 
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F 

Y 

36. If a men and h boys can unload a ship m e da\s, and A men and 
B boys unload it m G days, m how many days will A+a men and B+b 
boys unload it^ 


37 FmdtheLCM of 

43?+8x-12, 9a?-9«-64, 6x‘-30a=J-24 


38. Solve the equations 

?-j=» ' 

X y 

* y , 


(u) 9x+8y=a!y 

■ 2 - 2=4 

y * , 


39 By the method of completing the square, find the factors of 
(i) a^+40x+391 , (u) p^+lOjB-551 


40. 


Divide 


_o 

a+h~a-h 5*-a* a+6J 


41 The expenses of a certain number of persons would have amounted 
to 6d per head less if there had been 15 moos to share m them, and 3d 
per head more if there had been 5 fewer to share how many persons 
were there, and what had each to pay ^ 

42. Draw a graph to shew the fall of the barometei due to increase of 
height above sea level from the following data 

Height m thousands 

offset 0, 5, 10, 15, 20, 25, 30 

Height of barometer 

mmohes 30, 24 9, 20 6, 171, 14, 11, 9 8 

Estimate the height of the barometer at 12000 feet above sea level 


G 

43 If I buy an article for £(c - d) and sell it for ffc-^d), what is my 
gam^per cent * 

44 Divide ^+^—-2a? by 

45 Why IS it obvious that 

{c+a-26)(P+(o+h-2c)d+(5-«-c-2o) 

IS exactly divisible by d - 1 * 

46 Distinguish between on Equation and an Identity Construct a 
simple example of each 

Prove the identity 

a4+ft4+(a+6)<=2o5S=+2(fl®+6=)(o+6)« 
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47. 8olve the foUowing eqnationB, Tenfying the Bolntiona in each oaae, 

M «+a+c _h . . aj+y+l-3(»+y-l)'| 

«+b+c a* ^ af-y+ls=2(»~y-I)/ 

48. Two men A joA B nm a race A runs at tiie uniform rate of 
22 feet per second, B at the uniform rate of 20 feet per second S B 
has 20 yards start, and A wins by 3 seconds, find the lengtit of the race 

49. Draw a smooth onive lying evenlv among the pomts given 
the following corresponding values of x and y 

x=7, 11, 15, 19, 24, 29, 
sr=4, 58, 8, 115, 19, 275 
Find the value of y when x=:21, and the value of v when y=25 


H 

SO Prove that the sum of the squares of a number with two digits^ 
and of the number with the same dimte reversed, is greater than 81 tunes 
the sum of the squares of Ae digits oy 20 times the square of the sum of 
the digits 

5L Solve the following equations, and verify the solutions 


52. Simplify the following expressions 


( 1 ) 



flit 3^0? l+16a; 

l+3»"n^"9*»-l 


53 Find the length of the side of a square carpet if when a border, 
whose width is 1 foot, is put round it the area is incressed by 40 square 
feet 


54 Shew that if two eiroressions have a common factor it will divide 
their sum and difiEerenco By means of this prmciple and the Bemoinder 
Theorem, find the H C F of 

3a!*-lSa;®+23»-2l and 6a^+ai?-44ar+21 , 

55. A man bmycles half the distance from one town to another at 
12 miles per hour, and the other half at 8 miles per hour ; a second insa 
bu^oles all the way at 11^ miles per hour If the difference in the tunes 
they take is 6|' mmutes, what is the whole distance f 

56 Draw a graph from which the equivalent of a pressure given in 
pounds per square inch moy be read off m kilograms per square crab* 
mSstre, given that 27 lbs per sq in » approximately eqmvalent to 
190Kg persq om 

Bead off the equivalents of 30 lbs and 57 lbs persq in 

Express 2 55 Eg persq om in lbs persq m 


MISGELLAKEOUS EXAMPLES V. 


239 


K 

S7. Resolve into factois 

(l^ (n) o*-*-ai8A2o+l 

Prove that a^^^^pz~•q is divisible by x-a if a“+pa+q=0 
58 FmdtheLCM of 

a®5*(a*-6®), a^(a^-o*), a^(o-5)®, a-+ab+V^ 


89 Solve the foUomng equations, and test the solutions 

3(®-2) 3a: -13. ... px ox 

"> - 2*-3 =2FT) ’ <"> ^+^=*’+9- 

60. Find the valiie of 


M (t n , 2a® 4a®6® 

''a-rh 6-a'^55TP"64-a** 


(u) 


a®-2aa;~a^ 2‘Ta;(a— a?) a:®-a® 

2(a*-a?) {a-a}(a®+2oac+a?) 2(a-a)'* 


61 There aie tuo mivtnres of uine and nater, one of vrhioh contains 
tirice as much uater as inne, and the other thiee times as ranch wine as 
water How much must be taken from each m order to fill a pnt cup, 
m which the W7ter and the w me sliall be equally mixed ® 

62. A man ndes one-third of the distance from A to B at the rate 
of a miles per hour, and the remainder at the rate of 26 miles an hour. 
If he had travelled at a uniform rate of 3c miles an hour, he could hafs 
ridden from A to B and back agam m the same time Froi e that 


63 A man buys 100 eggs for 5s and has to pay Is Sd for carnage 
He wnshes to wll them so as to gain 15 per cent on his w hole outlay. 
Drew a graph 4.0 shew to the nearest penny the selbog pnce of any 
number of eggs up to 100, and read off the pnce of 65 From the graph 
find the nim^r 01 eggs w'hich could be bou^t for 6s 8(f 



CHAPm XXIV 

Orafecs of Quadratto FuNonoMS. 

264 Art fanction vrhich involves the square of the variable x, 
but no higher poxrer, is called a quadratic ftanctioa of 3 ^ or a 
fanction of the second degree m x. 

We shall begin by tracing the gra]^ of the simplest form of such 
a fanction, viz 

SXABtPLE Ihato the graph of y=3L^ 

This IS one of the most useful graphs the pupil viU meet \ntb> it 
IS, therefore, important to plot the curve oarefwy on a smtahle soale 

Fottim values of x and y may be tabulated as follows 


X 

0 


1 

15 

2 

25 

3 

35 

4 

i 

y 

n 

025 

1 

2-25 

4 

6-25 

9 

1225 


I 


These values shew that it will be convenient to the x unit font 
fames as great as the y unit 

Now if we take the following neyaftve values of x 

—05, —1, —15, —2f '-25, —3, —35, — 4> 
we shall obtain the same senes of ralues for y as before 
If the points we have now determined ore plotted and oonneotedhy a 
oontinuous line drawn freehaiul, we shall ootam the curve idievn m 
Fig 16 This curve 18 called a parabola, and the pomtOu known as its 
verteR. 
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There axe three foots to he specially noted in this example 

(i) Since from the equation Tie have ae=±»Jy, it follows that for 
ev^ value of the ordimte Tve have two values of the ahsoisss, equal tn 
magivU/ttde and opposite tn agn Hence the graph is symmetncu wi^ 

n eot to the axis of p , so that after plotting inth care BTinngli pouts 
etemmie the form of the graph m the first quadrant, its form in the 
second quadrant can he infer^ tnthout aotuall}' plotting any points in 
this quadrant At the same tune, in this and aimilai cases heginners are 
recommended to plot a few points u each quadrant through which the 
graph passes 

(u) We ohserve that aU the plotted pouts he above the avis of x 
This IS evident from the equation , for suoe must be positne for all 
values of every ordinate ohtaued &om the equation p=a^ must he 
positiie 

In hke manner the pupil may shew tiiat the graph of ps= is a 
dbrve similar u every lespeot to that in Fig 16, but Ijing entnely below 
the axis of x 

(ni) As the numerical value of x increases that of y increases lery 
rapidly Hence, as there is no hmit to the values uhich may be selected 
for x, it follows that the curie extends upwards and outwards to an 
infinite distance m both the first and second quadrants 

266 Any equation of the form where a is constant, will 

represent a por^ola If a is a positive integer, the curve will be as 
m fig 16, but will nse more steeply m the airection of OY If n is 
a positive fraction, we shall haTe a flatter cuive, extending more 
rapidly to right and left of OY If a is negative, the curve will he 
below the x-axis, and vnll be steeper or flatter than the graph of 
according as a is numencally greater oi less than unity In 
every case the origin is the vertex of the paiabola, and the axis of x 
IS a tangent at that point 

EXAMPLES XXIV a 

1. Draw the graph of y =sr, taking 1 mob as unit on both axes, and 
using the following values of x 

-04, -0 3, -02, -01, 0, 01, 02, 03, 04 

2 Taking 1 uch as unit for x, and 0 1 moh as unit for y, draw the 
graphs of 

(i)y=8c®, (ii)y=-8ar*, (m) y=16x® 

[Choose values of x dijenng hy 0 25 between -2 and +2 ] 

8. Draw the graphs of y=a^ and on a large scale, and shew 
chat the} have only one common cbo<d Fud its equation 

4. Plot the graph of y-x® for values of x between - 5 and +5 
Head off the appioumato values of 

(0(27)®, (n)(±3 6)», (m) (42)», (iv) (-!«}!. 
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266 The most general form of a quadratic function of x u 
It will be found that the graph of such function 
16 always a paiabola, differing in shape and posicion according to 
the values of a, 5, e 

Example Fatd the graph of y=!2x+-^ 

Here the following arrangement will be found oonvement 


X 

3 

2 

B 

D 

m 

-2 

-3 

B 

-5 

-G 

D 

-8 

-9 

2x 

6 

4 

2 

Q 

-2 

-4 

-6 

-8 

-10 

-12 

-14 

-16 

-18 

a? 

4 

226 

fl 

26 

D 

llQll 

B 

2 25 

D 

625 

B 

1225 

16 

20 25 

y 

825 

5 

223 

D 

-176 

-3 

-376 

B 

-376 

-3 

-176 

0 

225 
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orosses the x axis , after this the wilues of y are positive 


From the form of the equation 
It 18 e\ ident that every positive 
value of X will yield a positive 
value of y and that as x in 
creases y also increases Hence 
the poition of the curve in the 
first quadrant lies as in Fig 17| 
and con be extended mdeilnitely 
in this quadrant In the present 
case only two or three positive 
values of x and y need be plotted, 
but more attention must oe paid 
to the results ansiiu out of 
negative values of x it is found 
that the values of y are newtive 
betweenx=0andxs-8 When 
x= - 8, y=0, and the curve 


jt 

267 In the last example, since the value of ^+2x is represented 

X* ’ < 

y, the expremm ■t’+Sx becomes zero when the ordinate is zero 
Thus we can obtain the roots of the equaium ^+2x»0 by reading 


off the values of x at the points where the curve cuts the x*axis 
These are x=>0, x= -8, at the points 0 and M 

We can apply this method to an equation of any dAgree * thus if 
any function of x is represented by f{v), the solution or the equation 
/(x)=0 may be obtained by plotting the graph of y^f{x), and then 
measunng the intercepts mMe on the axis of x These intercepts 
are values of x which make y equal to zero, and are therefore roots 
of /(X/SS-O, 
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268 In the graph of (Fig 16) it mil he noticed that as 
we pass from ngot to left along the curve the ordinate is constantly 
decieasmg until it becomes zero at 0 , aftei this the ordinate begms 
to increase The point at which this change takes place in a graph 
is known as a tnming-poULt Thus the origin is a turning-point 
of and of all curves represented by an equation of the 

form Again in Fig 17 there is a tnming-pomt at the 

poult (—4,-4) In each of these cases the algebraically least value 
of the ordmate is found at the turnmg-pomt 


269 If a function gradually increases till it reaches a value a, 
which IS algebraically gi eater than neighbounng values on either 
side, a IS said to be a maTinuiTn value of the funcUon 
If a function gradually decreases till it reaches a value which 
18 algebraically 1 ms than neighbounng values on either side, h is 
said to be a miTUTniim value of the function 

The followmg illustration will make these points clearer 



In this figure the contmuous ouive ABCDEF represents the graph of 
a vanable quantity /(x) As z increases gnulually, the onhnate y 
tra'iels parallel to Or, and its value at an} pomt gives the value of/(x) 
tor the corresponding value of x At the value of y is greater toan 
that at B or C on either side, and here /(x) is a maximum Similarly 
at Pg the value of y is less than that at D or E, and here /(x) is a 
minimum 

It will now be evident that maximum and minimum values occur at 
the turmng-points where the ordinates are algebraically greatest and 
least respectnely in the immediate vicinity of such points 

The following points should also be noticed 

(i) In any continuous cune maMmnm and mimmum values occur 

alternatcl} 

(ii) There will always be a maximum or a minimum lalue between 

any two equal i {dues of the ordinate 

(lu) The slope of the curve at anv point indicates the rate of change 
at that point of the function under discussion, and at each 
pomt of maxunura or mmimum value the tangent to the 
curve IB parallel to the axis of x 
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270 The following example ehoold be atodied very carefully 

Exampli! Draw the grc^h qf ys3-4x»4x* Thence find (he 
roots of the gmdratte eouotum 4;^'f-4x-3=s0 Shew that the egpreaeton 
8*'4x-4}(? u poBiitve for dU real vdxue of x between 05 am -15, 
and negative for all real valuee qf x outside these ItmUs Also fni 
the tnaaimim value of the expreeston 3-4z-4x‘ 

Take 0 4" as umt for x, and 0 1" as unit for y , and ose the following 
table of values 


X 

2 

IS 

1 

05 

D 

-05 

-1 

-15 

-2 

-26 

-4x 

-8 

-6 

-4 

-2 

D 

2 

4 

6 

8 

10 

.-4a? 

i 

-16 

-9 

-4 

-1 

D 

-1 

-4 

-9 

-16 

-25 

a 

-21 

-12 

-6 

D 

3 

II 

3 

n 

-5 

-12 


After plottmg these points we have the graph givm in Tig 19 
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The roots of the eqwtion 4a?+4»-3=0 are the values of » which 
nni.lrft y eoual to 0 Theso are found at the pomts M and M where 
the curve outs the ar-ans Thus the required roots are 0 6 and - 1 6 
Again between the points M and M' the graph hes above tto 
x-aw ; that is, the value of y, or 3-4a!-4a?, is pojutive so long as x lies 
between 0 5 and - 1 6, and is negative for other valuee of *. 

The value of the expression 8-4*-49^ is the value of * 

greatest ordinate in the graph, namely 4 
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The maxunum value of the expression 3-4a;-4a^ may also be found 
as follows 

3 “ 4® - 3 - (4a,® + 4*) 


Complete the square \nthm the braoket (Ait 198) , thus 


3 - 4® - 4a? =t 3 + 1 - (49? + 4« + 1) = 4 - (2® + 1 )« 

Smoe (2®+l)® cannot be negative for any real value of x, the expres- 
sion 3-4®-4a? will be greatest when 2®+l=0, or xs= Thus the 
maximum value is 4 

Siiiulaily to find the minimum value of a? + 6® - 3 

Wo have a?+6®-3-(a?+6®+9)-3-9=(®+3)*-12 

This expression wiU have its least value when x+3=0 Hence the 
required minimum value is - 12 

This may be illustrated by drawing the graph of y=a?+6®-3 


271 Xsfimte and Zeio Values. Consider the fraction ^ in 

which the numerator a has a wtiava fixed iafttc, and the denomi- 
nator IS a quard/Uy sufyect to change , then it is dear that the smaller 

X becomes the larger does the value of the fraction ? become 

and 80 on 

By making the denominator x sufficiently small the value of the 
fraction ~ can be made as large as we please , that is, if x is made 

lets than any quantity that can he namedf the value of ~ will become 
greater than any quaidity that can be named ^ 

A quantity Use than any assignable quantity is called zero and is 
denoted by the symbol 0 A quantity areater than any assi^able 
quantity is called infinity and is denoted by the symbol oo Hence 
we may now say bnefly 

B 

when x=0, the value of ^ it n 

Again if X IS a quantity whidi gradually increases and finally 
becomes greater than any amgnable qmntity the fraction becomes 
mailer than any atgigrume quantity ()r more bnefiy 

when x=oo, the value of~ttO 

X 

When the symbols for zero and mfinity are used m the sense 
above explamed, they are subject to the rules of signs which affect 
other algebraical symbols Thus we shall find it corn ement to use a 
concixe statement such as “when xs+0, ys+oo” to indicate that 
when uierymall and positne value is given to x, the corresponding 
value of y is very large and pontive 
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EiAim a. Find tit qf :i^=4 Shoe thi if an^ of fito 
in/mfe Imndts, one in mfnt and the o^her in fie fhtrd gindmnt 


The eqnabon may be imtten m the form 



from which it appears that when zsO, y=« and when xseo, y=0 
Also y IS positive when z u positive, and negative when z is negative 
Hence the graph must he entro} m the first and third qnadiants 



(1) Posifiteto/net 
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Ora^eally these values shew that as we recede further and further 
from the ongin on the x aas in the positive duection, the values of y 
are positive and become smaller and smaller Hence 4e graph is con* 
tmually approaching the x avis in such a way that b} taking a sufficiently 
great positive value of z we obtam a point on the cnph as near as we 
please to the z avis but never aetuail} reaching it until z=» Similarly, 
as X becomes smaller and smaller the graph approaches more and more 
nearly to the positive end of the y axis, never actnally reaching it as long 
as z has any nmte positive value, however small 


X 

-0 

-1 

-2 

-3 

-4 

-5 

■ 

i 

y 


-4 

-2 

BO 

-1 

-8 


1 
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The portion of the graph obtained from these ^'alae6 is in the third 
qniudrantas slievn in Fig 20, and exactly similar to the portion afready 
traced in Uie firat qnadrant It should M noticed that as x passes from 
+0 to -0 the value of y change from +o6 to -« Thus the graph 
which in the fiist quadrant has run away to an infinite on the 

postfive side of the y axis, reappears in the third quadrant coming from 
an infinite distance on the negahte side of that axis Similar remarks 
sqiply to the graph m its relation to the x axis 

This curve is knoun as a rectangular hyperbola Any equation of the 
form xy=c, where c is constant, give a graph siimlar in form to that 
in Fig 20 

272 When a curve continually approaches more and more nearly 
to a line without actually meeting it until an infinite distance is 
reached, such a line is said to be an asymptote to the curve In the 
above example each of the axes is an asymptote, and the curve is 
called a reetangvlar hyperbola because in this case the asymptotes 
are at nqht angUa 

273 The distance from the origin of any point P(r, y) is given 

bv the relation Hence any equation of the form 

whera a is constant, represents a circle, of radius o, whose 
centze is at the origin, since every point (or, y) which satisfies the 
equation is at a constant distance a from the ongm 

Exaufle Solve graphically the emvUaneoue equahone 
(i) x*+y®=41, (ii) y=:2x-'3 


The graph of (i) is a circle By 
puttin g the equation m the form 
y~ ±v41-a?, we easily find by trial 
that the equation is satisfied by z=4, 
y=5 This detenmnes a pomt P on 
the graph, which can now be drawn 
by ascribing a circle with centre 0 
and radiius OP 

The graph of (u) is a straight hne, 
which cuts the axes at the pomts 
(1 5, 0), (0, - S) This line cuts the 
circle at P and Q 
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At the pomts where the two graphs meet they will be satisfied hy 
the same lalues of x and y The coordinates of these pomts ace (4, 6} 
and (-16, -6 2) 

Thus the solution of the equations is given by 

a:ss4, ysS, and zk- 16, y=:-62 


248 ALOEBBA [OHAr. 

274 The graDhual treatment of quadratic functions and equations 
will be further ulustrated in the fcmowing chapter. In partici^ 
ve shall explain how the roota ol equations may be found grapiucaUy 
by a method which is sometimes shorter and more easy of apj^ica^on 
than that lUustiated in Art 270 For the pesent it is suftmeut hir 
the pupil to remember the following gBoeiui principles ' 

(i) Tlie roots of an equation f(a)=‘0 mw alw^s be found by first 
tiaang the graph of y>=*f{x) and then rea(^g off the abscissss of the 
points where it is cut by rae axis of x, 

A fairly lai^ unit for x should always be chosen If one mih u 
taken as the A^unit it will be possible to read accurately to tenths of 
the unit) and hundredths may be estimated as explains in Art 138 

(li) Any Um simultaneous equations in two unknowns x and y 
may be solved by tracing the graphs of the equations and reading 
off the coordmatra of their points of mtersecbon 

EXASIPLEB XXIV. b. 

[In thAfcMowting txcxtnyl/u ihe aecUea qf mecuitremeut cnffttim axes met 
he very sordidly chosen Much tone mB be saved %f the edectim qf scofei 
Muos^ionea «nA2 q/ier the eotreepondrag valuee of die vcavddes hem hm 
Umdatdl} 

1. With 0 3” as unit for x and 0 1* os umt for y, plot the graphs of 
the followmg quadratic funotions 

(i) 30+2 for mtegnd values of x from -S to 5 , 

(u) {x+Z){x+2) „ „ -6 to 4; 

(111)6+*-*® „ „ -4 to 6; 

(ivj 9-6*+aa „ „ -lto7, 

(v) 4a?-4»-16 „ „ -2to3 

Fmd the maximum value of (lu) and the mimmum value of (v) 

2. Draw the graphs of « 

a? 

(i) ps:2«— j , (a) ysa®+2*-4 

In each case give the ooorduiates of the tummg point 

3. Fmd graphically the roots of the following equations to 2 plsoei 
of demmals 

(i) ~+a-2s:0, (u) *®-2*=4j (ill) 4a?-I6a+9»0 

Deduce solations of 

(iv) ^+*-2»6j (v) a?-2»s=8j (vi) 4a?-16*+9!s -6 

[The rods of (iv) unll be the values <f x toJueh eat^fy the eguatfone 
ys:~+x-2t a»d ys:6 etmultemeously ] 
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4 On a large scale draw the graph of a?-7af+ll , hence find the 
roots of the equation a^-7a:+ll=:0, and the miiuinTim valne of the 
expression 7a;+ U 

5, Draw the graph of 4 - 3* - and deduce the value of x when the 
function IS a moxnnum 

6 Diaw the graph of y=4(*~l)(2-af) from «=-l to x=5, and 
find approximately the roots of the equation 3^+l=3a; Deduce the 
solution of - 4=3a; 

7 Plot the graph of y=^(3+6a;-a^) from -1 to x=7 

Find from the graph the approximate values of the roots of the 
equation a^- 6a. -3=0 

8 Find graphically, and algebraically, the maximum value of 
5+4a;-2a^, and toe mimmum value of ai^-^-i In each case give the 
coordinates of the tnrmng<points 

9. Draw the ^ph of p=(x-ll(^~2) and find the minimum value 
of (x-l)(x-2) Aleasure, as accurately as you can, the values of x for 
which {x - l)(a; - 2) is equal to 5 and 9 respectively 

10 Shew graphically that the expression a;^ - 4x+7 is positive for all 
real values of x 

11 Shew graphically that the expression aH - 2a; - 8 is negative for all 
values of x between -2 and 4, and positive for all values of x outside 
those limits 

12 Plot the graph of y s 1 2+ 1 8x - 0 6a;^ between the values x= - 1 
andx=6 

Find, from the graph, the greatest value of y 

18. Draw the graphs of y=l+'4x, and 2y=x(x-r3), for values of z 
from -4 to +2, and find from the figure the values of x uhere the two 
graphs intersect 

14 Draw the graph of y=(24-x)(3-x), and find the maximum valne 
of {2+x)(3 -x) Also find, as accurately as possible, the values of x for 
which (2+x)(3-x) IS equal to 2 

15 On a large scale draw the graphs of 

{i)xy=l, (ii)Ty=-6 

16 Draw the graphs of s^+2^=53, y - x=5, and find the coordinates 
of the points where mey meet 

17 Solve the following pairs of equations graphically 

(i) x+y=16, (u) x-y=3, (m) x®+y®=13, 

ai^=36, a^p5=18, xy=6 

Explain why (iii) has four solutions while (i) and (ii) each have only 
two. 



CHAPTER XXV. 

Quadratio Equations and Functions 

275 SoM£ easy types of quadratic eauations have been given 
in Chap xvii In the present chapter the solution of quadratics 
vnll be treated more fully 

276 Standard Fom Any equation which involves the square 
of one dnknown quantity r, but no higher powei} can by suitable 
reduction be written in the form 

a«*+&®+c=sO, 

where a, b, c are known quantities, and the term as* isposttm 

Solution by Factorization. 

277 The expression as^+bi+c is said to be the quadratic 
expression or function which corresponds to the quadratic equation 
(w*+Ac+c=0 

In each case the term e, which does not involve x, is spoken of as 
the constant or absolute terra 

If the expression can be put into linear factors the roots of the 
equation can at once be found * [See Aits 202-204] 

We give two farther examples 

Exampub 1 Solve the egucUum 

dealing of fractions, 93^+4i;- 36s:4x, 

9*®- 36=0, 

car a?- 4=0, •(!) 

that 18 , (a; - 2)(ai+2)=0, 

whenoe ®-2=0, or ar+2=0, 

the required roots are 2 and - 2 

Or tuns From (1) we obtain 2^=4, 
whenoe by taking the square root of each side, xs= ±2 * 

In such a case it is not necessary to write the doable sign on both 
md e«, for ± 2 gives the four cases 

+«=:+2, -x=t-2, +ar=-2, -x—+2 
The first two of those statements give the same result, via +S, 

while the last two give «ss -2 Hence m extractmg the sraare root 
of both sides of an equafaon it is sufficient to put the double sign on 
one side 
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Exasifcb 2 StPie the equatwn -i- — ^=- 

* x-1 x+2 X 

dearmg of fractions, 4x(x+2)-5x(x-l)=3(x-l)(9i+2) ; 
simplifying, 4a?+8x--5ir+5r=3*2+3*-6; 

that IB, -4a^-{-10x+6s0 

Dinding lu* -2, nakiDg the square term positire, 

2a?-5x-3=0, 

that IS, (2x+ l)(x- 3)=0, 

nnenoe *-3=0, or 2r+l=0, 

the required roots are 3 and - 


EXAMPLES XXV. a. 

Solve the following equations and verify the solutions 


1 

(®4-3)(2*-1)=0 

2 

{a;-a)(x+2a)si0 

3. 

X(X-C)b:Ql 

L 

(3xt7)(2x-5)«0 

5 

(2a:“m)(x+2jn)=0 

6 

X=-^®~0 

7. 

a«?-10a!+3=0 

8 

6*=-13«+6=0 

9 

2z®-lSo*sax 

10. 

2i®-7»*39 

11 

2z(a+l)=15+x 

12 

3a?-2ox-tesa0. 

IS. 

X— j~j-0 

14 

. mf 

15. 

X o_x+5a 

o'x"" X 

16. 

x+10 10_11 

17 

x+2 x-4 7 

18 

_7 1 ,8 

x+5’’x-3 ^ 

x-5 X S' 

x-r 2x "^2 

19. 

Sk 1 j_o 


20 -^+ 

3x- 

l_5x-ll 



^ x-r 

xt2 x-2 


Solution hy Completing the Square. 

278 "WTien the factors of a quadratic exnression are not easily 
found by trial, vre resort to the piocess known as completion of 
the square [Ait 198] The solution of a quadratic equation can be 
made to depend upon the same principle 
From the identities 

a:«+2<m+aS=(x+a)=, x5_2oi;+a®=(X'o)=, 

we see that in a quadratic function of x, which is a perfect square 
with +1 as the eomcient of the constant term is always the square 
of half the co^cieat ofx Hence if the terms of a quadratic equation 
are so arranged that the terras invoUing a® and x are on the left* 
hand side wiSi the coefficient of a® unify cnrf we can winplcto 

the equal e on the left-hand side by adding the square of half ths 
coefficient of x 
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Exaupus 1 Sdvt the egvattm x^+iSt^S!. 
The square of half 16 is S’, or 64 

s?+ 1656+8*“57 +64 , 

that 18 , (a;+8)’sl21, 


x+8s= ±11 

Henoe we now have the two simple equabans 

x+8sll, and x+Ss-ll, 
xasS, or -19 


Example 2 Scilve the eguaitoii 13xa]^+^ 

Transpose so as to have the t^ms involving x <» the left hand ade^ 
and the square term positive 

Thus a?-13xa=-42L 

Completing the sqnare, 

that IS, 

13 ^1 
*-•2 = *2’ 

13. 1 
«“-2±2' 


xas7, or 6 

Nose. We do not work out on the left-hand ade 
[Exa/mfies xxr b l'-12, page 254, map coaventenUy be talea here ] 


278. When the coefficient of x’ is not umtj we must divide the 
equation throughout by the coefficient of before completing 
^e square 

Example 1 Solve (Ae equation 


Simplifymg, we have 3a^+7x-4Ds5a^-12x+4: 
that 18 , -2a^+l9x=s44 

Dividing by -2, a^-^=-22 




11 


whence xa-g-, or 


4. 
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280 Boots irhicb cannot be expressed m an exacc numencal 
form are called inational Quantities 

Thos 1^0 1/5 are irrational Any quantities wbiidi do not 
involre sncb roots are, for the sake of distmction, called latiouaL 

Koie. The meamng of the terms trratwnal and unreal (Art 184) 
most not be confused The irrational quantities quoted aoove are all 
real, trbile an unreal quantity, since it mrolves Ae square root of a 
negative number, must alirays be irrational Bational quantities are 
alurays real, vrhile irrational quantities ma} be red or unred 


Exahtle Soltelhe equa/ton9x^-12x~l=0 
We have 


Oompleting the square, 
that 18 , 



*■" S 

Smce 5 is not a square number the roots of this equation are irrationaL 
Hence in this case no numencd quantity, positive or negative, can be 
found which will ucactljf satisfy the given equation , but the value of 
may be found to an} required degree of acourao} 

Thus a/ 5=2*236 to four sigmficant figures, and to the same degree of 
accuracy the roots of the above equation are 

and or 1412 and -0079 

O w 


Note The roots of the equation 9j:°-12x-1=0 aie imztiona/ 
because the expression Sx^-lZc-l has no rational faotois Ih such 
eases it is futim to attempt to solve the equation by the method of 
factonzatioD. 


281 The process of solvmg a quadratic by completiug the square 
requires the following steps of work 

(1) If necessary, arrange the equation so that the terms in x- and x 
are on the left~hand side and the constant term on the other. 

(2) Daide throughout by the comment of x", if that coeficient ts not 
uri*y 

(3) Complete the square on the left-hand side by adding to each side 
of the equation the square of half the confident of x 

(4) TaJe the square root of each side, and solie the two resulting 
simjMe equations 
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282 ]i all the instances considered hitherto the quadrabc 
equations have had two unequal roots Sometimea, however, there 
IS oriy one solution Thus if a!»-e«+9=0, then (a-3)«=0 , whence 
i?®3 IS we only solution In such esses it is convenient to say that 
the quadratic has hso qud nott 


EXAMPLES mb. 


Solve the following equations by completing the sqnate Venfy the 
eolntions in ng ' ^ o i / 


L 

II 

1 

2. 

#+8*- 105=0 

3 

14®=240-ii^ 

4. 

a?-a-66=0 

5 

j?+7®=98 

a 

®(®+10}=299 

7. 

I 

II 

a 

»+88=®(®-2) 

9 

®>-341=20® 

10. 

38a-857=*“ 

^11. 

a*+8®=247 

12 

a^-238=3® 

13 

2ii?+S*=2 

m 

S®*+7®“6=0 

15. 

2i^-®=15 

16/ 4!I?+11*=3 

fii 

5=3®*+ 14* 

18. 

6s^4- 35=31® 

19. 

3+ll®=4a^ 

•2a 

I8+6*«=S3® 

2L 

20-8®=20®'. 

22. 

12jr'-17»+6=0 

23 

6®*+35®=8 

24 

28=31®+5a^ 

25. 

27*fa(l(te-3) 

28 

9*(2®-3)=28 

27 

143=3x(3z-2) 

28. 

7*=3|l-2a?) 

29 

4*“+ 128=65® 

30 

2(r*+20)=21* 

3L 


82. 


33 

2-)-g ®-5 


7 


25 9® 

8+3®“2+5i! 

34 

10»--+ll=0 

X 

35. 

14®---81=0 

X 

3a 

S®-5 lJv-7 

37 

3a!+4 a? 

19 “4*+3 

38. 


39 

®+2 4-*_oi 
*^' 2®"^ 

40 

*+3 1-® ^ 

41. 

-L+-L-S 


±.±=ll 

*-2" * 

5-®^8-*"® 


«+3 ®-5 ’ 


[/n Jtonples 43-56 tte valm of irraticiiaj reote MU fo piw# c»v«et 
toidurndjitm AT(ibk<if^nnottwllUftmdmjttgt^] 

43 ii!*-6j!+ 7=0 44. *“+11=8® 45 !c*-4»+l=0 

46. 2j?-6»+3s: 0 47. it’+2*=4 48 ii?=6*-3 

49. 9!i?-6*=6 50 7j?-12*t 3=0 51 7!t’+ie»+6=0 

62. 3j?- 7*=3 53. 5(!I!>-1)=9* 54 (s-2)(3+4»)=2x*. 
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Solution by Formula 

283 To soil e the general equation ax* + bz +c>=0 
Transposmg, a‘i^-hh = -c, 

dividing by o, ^ 

Completing the square by adding to each side \re have 

a \2a/ 4t»® a ^ 

/ 6 V 


that IS, 
extracting the square root, 




4a‘ ' 
i\^hr — 4a€ 


2a 


X— 


2a 

~b±»Jlr-4ac 

2a 


284 Since a, 6, e may have any values irhatever, tre see that 
every quadratic has tno roots We may now apply this general 
formula to any paiticular case by substituting the numerical values 
of a, 6, and c 


Example! Sohe the equation 4 x’- 10 x+ 5=0 
— h « 4cic 

Apply the formula xsz — , bj putting o=4, 6=s -10, e=5. 


Thus 


x= 


10jV(-W-4 5^ 


2 4 


10±n^ 100-80 10i\^ 

8 * 8 

Xow n/^s 4 472 approximately , 

10d:4 472 14 473 5 528 

8 8 ’ 8 

Thus the roots are 1 81 and 0 69, correct to tiro decimal figures. 


Eximfle 2 Sohe the equation x”-3xt 3=0 
Here a=l, 6= -3, c=3, 

3±«/(-3)=-4 

2 “ 2 

XoTT ^e square root of *-3 cannot be represented by any numencal 
quantity exaotlv or approxunately Thus there is no real value of x 
^hioh satisfies the eouation. and the roots are said to be Imacinixy. 
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286 The results on preceding page msj be shewn graphically 

(i) Tofindihtru^of 4ac*“10x+5=0 graphteallv 


Draw the graph of ps:ia^-lQx+S 


X 

0 

1 

o 

M 

3 

is? 

0 

i 

16 

36 

-10* 

0 

-10 

-20 

-30 

y 

5 

-1 

1 

11 


The roots of the equation oro the 
absexasa of the points where the 
graph outs tile x*axia At these 

g lints the ordinate y Pangea sign 
enoe from the few mtegru values 
in the adjoining table, we inidr that 


0 and 1, and the other between 1 
and 2 It will therefore be eon 
venient to plot tins part of the 
ourve more minutely, and we need not oonsidei any value of x greater 
than 2 


X 

0 

0-20 

05 

1 

1*25 

15 

2 

4a? 

0 

025 

1 

4 

625 

9 

16 

-10* 

0 

-25 

-5 

-10 

-125 

-16 

-20 

y 

5 

2 75 

1 

-1 

-1-25 

-1 

1 


Take 1 0* as umt for a, and 0 2* as unit for y , the graph is given 
below 



From this figure we find OiVl=0 09, OM'= 1 5), approximately Thus 
the required roots are 0 09 and 1 81, correct to two decimal figures 


Note Li oases where roots are wanted with great accnim^, and it is 
inconvenient to nso a large scale for the whole figuie, it is often advisaDic 
to make a rough sketch first, to find approximately the potion of poinM 
where the graph crosses the x axis A small portion of the ourre can 
then be Cnlaigra in the nmghbourhood of such pomts 
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(a) To tdve :^-3x+3=0 giaphtcaUif 
Draw the graph of yssgfi--3x+3 
Gotresponding values of x and y are given below 


X 

0 

05 

1 

. , 

15 

2 

25 

3 

s? 

0 

023 

1 

225 

4 

625 

g 

~3x 

0 

-15 

-3 

-4 5 

-6 

-75 

-9 

y 

3 

175 

1 

0 75 

1 

175 

3 


Here we may conveniently talte 
0 S" as unit for x, and 0 4" as unit 
for y The graph is shewn in the 
adjoining diagram It is evident that 
the onrve does not meet the x-axis 
In other words there is no real nn- 
uencal value of x which makes the 
expression a^-3a;+3 equal to zero 



286 Prom the result ^ it appears that the 

square root of the compound expression h^-4ac, taken as a toAole, 
enters into every solution Hence in each aise the character of the 
solution depends upon the value of h'~4ac, which is known as 
the discrmunant of the equation aj^+bx+ci=0, or of the expression 
aafl+6x+e We shill denote the discnminant by the syiubol ^ 

(0 If A IS a perfect square, the roots of the equation aifi+bi+c^^O 
(or the factois of the cot responding expression) are rational 
and unequal 

(u) If A<^0, each root of the equation reduces to ~~ Thus the 

loots are rational and equal So aie the factors of the 
expression ao^+hv+c 

( 111 ) If A is positive hut not a perfect square^ the roots, though 
real, are irrational and unequal And the ei^iession 
oro^+hi^+o has no rational factors 

(iv) If A IS negative, the roots are imaginary And the expression 
ar°+hx+c has no real factors 
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287. The different methods of solving quadratics may be 
summed up as follows 

When the equation has been brought to standaid form it may be 
solved (i) by foictonzing the function which stan^ on the left side, 
(ii) by transposme the constant term and completing the squaie on 
the left side , (iii) by the use of the general formula Wnen the 
roots are rational the first method is to be preferred if the 
factorization is fairly simple , in all other cases the second or third 
method should be adopted. In particular, quadratics with literal 
coefScients should be solved by mctonzation, if possible Otherwise 
the use of the general formula will usually give the r^i^est solution 

ExaBiSLE 8dve the equation 24z^-fiox-36o’=0 

5 c±<s/S4§I? Se±59c , 

“ g 48 ' 

**"3’ ” “8 

In the following set of example the method of solution m each 
case IS left to the pupil’s discretion Irrational roots should be 
given correct to the second decimal figure 


EZAHFLES 2X?. c. 


Solve the following equahons 

L 2ai*-5aj-12=0 2. 23a!=120+ai^ 3^ ai®-8ar=2 

' 4 a5*-oasss20o* S 16a^+2c!c=8c® 6 a;®+3»+l=0 


7. 6ai»-I5w+ll=0 8. 86a®-356»=126* 9 42!t^>-28fl?*2.Va! 


10. ai*-3»*3 
13, a^'lSjc+SSsiO 
16. a^+i» -272=0 


11. 4a^=»- 1 
14. 9^+297=3 2 

*17. a^+a;=10956 


12 &»+2=12a? 

16 ai®-3»-361®0 
18 a!»-aB=783 


19. 2*?‘+9«»=180»» 20 3*®+2a;=8 21. aa-14»+12=0 

92 S^d two values of x which will make ai(3is- 1} equal to 0 368, 
givuig each vdue to the nearest hundredth 

23. Solve the equation *•+«;-• a*=0 If 0=12^ give the numerical 
valuOT of ^e roots to three decimal places 

24, Solve the equation a;(a -*)=c* Give the numenoal values of the 
roots to three decimal places, when 0 = 16 , e=6 
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288 Oombmation of two graphs When the venations of a 
quadratic Unction have to be examined m detail, the best general 
method of procedure is that illustrated in Art 270 But the 
graphical solution of a quadratic equation may often be more readily 
obtained by combining two graphs, as we shall now shew 

ExAiimB Sdve, (he tqmitm 2s? -x - 3=0 graphctdty Between what 
values of X IS (hefaneLton 2]^ - x - 3 positive ^ 

We have to find values of x which Will make 
2a?=«+3, or 

Put yi=a? (1), and (2) 

and plot the graphs of these equations on the same axes 

Then the required values of x are the absoisase of the pomts of mter- 
aection of (1) and (2) 

For at these points yi=ya, or a?=--y 

For (1) we may use the follouiug values, taking the x umt twiee as 
great as the y unit 


X 

0 

±05 

±1 

±15 

±2 

y 

0 

025 

1 

225 

4 


Thus we obtain the parabola POQ m Fig 2A 
The mteroepts of (2) on the axes are —3, 15; thus the graph of (2) is 
the stnu^t Ime PQ 



The roots of the equation are given by the absoissss of P and Q Thus 
from the figure the roots are 1 5 and -1 
Again, the expression 2a?''*-8 is positive or negative a^ordmg as 
jti IS greater or W than y« Prom the graph ve see is less tban y» 
between Q and P, that is for values ot x between *=-J ana 1 6, 
and yj is ^aterthan yj for all othw values of x Hence 
IS posiiii’B tor all values of a: except such as he between — 1 and 1 o 
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289. The solution of the last eiample might have been effected 
equally well bj drawing the graphs of and ^ajp+3 Sat if 
a nnmW of quadratic equations have to be solved grapbcally it u 
convenient to reduce them to the form s^=px-^q as a first step. 
The graph of y=i^ can then be plotted once for all on a suitable 
scale, and the hue y<=ipx-^q can 1 m readily drawn on the same scale 
for different values of p and q 


EXAMPLES XXV. d 

1. From the naphs of y-a?, y=2a;+8, deduce the solution of the 
equation 

2 By the method of Art 288, find graphically the roots of the 
followmg equations to two places of deoimals 

(i) ^+a?-2=0, (ii) !B®-2a!ss4; (m) 4a^-16»+9=:0i 

[Tale 1 0" at imt^ for x, and 0 2" os wait far y ] 

3 On the same axes draw the graphs of 

y=**> y=»+6i y=*-6, y=-af+6, y=-»~6 
Henoe discuss the roots of the four equations 
(i) a;’-»“6a0, (u)«’“»+6=0, (lu) a;*+«-6»0, (iv) a?+a+6*0 

4, Find the roots of 4a^+4a;--3=0 graphically Shew that the 
expression 4xt.t.4c;-3 is nemtive for all real values of x between 05 
and - 1 5, and positive for aU real values of % outside these limits 

6, By oonsidenng the graphs of y=*®, y=4r-7, shew that 
s^-4a;+7 is positive for all r^ values of x 

6 On a huge scale plot the graphs of and 4ys=10x-'5 

Henoe find the roots of the equation 4a^-10x+5=0 to two places ot 
decimals 

7. Taking 1 0" as unit for x and 0 5" as unit for y draw the gra]^ of 
and make use of it to solve the following equations aooutatoly to 

two places of decimals 

(i)a?-8x=3, (u) 4a^+4=9», (iii) 5:i?-6as9a 


290 There are some equations of higher degree than thobecond 
which may be solved by the methods explained in this chapter 

ExAurus 1 Sdve x*- 25x3+ 144=0 

By resolntion into factors, (a^>9)(a^-16)=0, 

• a^-.9=0, or a^-16=0; 
a?ss9, or 16, 
x=±3, or ±4 


that IS, 
and 
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Exameee 2 jSWie x(2x-l)+=-5 — =7 

2x— X 

Wnte y for 2 a? -x, then we have 

r ^-7y+6=0 

From this quadratic 2 ^= 6 , or 1; 

2 a?-x= 6 , or 1 

Thus we have tm quadratics to solve, and finally we obtain 

x=2, -4, 1, 


Solve the equations 
1 4=5a?-x‘ 2. 

i x<+7a?=8 5 

7. 16(a?T^)s=257. 

9 (a?-«-x)*J-72=18(a?+x) 


examples XXV e. 

2. x«+36=13a? 

5 x»-19a?=216 


3. 4{x*+c‘)=17caaJ 
6 xB+26c>a?r:27c> 


8. a?+^=aS+69 

PT 

10 (a?+2)»=29{fl?+2)-198 
12 «(x-2a)=^+7a« 


291 The method of solution by factors is apphcable to equations 
of higher degree than the second 

For example, if _ 2 )(r+l)(x+ 2 )= 0 , 

the equation must he satisfied by each of the values which satisfy 
the equations ^.^=0, r+l= 0 , r+ 2=0 

Thus the roots are t=2, -1,-2 

Exa3IFI£ Sohe the equation 3x*+5]^=3x+6 
Putting the equation m the form 

3x>+5a?-3x-5=0, 

we have a?(3x+6)-(3x+6)=0,^ 

or (a?-l)(3x+5)=0, 

that IS, (x+l)(x-l)(3x+5)=0, 

whence x+l=0, or x— 1=0, or 3x-*-5=0 

Thus the roots are -1, 1, -7 

Note At the stage marked with an asterisk we might have removed 
the factor 3x->-5, W in so domg the factor must be equated to zero to 
funush one root of the equation 
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292 If one root of an equation is known, or can be obtamed br 
trial, a correroonding factor of the fiist degree can be remov^ 
When this is done we have left an equation of lower degree than the 
original equation. 

Example Solte ihe equation 7 ^--Sx*~6x+16^Q 
By trial it will be found that the left hand side vanishes when xsi2. 
Hence 7=2 is one root of the equation and oorresponding to this root 
wo have a factor a; - 2 ; the equation may now be wnttoa 

{* - 2) - »(» - 2) - 8(» -2)=0 , 
or (a?-«-8){aj-^=0 

BemoTing the factor a:-2, we have a^-n-8=0 , 

2 2 

Thus the three roots are 2, 3 37, >2 37, to two decimal figures 

EXAMPLES XXV. f 

Solve the following equations by the method of hictors 
1, si?+3fi-x-l=0 2 a®-2a^-7+2=0 

3. a«-4x«a?-4 4 !B»+7a?+7a?-15=0 

5. a?-3x-2=0 6. ®*+2a?=3** 7 a*+30=19» 

8. a^+6=2a^+57 9. **+6a*ss7cfe 10 2i^+13ii^=36 

Solve the following equations having given one root in each case 
U. *»-39x+70=0 [7=5] 12 a* -37a -84=0 [*=-S] 

13 a!»-12a*7=16a’ [*=4o] 14 a!«+432*»x=108a%i? [®=6»J 
15. a^+4ftc=8ai> [x=-2] 16. 4x<-15a?+l=0 [»=-t3 

(AfisceltoTteoiM Exam^ on Qvadrahc EqmOium and Funettone } 

17. Pind to the nearest tenth the values of x which will make 
(i) 2x(2-x) equal to 1 73 , (ii) x(5 5-x) equal to 7 378 

18. Solve the equations * 

19. By nsing the Disonminant (Art 286} find which of the following 
equations shouM he solved by factors, and which by the general fornnus 

(i) 2a?-3x-7=0; (ii) 2a?-6x-7=0, 

(m) x>+x-6S2=0, (iv) a?+x-660=0 

20. Draw the graphs of a?+®-2 and of 3x+6, and fiid the ah s w^ 
of iheir common pomts What algebruoal equation has been sdvea ny 
the above process* 
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21 In eaoh of the follo\nng quadratic expressions find, by means of 
the Discnminant, 'whether the factors are rational or irrational, real or 

(i) aa-6xTl3, (ii) a^*-6a:-13, 

(ui) 6T®-^Sa®-56o®, {iv) 4a^+25^■^39 

22 Solve the equation a^-2x-o25=0, 

(i) by drawing the graph of y=a®-2a;-5 25 , 

(ii) by combining the graphs of y=a?, y=2a;+5 25 , 

(^0 II II II y=a®~2a?, y=5'2o 

[Fig 9 onpat]e, 111 may 5e vatdfm (m) ] 

23 Diaw the graphs of i? and of 3a;->-l By means of them find 

approMmate values for the roots of 1=0 

21 Prove that if x is real, 6x+ 16 cannot be less than 7 

25 If X is leal prove graphically that 5-4x-X‘ is not greater than 
9 , and tliat 4a^-4x+3 is not less than 2 Between what vdnes of x is 
the first expression positive ' 


A Table of Square Boots of Numbers &om 1 to 150 


No 

Boot 

No 

B 

No 

Bq.QaiTe 

Boot 

No 

Square 

Soot 

No 

Square 

Root 

1 


31 

5 563 

61 

7810 

91 

9 539 

121 

11-000 

S 

1414 

32 

5 657 

62 

7874 

92 

9392 

122 

11-045 

3 

17S2 

83 

5 745 

63 

7 937 

93 

9644 

123 

11091 

i 


84 

5 831 

64 

8-000 

94 

9685 

124 

11186 

G 

2 236 

85 

5 916 

65 

8 062 

95 

0 747 

125 

11 180 

6 

2449 

86 

6-000 

66 

8124 

96 

0 79S 

126 

11225 

7 

2646 

37 

6-083 

67 

8185 

97 

9-849 

127 

11269 

8 

2 828 

38 

6164 

PI 

8 246 

93 

P899 

128 

11314 

9 


39 

6 245 

PI 

8 807 

99 

9950 

129 

US5S 


8162 

40 

6323 

70 

8 867 

100 

10-000 

180 

11402 

11 

8 317 

41 


71 

8 426 

101 

10050 

IBI 

11446 

12 

3 464 

42 


72 

8 4S5 


m 1 1 !!>■ 

■ J 

11489 

13 


43 


73 

8544 


B 1 KB 


11633 

IS 

3 742 

44 


74 

8 602 


H i 'JB 


11576 

15 

3 878 

45 

6 703 

75 

8-660 

KfiiJ 

B 1 ^-tB 

■ 

11610 

16 

4000 

46 

6782 

76 

8718 

KmM 

10 296 

■ r\t~B 

11662 

FI 

4123 

47 

6836 

77 

8775 

KiwB 

10344 


11 705 


4 248 

48 

6 028 

78 

8 832 

KfkM 

10 392 


11747 

Pi 

4 859 

49 


79 

8888 


10 440 


11790 

Pi 

4 472 

50 

7 on 

80 

8944 

uo 

104SS 

140 

11832 

a 

45SS 

51 

7141 

81 

9-000 

111 

10 536 

141 

11874 

22 


62 

7 211 

82 

9055 

m 

105S8 

142 

ii-sie 

23 


53 

7280 

83 

9110 

us 

10 630 

143 

11-958 

24 

4 809 

64 

7348 

84 

9165 

U4 

10 677 

144 

12-000 

25 


65 

7416 

85 

9 220 

U6 

10 724 

145 

12-042 


6 099 

56 

7 463 

88 

9-274 

US 

10 770 

146 

12*083 

27 

5196 

57 


87 

9-327 

U7 

10 SIT 

147 

12124 

28 

5392 

68 

7 616 

88 

9 881 

U8 

10863 

148 

12166 

29 

5335 

59 

7 681 

89 

9 434 

U9 

10 909 

149 

12 207 

H 

5 477 

60 

7746 

90 

9 48? 

120 

10-954 

150 

12-247 










































CHAPTER XXVL 

SwuLTintBOns Equations op thb Sboons 

OB HlGHSiB BEOBBS 


293 Wbxs two unknowns are connected by a pair of equations, 
one or both of which may be the second or higher degree, theie is 
no method of solution universally applicable A few typical cases 
deserve q[>ecial attention 

Exaupub 8ohe iJu equatnona 

2x-.Sy«4, (1) 

2x*-3xy-^s:12 [2) 


Erom(l), [8) 

Snhstitatmg this value for x m (2), vre have 

that 18 , V+24y+16-9j^-12y-42/*-a4«0. 

Onreduotaon, 

» (y-2){y-a)«0, 

y=s2, or 1 

The oorreqsonding values of x con now be found from (3) 

When ys=2, xs5, and when ysl, ®=s| 

Thus the solutions are »= 6, \ \ 

y=2,/ y=l / 

The method of this example may always be used when one of the 
equations oontains both unknowns m the first degree only 

294 Some equations which belong to the above type may be 
more neatly solvra as shewn in the two following examples 

ExAuruB 1 Solve x+ysll, (1) 

xys24 (2) 

Squaring (1), we have ofl+2xy+^sJ21 , 
from (2), 4a:ys96, 

by subtraction, !i?-2ay+y*a=25, 

a?-yas±6 .(3) 

From (1) and (3) we now have two pairs of ample eqaations, 

»-y=6, / ® a-y=-6/ 

By addition and snbtraotion, we have, after division by 2, 

y-sj v* 8 j 
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Ti!VAMPT.W 2 

iSWte x-2ys8. 

(1) 


xyss24 . 

(2) 

Squanng (1), 

iB9-4xy -1-4^9: 64; 


from (2), 

8aq^s:ig2, 


by addition, 

a?+4xy+4y®s=256. 



x+2y»±16 

(3) 

Oombinmg (1) and (3), we have 



1 and 1 

x+{fy=16,/ »+2!y=-16,J 



\rhenoe, by addition and aubtraclaon, 


»=12, \ 

y*2, / 


or 



-6 


} 


Correroondmg values of the two unknowns should always be arranged 
aooutateiy in pairs 


In the last two examples our object has been to deduce two simple 
equations of the form 

ax+bifsse, (ut-hy^d, 

and the solution is then completed by addition and subtraction 
This method is very frequently useful 

Example 3 Sdvt x*+y®«73, (1) 

(2) 

Multiply (2) by 2 , then by addition and subtraction we have 
a^+2a:p+p®=:121, a^'-2*y+y®=2o, 

whence a;+y=±ll, x-y=±6 

These results famish /our pairs of simple equations, namely 
*+^* 11,1 «+y=ll, 1 *Ty=--ll,\ XTy=-ll,l 

T-y=s6, / »-y=-6, / x-y=5, J x-y=-6 J 

Erom these equationsi by addition and subtraction, we obtain 
a:=8, y=s3, *=3, y=8, a=-3, y=-8, a;=s-8, y=-3 

Here we have fofwr solutions, while m Example 2 there are only Uco 
These results will be illustrated giaphicallj on we follow mg page 

EtAMPLB 4 jSWifl X‘+y®=73, (1) 

x-^y=ll (2) 

By sufatiactmg (1) from the square of (2), we bare 

2xy=48 , so that xy=21 (3) 

Equations (2) and (3) have already been solved in Art 294, E\ 1 

Hons If the solution were completed by means of (1) and (3) we 
should get fovT solutions, as m Ex 3, but two of these do not satisfy 
equation (2) 
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296. Exauple Soive the fdlomng poan of eqwUxtm graphcaflg 

aa+9«=73,) x-2p^ 8,\ 

33^*24 J ' ’ ay=24 / ' ' 

We eball require lihe graphs of 

(i) which is a oirole with centre at 0 [Art. 273] 

(ii) xyss2i, which is a rectangular hyperbola [Art 271] 

(ill) x-2fft=8, which 18 a straight hne 

Since (i) IS satisfied by a;~3, we hare onlr to plot the point 
P{3, 8), and draw a circle with centre 0 and radius OP 
The intercepts of (lu) on the aikcs are 8 and -4 , whence wc ha^e the 
line RS 

The hyperbola (ii) must he plotted fully enongh to show its inter> 
sections with the oirole (i) and the hne (m) The mowmg corresponding 
\«lnea of « and y may be used 

xsz±2, ±3, ±4, ±5, ±6, ±8, AlO, ±12; 
y=±12, ±8, ±6, ±48 ±4, ±3, ±2 4, ±2 



* Pio 2o 


The roots of equations (a) are the coordinates of P, Q, P', s^ Q'j 
tbatis, »sS,y=S, a;-8,y=;3, x«-3,y=-8, «=-8, y=-3 

The roots of equations (B) ore the coordinates of Rand S; thatis, 

x-lZ, y=2, a=-4, y=-8 


XS,Y3 ] 
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The cirde and the hyperbola intersect m fowr points, \rhile the 
stra^ht line cute the hyperhok in two pomts only This accounts for 
the feet that m Art 291 there are four solutions in EMimple 3 and only 
trro in Example 2 

296 Fig 25 may be used to shew the solutions of certain other 
pairs of equations 

For example, the intersections of the hne RS and the circle give the 
solutions of the equations 

!B-2y=8, a!®+y“ss73 

These are x=8 5, p=0 3 , -5 4, -6 7, approximately These 

values may be venfiM algebraically by the method of Art 293 

Agam, if vre drair the hne x+y— 11, it \nll be found to pass through 
the points P and Q. Thus the coordinates of these pomts are the roots 
of the following pairs of equations 

x+y=ll, 1 

a-y=24,r x-^y=ll,J 

each of which has two solutions only, as shewn algebraically m Art 294, 
Exmnples 1 and 4. 


EXAMPLES ZXVI a 

Solve the following equations 1^ the method of Art 293 


1. 

a?-3y-16, 

2 V=»-3, 

3 

II 

l-rf 


x=y-f2 

a?-3ya=13 


2x-y-l 

ft 

2x-Ly=5, 

5 a?*+2!cy=3. 

6 

xy+8=7y, 


l^-ySsrS 

3z4-2y=5 


x+3=2y 

7 

xa+y®=62. 

8 2rT3y=4 

9. 

a?-2y»=l, 


2r-<-y;=8 

2ry+y®=7y-2 


3x-y=:!7 

Solve the following equations by the method of Art 294 


10 

»-»-y=ll, U 

t+ysU, 12 x-y=2, 

13 

(I 


ay=30 

xy=45 xy5c35 


T-y=23 

14. 

*-3y=13, 15. 

2x-y— 11, 16 4x-y=2t, 

17 

x+5y=19. 


xy=12 

xys=61 xyx20=0 


xy=18 

18 

®y— 10o4, 

19 xxS—y, 

20 

x=+y»=74, 


*=y-3 

xy=:12S0 


'ty=35 

21. 

*y=72. 

22. 'e“+y==365. 

23 

ar»+4ys=52. 


a?J-y2=145 

xy=:182. 


xy=sl2 

24. 

a?+y**=225. 

25 x-»'y=s27. 

26 

a?a-y5=229. 


x-{-y=21. 

x=+y==369 


x-y=13 


27. Solve Examples 12 and 20 graphically on the same diagram 
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Solve the foUoTnng equations 


28. 

»+y=sll, 

29. a“-ay+y®=67, 

30. 

a®-ay+y*a:76, 


a^+zy+fsQl 

n-yss-l 


a!+y=I6, 

SL 

g(af-y)=rl, 

32. «+ys=7. 

33. 

II 


ar'-3ay+y®=29 

hLl 

12 


1 A ^ 
»'^y"'36 

jjTn ihefcUomng three 

eoamples edve/of ^ and - J 


34. 


s+r? 

36. 



39aysl 

11 13 







— — —slip 

0? y ' 

37. 

Dran the graph of 

aysslS, and use it to 

solve 

the following three 


pairs of equations 

on the same diagram 



( 1 ) *y=18, 

(u) ayald, 

(m) 

ay 5= 18, 


»-3y=s-3. 

2a.-3ysl2, 


s:+2v=12 , 


297 The solution of some equations of higher degree than the 
second can be made to depend on some of the foregoing tjpes 


ExamMiB I Solvt x*+y»«189, (1) 

x+ya9 (2) 

Dividmg (1) by (2), we hove 

^=21 

»+y 

Since »+ y 18 not seio, we may reduce the finotion on the left , thus 

Squanng (2), we have a^+2aiy +2^=81, 
whence, by subtraotioD, 3a;y=:60, 

or ii!y=20 (3) 

Equations (2) and (S) are now of the type solved in Art 29^ Example 1, 
and give the solutions ^ ^ \ 

ysif or 6 ) 


Examplb 2 Sohe \*+^+y*=ZIS, (1) 

x9-xy+y«=13 (2) 

Equation (1) may be written 

(a?+»y+y®){a?- ay +y*)s273 ; 

Dividing this ly (2), a?+»y+^=21 '(3^ 

Erom (2) and (3), by addition and subtiaotion, 

a»+ya*17, ay=4 

Solving these equations as in Art. 294, E^ample 3, we obtain 
a;B:4, ysl; a!*l, ys4, a?— -1, ya=-4, »ss-4, 

[ESeompfes xxvi b. 1-15, pagt 269, may &e uAen here ] 
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298 The follo\niig method maj always be used when the terms 
mvolving the unknowns are homogeneous, and of the same degree in 
each equation ° 


'Esiisam Sdie 


Dividmg (1) by (2), 

whence 
that IS, 
or 


7y®+15xy= -6S, 
xs-^2iy+2y*=17 

7y^-H5ay ^ 
a?T2iy-*-2j^~“l7~“^* 

7yS+l&ty= -4aS_8a!y_gya^ 

15y®+23*y+4»*=0, 
(5yTX)(3y+4i)=0; 
y= -fr, or y= - 4 ® 


(1) 

(2) 


(i) K ya -4x, 

fromd), ^- 3 a?'=- 68 ; 

whence a?=25, 

or ' x=±5, 

y=-4«=?i 

Thus the complete solution is x= 


(u)Ky=-4», 

from(l), 11|^-20 x=z=-68; 

whence ar*=9, 

or x=±3; 

y=-|x=3:4 

5, y=Tl, »=±3, y=T4 


N'oxb ba seleotmg corresponding values of a and y both upper or 
both lower signs must be taken togetW 


EXAMPLES XXVI b. 


Solve the foUowmg equations 


L 

a?- 25 y»= 136 , 

2 7 x- 4 y= 23 , 


3 . x»xy»= 35 , 


XT6y=26 

49 x»- 16 y ==1081 


x+y =5 

4 . 

x+y=ll, 

5 x»+y»= 2340 , 


6 x-y=l, 


x 3 +y 5=341 

x+y =20 


i»-y »=19 

7 . 

y*-xs= 117 , 

8 a- 2 y=l, 


9 ®»+ 27 y*= 280 , 


CO 

II 

H 

1 

x»- 8 y »=127 


x+ 3 y =10 

10 

x*+a^+y *=21 

11 ®®+xy+y®= 19 , 

12 x®-xy+ySs= 19 , 


x®+xyTy®=7 

x‘+a^+y *=133 


z*+a?y®-*-y* 5=741 

13 

x=--xy+y®= 37 , 

14 . ®*+y®= 351 , 

15 

4 ®*- 2 iy-«-y®= 31 , 


x»-y »=37 

a?-xy+y ®=39 


8 x»+y »=217 

16 . 

xs- 2 ry= 24 , 

17 . x»- 9 y»= 64 . 

18 

33 ?- 6 yS= 7 , 


I 

II 

ifh 

xy+ 3 y®=S 


3 ry- 4 y®s =2 

19 

Say- 13 y==s 3 , 

20 4 a^+xy= 7 , 

21 

a?+ 2 ay+lQy 5 s= 146 , 


13 a?- 21 a!y =10 

3 iy-«-y“=lS 


ay+y® 5 s 24 . 

22 . 

2i®-3xyJ*2y8=5 

24, a?- 4 *y 4 y®+ 4 — 0 
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299 The following solutions, given in biief, will furnish some 
useful suggestions for examples which do not fall immediately under 
the foregoing types 

Example 1 Solve x*+y*=91, 3i?y+xy®=84 
Multiply the second equation by 3 and add to the first 
thus (a!+y)»a=343, whence «+ys=7 
But a:y(a;+V)=;84, therefore «y=12 
The equations x+y='J, xyssli may now bo solved as m Art. 281 

Example 2 &jli» ?+^ss|, (x+y){x+Sy)=16 

7 

We have 3i?+S^=^xy, a®+3y*+445y=16 , 

7 

whence gC^+lxyslS, so that xjfs=2 

The equations 9^=2 may now be solved as in Art 294. 

Example 3 Sdve x*y*+24=10xy, x®+y®=17 * 

The first equation is a quadratic in xyt which gives xyssi, or 6 Each 
of these results may now be combined with !i^+sr=l7 

Example 4. Solve + y3+ 1^=21 (3x+y), .(1) 

xy-4 (2) 

From (2), wo have 6a^-24s0 , adding this to (1), wo have 
(3r+y)*+ I04a21(3a;+y) 

This IS a quodratio in 3x+y, of which the solution is 
3a;+ys:13, or 

Each of these equations may now be combined with xys4 

Note The muations 3x+y=:13, 3x+y=8 represent two parallel 
stought lines Thus the roots of the given equations are the ooorainates 
of the pomts in which those hncs meet the hyperbola a^s4 

Example 6 Solve x^=6, xy%=18, xye*=12 
Multiplying the three equations together, we have 

so that a^s±6 

Dividing each of the given equations by this, we have 
xs:±l, y-±3, e=±2 

The toots must be tahen either all positively or all negativdy 

Example 6 Sdve xHxy+xe=42, xy+y®+yz«70, xz+yz+a^*84. 

These equations may be wntten 

®(a+y+8)=s42, y(*+y+s)=70, *(a+y+a)s=84 
By addition, (»+y+«){»+y+8)=198, so that »+y+z=±l4 
Dividmg each of the given equations by this, we obtam 
«=±3, ysrdbS, *=±6 
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EXAMPLES ZZVL c. 

Solve the following equations 

L 4(a?+2/=)=17ay, 2. 10(a?‘+y=)=29asy, 3. 5+^-1^ 

«xy=5 a-v=3 y x 35 

y-x=2 

4. a?-^3Ty+y®5=61, 5 ar>-3a!y+y®=6, 6 Jc®+2ay=39, 

»+y=7 «-y=3 2y® -3*^=5 

7. a?+y»=lS2, 8 a:8-ys-i24, g a?-y»s043, 

*^+3^=120 a?y-ai^=20 xv(y-x)s:ie2 

10. (®+5)(y+2)=65, U. x+3zy=35, 12 aV+24=10ay, 

*y=24 y-^2ay=22 x+y=S 

IQ x-2y . 2a-y 26 

2x— y x—2y 3 I Put u= v . and mIic the niultinf guadratu in n i 

x“+ys=go -• 

14 a=+4y=+80=15x+30y, 15 x®-3y*+x-.3yx30=0, 

xy~6 ar*J-y®TX+y=18 

16. 2(x+y)*+324=51(x+y), tkejmt egutttum tuagtiadraftetnx+y 

Xy=S5 Jllutlrate pmphiealfy ] 

17. (a^'+y®)(x-*'y)=15, [Pu< »r+y*=u, x-y»T, then u+v=8, uv=15, vhenee 

a^^X+y^+y=8 <” V‘=3. v=5 Jlluttrale tmphu^lvj 

18. Shew that the equations x?+a^y-txy*^+y®=88S, x“+y®=74 may be 

replaoed by the equivalent sjstem x-’+y‘‘=s74, x~y=12, and 
son e these latter equations graphicall} 

19 Solve the following pairs of equations graphically 

(i) a?TyS=100, (u) TSxy®=34, (m) xS+y»=25, (iv) xS+y«=36, 
xy=48, 2x+y=ll, 3'c-^4y=25, 4x+3y=12, 

[Ayproxtma^e loots to be given to one plate of deamals ] 

Pmd the values of x, y, z from the following equations 

20 a^=36, xy%=48, xy^=12 
2L *y%®=3e, x=yz8=l44, xSirb=48 
22 a?yz=zc^ vifk=b^, xyz®=c* 

23. y:+zx=16, 5x+a:y=25, xy-*-ys=-39 

24. (x+y)(x+s)=63, (y+s)(z-»-x)=42, (s+x)(s+y)=64 

25 a?+Ty+aa=48, a^+y®+ya=12, xs+yz+:^s!84 

26 ’x+y-£=14, y®+s®-x®=46, yz=:9 

[JTrom the last two equations, (y-z)®-3?=28 Put u for y-z, and 
find u+x and u-s ] 

27 (x+y)®- 89=65, x®-(y+e)®=13, x+y-z=:6 
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300 We sbali now give some problems wbidi lead to quadratic 
equations 

Example 1 Dtmde 40 into two parts such that the sum of their 
reciprocals ts equal to Jj 

A 

Let X be one part, tbm 40 -a; is the other The statement of the 
problem gives 

1 , _* 

»^40-a:"75’ 

whence 40y75=8«(40-x)i 

that IS, a^~40x+S75sO, 

or (x>15)(«-25)s0, so that t~ 15, or 25 

Both of these values are admissible, for if x-JS, 40-a;s25f 
if zas2S, 40-xssl5 


Example 2 A man so/d a horse for £21, and lost as much per cent, as 
he game for the horse , u>hat teas the cost price > 

Let the cost pnce bo represented by x pounds ; then the loss will be 
represented »-21 pounds. And this » a; per cent of x pounds , 


ioo’ 

whence a?- lOQr-r 2100^0 , 

that IS, (*-30)(a;-70)a!0 

xssSO, or 70 

Thus the horse may have cost either £30, or £70 
£a the first case the loss is £9, which is 30 % of £30 
„ second „ ,• £49, „ 70% of £70 


301. In the above oxanples each of the two roots of the 
quadratic gives an intelligible answer to the problem , but it will 
often happen that one root of Ihe equation is incompatible^with 
the conditions of the case we are discussing For example, the 
equation may give nse to one root which is positfve and integrm, 
and another wmch is fractional or negative. The latter wonJd be 
rejected if the conditions of the problem could only be satisfied 
by a positive integral solution 
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Examflo 1 A iram runs 60 miles at a um/rnn late, if the rate had 
been 10 miles an hour more, it tvould ha/ie taken heif an hour less for the 
journey find the i ate <fihe tram 


Suppose the train runs at x miles per hour, then the tune occupied is 
fiO RA * 

— hours On the other supposition the time is hours , 

X " x+10 


60 ^60 1 
ar+lO x~2' 


( 1 ) 


whence IOt- 1200=0, 

or (a+40)(ar-30)=0, 

t= 30, or -40 

Hence the tram travels -30 miles an hour, the negative answer being 
madmissible 


Note The value a:a -40 can be made apphcable to a new problem 
by a modification of the conditions of the on^nal problem 
Since x= -40 satisfies equation (1), r= +40 satisfies the equation 

60 ^ 60 1 
-x+10 -a 2’ 

which IS obtamed from (1) by wntmg -x for r Non, by changmg 
the signs throughout, this latti^ equation may be wntten in the form 

60 _6Q . 1 

and this is the algebraical statement of the folloumg problem 

A tram runs 60 miles at a uniform rate, f the rate had been 10 miles an 
hour less it lundd hate taken half an horn more Jm the journey find the 
rate of the tram 

The answer is 40 miles an hour 


EvAM PT.r 2 A lank can he filled with wcaer by tuo pipes running 
together in Id minutes By the larger pipe alone the tank can be fitt^ 
16 minutes sooner than by the smaller pipe alone, find the time m which 
each pipe plane wadd fill the laid 

Suppose that the tTro pipes running alone would fill the tank in x and 

x+16 minutes Then running together they will fill 

tank in one minute ^ ' 

I t -j . 

'b'''it16 15* 

whence 13(2!B+16)=a?+16*; 

that IS, a:®- 14a; -240=0, 

or (x-24)(xJ-l0)=0, 

x=24. or -10 

The negative value is inadmissible 

Thus the larger pipe takes 24 minutes, and the smaller 40 minutes, 
haeg. 8 
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B2A]^m7iS ZZVIL A, 

1. Knd tiro unaabers, d:Seniig oy 7, Faci that the Eom oi th*Tr 
sgaaiss is 1?7. 

2. The ran of the Eonares of t?ro consetatiTe aranlrers is 145 , £d3 
thiJC, 

3 Tj-S a ara:bsr Thich, "risa increased hr 7, i’ eqaal to aiJy thaes 
the reeiproaal of the ireanber. 

4, T~o naaoeis diner hr 3, and the snm of their reciproaals 
fed the mnuoers. 

5, One nnmtier is three tune? another xnanher; if each n* hiersased 
tr 1 the snm of the reciprosals is ry. Find the aomhers. 

5 The length of a rectangakr €eid e? c»ed[s its breadth by one jsrd, 
and tie area acres. Rnd'tne length of the pdes. 

7. A persjn sells goods st £3L 5«., and gams as manj ponnds per 
neat, as the goods cc,*: . fnd toe cost price 

8. A man sells & horse for £l4i, and gams aa much per cent, as he 
giTB for the horee. Fiat did tho horse oKt* 

8. A man rides 24 miles at a amiorm rate ; J he had rdden 3 nflss 
per hoar faster, he Tcnld hare ^red an fionr tO'T fast did he ride * 

10, A steamer goe? a jcramer «E 3340 miles J it hsd gone 3 miles an 
hour iastez it tronld bat e talen Ir da. s less find the time the jonsay 
oecnpied. 

IL An ocdinarr tram, the average speed of Tiucn u» 15 mSes an h^ 
less than that of the eipre®-« takes 2 htrars longer Jo go 1£0 miles, ‘‘vhat 
is the avemge speed of each tram ’ 

12. Tto men start at the •ame time to meet each othw from to^ 
trmch are 54 mSes ajart. If one takes 3 miijctes Icager fiian the other 
to Kralk £ mSe. and tnej meet m sii honrs Lo " fart does each irak-r 

13. A tank can he filled tr 2 ppe» together in 0 honrs; if t he 
ppe a^one takes 5 hvam less tnatn me smaller to fill the tank, find the 
Lme in irh,cn esch pipe alone v.cmld fill the tank. 

14. Tro pipes open together can fiB a castera m 9^ raamtes; i f fes 
smaller mps takes lO minntes mors than the lai^ to fiU “e mstsssi, 
find in “s^t time it Tdli be fined hr* each pipe Em^v, 

15. I bm^t a nnmoer of cricsst baHs for £3; if I^had btm^t a 
eheaper so*t ooning 2» apiere les?, I shoald bs"e had 15 more mr tu- 
rnon^ : "jrhat d-d I par for earh* 

16 A man hr^ ? msmlwr of aitids for £1, and after 3o=mg 3, 

23a oTsdllng tie rest at 9i apiece more than tha^wst; ho*rmaiy<iia 
he hay? 

17. Sixteen gmtea« is divided eqcallr among a certain nn^herjM 

bers; iffherevrereSbojsfensereachvroidrecBiTefld morB;'RrB3t’ra- 

* the namher of beys? 
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302 EzauHiE 1 A tradesman bought a number of yards of etll for 
£9 78 6d , he hept 4 yards, and, sold the red at half-a~crown per yard 
more than he gave, thesOy obtamtng £1 9s Qd more than he ortgmaUy 
opeiA hoamanyyaidsdtdhebuyi 

Let X be the number of yards bought 


Then the mt pnce per yai d is — half orovms 


But aelltngpi ice of (x-4) yards is £10 10s , or 84 half-onnms ; 


84 

the sdltng pnoe yard is — r half-crowns , 

fl? •“ 4 


crowns 

But from the question the gam per yard is 1 half-crown 
Thus 


84 75_. 
x-4”x ’ 


whence 9x+300=x®-4fl:, 

or xS-13x-300=0, 

(x-25){x+12)=:0, 
x=25, or -12 

The negative value is madimssible Thus the number of } ards bought 
waa2S 


Exauflb 2 WhaA ts the price of pears per gross when 120 more for a 
sovereign lowers (he price 2d per score f 

Let X be the number of pears bought for a sovereign, then the pnce of 

each pear is pence, and that of a soorp is pence 

SC * ^ 

4S00 

If 120 more are bought for a soi ereign the pnce per score is pence , 

4800 4800 

X x-J-120 ' 

whence 4800 xl20=2x(x-i' 120), 

or a^s+120x-480 x 600= 0, 

(a-480)(x-h600)=0, 

x=480, or -600 

Thus 480 pears cost 20s , and the pnce per gross is ^14 of 20s , or 6s 

Noxe As in Art 301, Ex 1, we may shew that the negative value 
-600 suggests the problem 

What IS die price of pears per gross when 120 fewer Jor a soieretgn 
tsiB0Bthepnce2d per scored 
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£xam?ub 3 Tkt mall vihed qf a ccamagt males 22 revchitions more 
than the large tdieel in a quarter of a mtk If the wemifeirenee of each 
tahed mere 1 Ji more, the mall viked would m^e 6 more revduttom than 
the targe whm m 143 yards Fend the eii ctm^erence <f eadi whed 


Suppose the small wheel to be a; feet, and the large wheel y feet in 
oiroumfeienoe 


In 440 yds the two wheels make and 
■' X y 

1320 ia20^gg 


(1) 


SuDilorly from the second condition we obtain 

429 429 « J 1 ^ 

a+l~y+l“ * a+l'y+l^ldS 


£rom (i), 


as 


Substituting in (2), 


fm- 

y+60 1 2 

61y+60“y+l*143" 


m 


that IS, 143y3s2(y+l}(01y+60), 

or 21j^ -242y - 120=0 , 

whence (y-12)(21y+10}a0, so that ysl2, or 

The nwative value is clearly inadmissible Puttmg y»12, we get 
as: 10 Hence the small wheel is 10 ft and the large one 12 ft m 
oiroumference 


EXAMPLES ZXVIL b 

1 A nan bought a number of yards of silk for £6 ISs , he k^t 
5 yards and sold the rest at la 6d per yard more thm he gave^ thero)^ 
gaining 168 on his onginal outlay how many yards did he huy * 

2 A hawker buys a certain number of oranges for Bs , and retails 
them at 8 for Od , thereby gaming os much os ho paid for 26 oranges 
how many did he huy ’ 

3, Per £720 a man purolmsed some horses , 3 of them died, and he 
sold the remainder at £6 apiooe more than he gave, thereby gaining 
5 per cent on his outlay how many horses did ho ouy^ 

4, A man invests some money in 3^ per cent stook ; if the pnee 
were £15 less, ho would receive per cent more for his money what 
pneo does ho pay for the stock ? 

6 A tradesman finds that t^aelbne a book for 48 8d his percentage 
of profit IS the same as the nnmber of ponce the book cost him what 
did ho pay for itT 
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6 The interest on a sum of money for one year is £31 17s M , if 
the rate of interest were less by ^ per cent it Mould be neoesssiy to 
in\ est £100 more to produce the same amount of interest Fmd the snm 
miested at first 

7 A person selhng a horse for £37 lOs finds that his loss per cent 
is half the number of pounds that he paid for the horse what was the 
costpnee* 

8 What are eggs selhng at uhen, if the price were raised three- 
pence per dozen, one would get four fewer m a shilling’s worth ’ 

Fmd a meaning for the negative root as m Art 301 

9 I bought a certain number of books for 30s , if each book had 
been subject to a discount of 4d , I should have had three more for the 
money find the cost of each 

10 If 6 fewer bottles of wme can be bought for £5 when the price is 
raised ten shillings per dozen, what is the original price * 

Alter the wordmg so as to state a new problem suggested by the 
negative solution 

11 A and B distnbute £3 each in chanty A rehoi es 5 persons more 

than B, and B gives to each Is more than A How many did each 
rdie\e’ * 

12 How maiw pears are bought for Is , when 6 more for the money 
lowers the pnee m a dozen * 

13 The pnee of one kind of sugar is Is 9d per stone more than that 
of another kind , and 8 lbs less of the first kind than of the second can 
be bought for £1 Eiiid the pnee of each per stone 

14 The pioduet of two numbers added to their sum is 23, and 5 times 
their sum token from the sum of their squares leaves S find the numbers 

15 An ofiScer forms his men into a hollou square, four deep If he 
has 1392 men, find how manj there will be in the fiont 

16 A rectangular plot of giass is suirounded by a gravel walk four 
feet wide The area of the plot is 1200 square feet, and the area of the 
Malk IS 624 square feet Fmd the dimensions of the plot 

17 The hypotenuse of a nght-angled tnangle is less than the sum of 
the other sides by 6 ft , and ^e area of the tnangle is 60 sq ft find 
the lengths of the sides 

18 Two men, A and 5, tra\el in opposite directions along a road 
ISO miles long, startmg sunultaneously from the ends of the road. 
A travels 6 miles a day more than B, and the number of miles travelled 
each day by B is equal to double the number of days before they meet. 
Find the number of miles which each travels in a day 

19. Find two numbers such that their product multiphed by them 
nm IB 330, and their product multiplied by their difference is 30 
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20. A certain number of p^rs were sold for a oertam number of 
pence, if 5 moie had been sold for the same mon^ th^ would each 
wvB cost one halfpenny less, if 6 fewer had been sold for the same 
money they woula each have cost one penny more What was the 
number of pears and the price of each ^ 

21 A man invests some money in 3 per cent stock , if .the pnee were 
£1 more, he would receive 1 per cent less for his money at what price 
did he buy the stock ^ 

22. If 377 minutes would be saved in a railway journey by increasing 
the speed by 5 miles an hour, and SO minutes would be lost cy diminish* 
mg the spera 1 ^ 3 miles an hour, find the length of the journey and the 
speed of the tram 

23 A man buys a certain number of photographs for £1 Two »t 
damaged, and by selling the remamder for 2d more than they cost he 
makes one shillmg profit How many did he buy * 

24 There is a number consisting of two digits such that the di&renoe 
of the cubes of the digits is times the difference of the digits Also 
the number exceeds twice the product of its digits by the digit m the 
unit^ place Fmd the number 

25 A.boat’s crew eon row 8 milra an hour m still water what is the 
spe^ of a river’s current if it takes them 2 hours and 40 minutes to row 
S xmles up and 8 miles down * 

26. How long will it take each of two ^es to fill a cistern if one of 
them alone takes 27 minutes longer to M it than the other, and 76 
minutes longer than the two together^ 

27 Fmd the speed of a tram if when the speed is increased ly 6 miles 
an hour 20 minute are saved m 144 miles 

Alter the wording so as to state a new problem suggested by the 
negative solution 

28 If a carnage wheel I 43 ft m circumference takes one second more 
to revolve, the rate of the carnage per hour will be 2 f miles less how 
fast IS the carnage travellmg^ 

29 Fmd two numbers such that their sum multiphed by the sum 
of their squares is equal to 40, and their difference multiphed by the 
difference of their squares is equal to 16 

30 A man cannot afford to sjiend moie than £18 a week m payum 
labourers , after a time ho finds that he has to pay each labourei 60 
a day more, and so is obliged to dismiss four of them Fhid how many 
labourers he emplcyed at nnt 

31 A sets out from London to meet who starts at the some time 
from Maidstone, 36 miles distant A walks I 7 miles an hour faster than 

3, but after two hours stops at a fnend’s house on the way for I 7 hours , 
ho then proceeds again, and meets B half way between London and 
Maidstone. Fmd the rate at which each walks 
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303 Geometncal Applicaiioiis 

ExiSisvB Diude a Itne AB, whose length u a uwfs, into (ao paWe at 
X eo that AB 6X=AX^ E-i^ain both soluUons 

Let AKsv touts, then BX=(a-9;)uQtts 

Henee a(o-fl;)=a?, or s?+oa-a®s=0. 


»=*|(-l±N/ 5 )=g('-l 5 : 2 ‘ 236 )= 062 fl, or - 1 62 a appioamately, 

la the figare AX is the Msitive root x* A X 8 

The negakre root is AX^ and it is 
measured in the direction oj^Kisite to AX 

Ihns AB BXsiAXs, and AB BX'=AX'2 


EXAMPLES ZXVn b (C7ontift«e(f) 

32 If a straight hue 6 cm in len nh » divided mtemally so that the 
reotangle contained by the trliole and one part is eq^nal to the square on 
the other port, find the segments of the hne to the nearest imllinietre. 

33 A hne AB is produced to P so that AB APs^BP^ If AB=8 cm , 
find the lengths of Ar and BP to the nearest milhmela'e 

3i If a line AB of any length is divided externally as in Ex 33, shew 
that ( 1 ) ABHAP2=3BPj (u) (AB+AP)*=:6BF 

35 A hne AB is produoed to P so that BP=2AB^ If AB=e 3 5 cm , 
find AP to the nearest milhmetre 

36 Eind a pomt P in a straiAt hne AB so that AP(AP~ BP)=sBF 
E AB=4 2 cm , find AP and ^ to the neaiest millimetre % suh 
stitttting these values verify the truth of the given relation 

37 Divide a straight hne 13 cm long into tno parts so tliat the 
reotangle contoined by them mo} be eqail to 36 sq cm 

38 Justify the foUou’ing graphical solution of Ex 37 

On AB, a hne 13 cm in length, describe a semicircle At A diau AP 
perpendicular to AB and 6 cm m length , through P diair a hne PQR to 
eat the semicircle in Q and R, draw QX, Ry j^rpendicular to AB 
Then AB is diiided as required either at X or Y Verify the algebiaical 
solution of E\ 37 by actual measurement 

39 Solve the following equations graphically, taking a centimetre as 
amt and giving the roots to the nearest niuhmetcc 

(i) x(7“Z)=12; fii) a^^-llv+SOssO, 

(ill) a?-6i+4ss0; (iv) a?+l3=8a: 


CHAPTER XXVm 

Graphical Problems ' 


804 When two quantities x and y ai e so related that a change in 
one produces a propoitional change in the othei, their vanations can 
always be exptessed by an equa&on of the ^orm ysoj;, where a is 
some constant quantity Hence in all such cases the graph which 
exhibits their variations is a stro^ht Itne through the on<^ so that 
m order to draw the graph it is only necessary to know the position 
of one other point on it For instence, examples which deal with 
work and time, distance and time (when the speed is uniform), 
quantity and cost of material, prmcipal and simple inteiest at a 

S ven rate per cent , may all be illustrated by linear graphs through 
le ongin 

Example At noon A ^rte to cydefnm P to Q, a distance qf 40 miles 
He ndee at 6 miles an hour, rettvng jor an hour after rtdvng 12 Duke At 
Zpm B starfa/rom P at 10 miles an hour Find graphioailg 
(i) When and vfhere B oxeniala A , 

(ii) At what time jR ii 8 mi lehind A , 

(m) Their dietarwe apart at 5 pm 

Jf a third eyclMf C etarte ut noon, riding from Q to P, and meets B at 
4p m , at what speed does he nde f 

In Fig 26, on the opposite page, let the position of P be ohoson as 
origin , let tune be measured honEontally from 12 o’clock (1 inch to 
2 hours), and let distance be measured vertically (1 mob to 20 miles) 
Thus each division on the bonzontal axis represents 12 minutes, and 
each division on the vertical axis stands for 2 miles 

In 2 hours A has ndden* 12 mi , therefore if D is token 0 6 inoh 
(representing 12 miles) above the point which marks 2 p in , PD is the 
graph of A*a motion for the first ? hours , that is to say, the ordinate of 
every pomt on this line will mark the distance traveUed m the time 
given by the corresponding absoissa In the next hour he makes no 
advance towards Q, therefore the oorrosponding portion of the graph 
IS DE As A now proceeds at the same rate os before, EOl, oiawn 
parallel to PD, gives tee details of bis motion between 3pm and 7pm 
B starts at 3 p m , and covers 10 mi per hour, therefore fox the graph 
of JB’s motion wo use the pomt whioh marks 3 p m as ongin, and join it 
to H whose ordinate is 0 6 moh (represmitmg 10 miles), and produce the 
Ime 
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(i) The graphs of ^’s and motion meet at F, which is SO mi 
from P And the time is 6 p m 

(u) To find when A and ^ are 8 mi apart slide a graduated ruler 
parallel to the Tertioal axis till the dtfierence of the ordinates of the tpo 
graphs IS found to be 8 This is shewn by KH , thus the time is 4 p m 

(ill) The difierenoe of the ordinates at 5 p m represents 4 mi , which 
18 tlie distance between A and B at that time 

As G walks towards P, his distances from at difierent times will be 
denoted by ordinates measured (fotoRtoanfr A4pm he meets jfi, whose 
position at that time is represented by H Tberefoie QH is the graph 
of O’b motion Thus 0 has ndden 30 mi in 4 hours, and his spaed is 
7^nu per hour 


EXAMPLES XXVm. a 

1 At 10 a m A starts to nde at 8 miles an hour, and at 11 30 
B follows at 12 miles an hour &d graphically when B overtakes A, 
and at what tunes A and E are 4 miles apart 

[Tale 1 inch to 1 fiour, and 1 inch to 10 mdes ] 

2 Two men nde towards each other from two places 60 miles apart 
d they nde at 12 miles and 9 miles an hour re^ectnely startmg at noon, 

18 miles apart Also find (to the nearest mmute) 

3 At noon A starts to nde at 6 miles per hour , two hours later 
B follows, ri din g at 12 miles an hour, but resting for half an hour at the 
end of each hour Pmd when and where B overtakes A Show abo 
that at the end of three oonseontive hours B is just 6 miles behind A, 


imd when they are first 
thcir tame of meeting 




'*^ a «** 1 11 Mlf'®?l«o '®'^ 


H 


S'iSs'SSssisS^l »"* 


& ,106, 


* tb»® si»1*V>”^^6t%-«»j'SS»*'*^ 
'PJS Sl0*> atlsS 
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EXAMPLES XXVm a. (Continued) 

i. Two bicyclists nde to meet each other from tiro places 95 miles 
apart A starts at 8 a m at 10 miles an hour, and B starts at 9 30 a m 
at la miles an hour Find when and \ihere they meet, and at what 
times they are 37^ miles apart 

[Sble 1 inch to 1 hour, and 1 tnek to 25 mtles ] 

5 At what distance from London, and at nhat time, will a tram 
nhioh leaves London for Rugby at 2 33 p m , and goes at the rate of 
35 miles an hour, meet a tram which leaves Rugby at 1 45 p m and goes 
at the rate of 25 miles an hoar, the distance between London and Rugby 
bemgSO miles ^ 

Also find at nhat times the trains are 24 miles apart, and how far 
apirt they are at 4 9 p m 

[Ta/.e 1 inch to 2 hours, and 1 inch to 20 miles ] 

6 A man starts at noon to nde from A to B at a umform speed of 
6 miles an hour , ^t after nding fot 1 hour he has to return to A, nhere 
he is detamed half an hour. By incieasing his speed to 10 miles an hour 
he finds he can ]ii8t reach B as soon as if there had been no delaj find 
the total length of his nde and the time of his aim al at B 

7 At 8 a m A starts from P to nde to Q, n hich is 48 miles distant 
At the same tune B sets out from Q to meet A If A rides at 8 miles an 
hour, and rests half an hour nt the end of every hour, while B nalks 
uniformly at 4 miles an hour, find graphically 

(i) the time and place of meeting 

(ii) the distance beta een A and B at 11 a m , 

(lu) at what time they are 14 miles apart 

[Take 1 inch to 1 hour, and 1 inch to 20 miles ] 

8 A cyclist has to nde 75 miles He ndes for a time at 9 mlw an 
hour and then alters his speed to 15 miles an hour, coieiing the distance 
in 7 hours At u'hat time did he change bis speed ’ 

9 A party of tounsts set out for a station 3 miles distant and go at 
the rate of 3 miles an hour After going half a mile one of them him to 
return to the startmg point, at ahat rate must he noa aalk in order 
to reach the station at we same time as the others ’ 

10. A motor car on its way to Bristol overtakes a oyehst at 9 a m ; 
the ear reaches Bristol at 10 30 and after aaiting 1 hour returns, meeting 
the cyclist at noon Supposing the speeds of car and cyclist to to 
uniform, find a hen the oyehst w^ reach Bnstol Also compare the 
speeds the car and i^chm 

11 Two trams start at the same time, one from Liverpool to Man- 
chester, and the other in the opposite direction, and rannmg stodily 
complete the journey’ in 42 min and 68 min re^ectively How long is 
it from the moment of startmg before they meet * 
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308 Some of the ordinary processes of Anlihmetic lend them* 
selves readily to graphical illustration Tor example, thegiaph of 
yatg? may be to furnish numerical square roots For smce 
if a senes of numbers are represented by ordinates, the 
corre^nding absmssse will give the square roots of those numbers 
Simihffly cube roots may be found from the giaph of y-^ 

Example Diow a gra^h to f/nd Ae cube roofe of IQ and 14 correct to 
8 2 il’aces of deetmala 

The cube root of 10 is a httle greater than 2 , hence it will be soffioient 
to plot the graph of ya:as^, tabmg x=:2 1, 2 2, 2 3, 2 4, The oorre* 
sponding onunates are 9 26, 10 66, 12 17, 13 82, approximately 
When a;=:2, y=sS Take the axes through this point, and let the 
umts for X and y be 10 mches and 0 5 moh respectively The requisite 
portion of the curve is shewn m Fig 28 on the opposite page 
When y=10, we find xs2 154 Thus the cube root of 1082 164 
When y8l4, x^2 410 Thus the cube root of 14s2 410 
The graph may be used to read off the cube roots of all numbers 
between 8 and 14 For example, the cube roots of 8 6 and 13 are found 
to be 2 050 and 2 350 

Nope Solutions of this kind can only be regarded as a farther 
dlwtratwn of the graphical method As a subatoule for anthmetioal 
evolution they serve no useful purpoie 


EXAMPLES XXVm b 

1. Takmg 1 inc^ as unit for x, and 0 6 os umt for y, draw the graph 
of y8x’, and employ it to find the squares of 1 64, 1 8, 8 4, and the 
square roots of 7 66, 6 29, 4 81 

2 Draw the graph of y8is/s taking the unit for y five times as great 
as that for x Tjse this curve to check the values of the square roots 
found m Ex 1 

8. Draw a graph which will give the square roots of all numbers 
between 26 and 36 Bead off a/sS, to three places of decimals 

4. F rom the graph of ysanfl (on the scale of Fig 28} find the values 
of \^28 4 and ^fSi to 4 significant figures 

6. A boiy w ho was ignorant of the rule for cube root required the 
value of <^14 71 He plotted the graph of y^afl, xamg for x the values 
2 2, 2 3, 2 4, 2 6, and ibnnd 2 45 as the value of the cube root Ver ify 
this process m ^tail From the same graph find the value of <5^138 to 
two places of deoimals 

6 Draw a graph which will give the cube roots of all numbers 
between 27 and 64 ooireot to two plloes of demmals 
Bead off the onbe roots of 44, 60 ; and the onhes of 3 42, 3 78 
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307. iiter z little pniciice graphical solntioss can often be 
prenTeiy concisely. 

EmriE. AgmBaMoJ 

8 ysr^, anj G ttartt am ntmit ofltr 1 i ruRi tie iftetanee in 

BhaU A^ltmA,mivha. 
hlmUm mtm^ 15 imidt, hit & prdt ahad of G Frd 
gnpinsaHy hm nmy tmSt G start! ajitr A Shea tin from da 
orajk dot if (he thru rmnert tiartd Ited day vmJi m a dad haf 



A’s graph is the hse OP, since he nins 20) yds m 25 seconds 
SracefhssftstartofSjds * Rise point on his graph 
Also Cheats/ by 1 second; 8 is a point on his graph. 

Tons So graph is the line R8 
i beats OIr 40 yds ; . Q is a point on C’s graph. 

Find T the point on St graph corre^ding to 16 seconds, and 
oearara TK domiiards to repit'ent 48 yos Then K is also a pwnc 
on (Ts graph 

Ihns G s graph is the line QK. When produced this meets the tmi^ 
ans at L Ihen, since OL npraseats 5 seconds, C nnst haro'Etarted 
5 seconds after i. 

As the ersphs are three jaroFd lnic» the ratio of any ordinate to the 
OOTRSponaing absci^ra is the same in each case. 

Thus the speed* of the ranners are equal, and i they *tarted lerd 
they oronld run a dead heat 
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308 When a \aiuble quantity y u mrtly constant and partly 
proportional to a variable quantity x, the algebraital relation beta een 
X and y IS of the foim vrhere a and & aie constant The 

corresponding graph will therefore be a straight line 

Examfi^ 77ie of a scAool ate pat tty wntiant and partly 

proportmal to the rnmiber oj boys The expenses tiere £630 foi 103 boys, 
and £742 for 128 Drana a graph to represent the expenses foy any 
nmber of boys, find the expenses for 115 ooys, and the n«nt3e) of boys 
(hat can be moaniaxned at a cost of £710 
If the total expenses for x boys are lepresented by £y, the variable 
part may be denoted by £ax, and the constant part by £6 Henoa 
X and y satii^ a linear equation y=ax+b, where a and o aie constant 
quantities Hence the graph is a straight line, \ihioh can be draun at 
once by joining the two points whose coordinates are given by the 
conditions of the question 



As the numbers are large, it will be convenient if mo begin measuring 
ordinates at 600, and absoissss at 100 Tlus enables us to bnng the 
requisite portion of the graph into a smaller compass When x=105, 
y=850, and when x=sI28, y-742 Thus two points P and ft are 
round, and the hue PQ is the required graph 
By measurement we find that when ®=11B, v=6fl0, and that when 
V«710, x= 120 Thus the required answers are £690, and 120 boj s 


P.yAMPLES XXVQl C 

1, X and Y are two towns 35 miles apart At 8 30 a m A starts 
to walk from X to Y at 4 miles an hour , aftei ualking 8 miles he rests 
for half an hour and then completes his jouinej on a bioj clc at 
10 miles an hour At 9 48 a m B starts to walk from Y to X at 3 miles 
an hour , find when and where A and B meet Also find at what times 

they are Ol- miles apart 

2 At 8 a m A begins a nde on a motor car at 20 miles an hour, 
and on hour and a half later B, staiting from the same uoint, folloMS to 
ms bicycle at 10 miles an hour After nding 36 m^s, A icrts for 
1 hr 24 mm , then tides back at 9 miles an hour Bind graphically 
wuen and whore ho meets B Also find (i) at what time the riders 
•v ere 21 miles apart, (ii) how for 5 will have ndden by the time A gets 
back to his starting point 
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3. i and £ start at the same time from London to Bluvotih, 
L irolking 4 miles an horn, B nding 9 miles an hour B reaves 
Ellsworth m 4 hours, and immediately tides back to London Mm: 
2 hours' test be starts agam for Bli^h at the same nte How 
for from London will he orertake i, who has in the meantune 
rested Sjhonts' 

4 i, E, and (7 set out to walk from Bath to Biistol at 5, 6 , 
and 4 miles an hour respeotavely 0 starts 3 minutes before, and B 
7 minntos after i Draw graphs to shew (i) when and where A 
overtakes (7, (u) when and where B overtakes A , (in) D's position 
relative to the others after he has walked 45 mmutes 

6 , i can beat B by 20 yards m 120, and Bean beat (7 hr 10 yards 
m 30 Bnpposiag their rates of running to be umform, aud that thry 
start together, find where i and (7 are when B has run 80 yards 

6 i, B, and (7 run a race of 300 yards, i and (7 start from sontoh, 
and ioovers the distonoe in 40 second^ beating B by M yards B,with 
12 pds' start, beats i by 4 seconds Supposing the rates of running 
to be uniform, find graphioolly the relative positions of the runnos 
when B passes the winniog post Fmd also by how many yards B is 
ahead of A when the latteroas run three fourths of the eontse 

7 Inanoeof 180 yards i, starting finmsoratch, runs a dead heat 
with (7 m 25 seconds, and heats B by 30 yuds When i has run 
108 mit he is 8 yards behind 0 and 14 yards ahead of B Find 
grapnioally how mum start B and 0 roceivei 

8 , A oyohst started to nde 38 miles , aftet nding for some time at 
12 miles an hour he reduced his speed to 8 miles an hour, and reaihed 
bis destination in exactly 4 hours At what time did he make the 
ohange, and how far did ho nde at each speeds Find graphioally lion 
mnoh time he would have saved if the last pait of his nde had to at 
10 miles an hour instead of 8 

9 I row against a stream Sowing I 7 miles an hour to a certam 
point, and then tom oack, stopping two mdes short of the place whence I 
onginally started If the whole time occupied in rowing is 2 hrs 10 mins 
and my uniform speed in still water is 4^ miles an hoftr, find giaphically 
how fiwupstoeaml went 


10 At 7 40 a m the ordmaiy tram starts from Norwich and teaches 
Limdonat 11 40am, the exmess startingfrom London at Sam amves 
at Norwich at 11 40 a m if both trams tiavel uniformly, find rdien they 
meet Shew that the time 11 independent of toe distance between 
London and Norwich, and verify this conolnmoit by solving an idgebnucal 
equation [Compare Art 263 ] 


11. A boy starts from home and walks to school at the rate of 
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12 The annual expenses of a Convalescent Home are partly constant 
and partly proportional to the number of inmates The expenses nere 
d^84 for 12 patients and £432 for 16. Draw a graph to shew the 
expenses for any number of patients, and find from it the cost of main* 
tainmg 15 

Li a nval estabhsbment the expenses were £375 for 5, and £445 for 
15 patients Fmd graphically for \ihat number of patients the cost 
would be the same m the two cases 


13 A body is moving in a straight hne with varying velooitj' The 
velocity at any instant is made up of the constant lelocil^ with which 
it was mojeoted (measured m feet per second) diminished by a retarda- 
tion of a constant number of feet per second in every second. After 
4 seconds the velocity was 320, and mter 13 seconds it was 140 Draw a 
graph to shew the vmocity at any time w hile the body is m motion 

A second body projected at the same time under similar conditions has 
a lelooity of 450 after 5 seconds, and a velocity of 150 after 15 seconds 
Shew graphically that they will both come to rest at the same time 
Also find at what time the second body is moving 100 feet per second 
faster than the first, and determine from the graphs the lelocitj of 
piojeotion in each case 


14. The table below shews the distances from London of certam 
stations, and the times of two trains, one up and one down Supposing 
each ran to he made at a constant speed, shew by a graph the distonoe 
of each tram from London at any time, naing 1 mob to represent 20 miles, 
and 3 roches to represent an hour 


Dutanee 

inmilea 

London, 

6i WiUesden, amve 
depart 

66 Northampton, amve 
depart 

113 Birmmgham, 


4 30pm 

7 0pm 

4 38 



442 


(No mtormediate 

5 50 


stop } 

,,564 



70 

50pm 


At what point do they pass one another, and how far is each from 
London at 5 30* Which of the three runs by the stoppmg tram is the 
fastest, and which is the slowest* 


bau> 
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MlSCELLAlSfEOUS EXAMPLES VI 

[The foSomt^ Mxamjilet are arranged tnfcnir aets I foa/y be tdkeiit 
ojfier X , II afier Chap xv , III afitr C3uip xxi , IV 
Cliap iixvin] 

I (Indvdmg Chaptere i -x.) 

1 Fmd the value of - ■4-{2ft4-6-ey. 
ao—c 

when a=2, &s3, e= -4 

2. Kemove the hraokets from 

2{a-6(b+c)}-3{b-2(2tt-*c)}, 
and simplify the result 

8 Wnte down the values of 

( 1 ) («-7)(x+13), (n) (^-3H%+3), (iii) (2a+3)(3a+2); 

(IV) (%)-8)(^-4), (v) (4»H-Stt)(4i»-3tt); (vi) (5»-8)(8®-*9) 

4 If the piodnot of x+T and v-2 is equal to the pioduotof a+8 
and x+4, what is the value of v* 

5 Shew that ^4-20ai: le equal to 9a? when xsaO, 4, or 5 Which of 
uie expressions is the greater when * 

6 A journey of ^ miles takes me n hours , a joumev of y miles takes 
a (^olist TO hours Express algebraically the tact that the oyohst’s pace 
IB b miles an hour faster than mme 

7 With as little work as possible find the value of ma+mb+mc 
when to= 3 45, a=27 32, b=1371, ca68 97 

8 A boy’s age is one-third of his father’s , six years ago his age was 
*wo-ninth8 of his father’s age at that time , what are their ages ’ 


9 If A— 2x-3, B— 3x-4, Cs=a;^2, find the values ot 
(i)CB-CA; {ii)AB-6C» 

10. Simplify — II If expression is equal to 17, 

what IS the value of s* 

11 Illnstiate the foUowmg identities graphically, as in Art 66 
(1) (x-^y)3=a?-^2®y.t.|/2, (11) (®+3)(»■^6)sa?■^8x+15 

12 Vrom a pls^, x yards long, y feet are cut off, and the remainder 
H c inches longer than the part out ofl Express this by an equation 
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13 A library contains 452 volumes, of these 12(m+4) are Engbsh, 
7m-36 are Erenoh, and 4(m-6) aro iktm How many aere there in 
each language* 

14 Tabulate the values of 3 when x has the values 1,2,6, 10 

16. Solve the equations ' 

(i) (x-3)®-(x+9)(®-l)=5(2~x)-13a:; 

4x+l 6x-l 7x-12 
' ' 15 " 3 “ 5 

» 

16 Divide £117 between A, J3, and G, so that G may have tvnce as 
much as A, and A’s shore may ^ three fourths of H’s 


17. Add together 

-a?~2oafl+d?x, 2a?-aa^, 4a?-o*, 5oa?-oSx-4a® 

Test your answer by putting x=2, as - 1 m the four expressions and 
m the sum 

18 Simplify 7a^-(3-4ax)-3xt4x-*-l)(ax-f 5) , and then bracket the 
result aooorang to powers of x 

19. What IS the value of a(a^-ay^-fa^(x-a^) when x=ay* 

20. If Ms3m(x-l)»-m(x-l)-4, 

and Nsl6+n(x-l)-3ii(»-l)®, 

find the value of nM +mN 

21. Express 

(i) p miles per hour in feet per second , 

(ii) the price in pence per dozen of articles which cost x shilhngs per 

score, 

(ui) the price in shillings per cwt of sugar which cost y pence per 
pound. 

22 A rectangular sobd of length I, breadth b, and thickness t, is made 
up of rectangular blocks cadi of which has a volume V Find the formula 
for the nui^r (N) of such blocks contained in the sohd From the 
formula find 

(i) N when 1=6 ft , 5=2 ft, ft , and V =24 on in , 

(ii) V when N=25, 1=15 cm , 5=6 ora , 1=4 cm 

23 Solv.lh.n™boBx-5^-J=i^-i^+5^ 

24. How much coffee at Is 6(7 per pound must be mixed with coffee 
atls Sd per pound to make 140 pounds worth £11* 
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n. (Indndvag Chapters i -xv,) 

25. U a-2, btsZ, cbS, prove that is greater than 

6c+2(»-(? by the value of 6®-a® 

26. Sublanot the sum of 6a->(7&-c) and 8b-(9a+c) from c-4b 

27. If is lbs of tea cost y shillings, how many shiUmgs will y lbs of 

the same tea cost* . 

28. What value of x will make the sum of {x-l){x~3) and {x-2)^ 
equal to twice the pvoduot of £-'2 and »- 

29. ?iud the factors of 

(i) <u) 4a!V+2a?y®-^, (m) 12iB*“27aW 


30, Solve the sunultaneons equations 

2*-3y=6, 3a!-^!^=r4 

3L .d 18 twice as old as B, and S is twice as old as C The sum of 
their ages will be trebled m 28 years ; how is each now * 

32. Draw a graph to shew the relation between x and y from the 
foUowing oorresponoing values * 

a:»5, 10, 16, 20, 26, 33, 40, 46; 

119, 16, 16 8, 18, 184, 18, 17 6 

From the graph read off, as aoouratdy as possible, the values of y 
corresponding to a;sl2 and x=:23 

« 


33. When —3, b—2, c=: —2, find the value of 

2(6»-2<?)»x{b-3(c-ttb)} 

34. If a men do as muoh work as 6 boys, ftp*! c men take d days to 
finish a ]ob, how long would e Ik^ f 

35 Divide x*-13a^+36 by a^-6x+6 

36. If /(*)saj»+2a!a-9»-18, find the values of /{“2), /(4), and 
f(-5) Separate /(«) into simple factors 

37. Find the first four terms of the ^oduot 

(1 -2x+3a?+a>«)(l+Sa?- a!*+2a;»). 

38. Solve the equations 

(0 


(11) S(a-4)-4(,+,)=l, »6r+J)-4(»-(S=l. 
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39. A horse costs £7 more than & tragon, and a wagon with three 
horses costs £177 What is the valne of a wagon ^ 

40 Draw the graphs of a;=l and 2x+4y=17 in the same diagram 

Hence solve the two equations simultaneonsly 


41 n V=5o+46-6c, X=7c-3a-96, Y=20tt+7&-6c, and 

Z=13a-6&+S6, calculate the value of V-(X+Y)+Z * 

42. (i) A reotanralor lawn x feet wide and y feet broad is suirounded 
by a path z feet wide What is the area of the path ? 

(u) Apples cost X shilbngs a score How many wiU be obtained for a 
soiereign? How many more will be obtamed if the pnce is lowered 
ashilhngasoore* 

43 What valne of c makes (a:-2)^~(a;» l)(a;~3)=c an identity^ 

44 Wnte down the values of the following products 

(i) (2z-l)(a;-2), (ii) {3x-5}(2x+3); (iii) (6x+8)(x-~2) 

If the values of (ii) and (iii) are equal, what is the value of 

45 Fmd the factors of the following expressions 

(i) a^+6a?-91®, (ii) 27+8**, (iii) *“y-a^+y^-o* 

46. Fmd X, y, z from the equalaons 

ix-^5y+2=Q, «-^7y+2z=sl0, Sx-Sy-feslB 

47. A man gave 3d to each of a number of bojs and had la 9(f left ; 
if he had had la 6d more ho could have distnbuted all his money by 
giving Aid to each boy How many boys were there* 

48. Shew, by drawing graphs, that the values of x and y which satisfy 
the equations x+2y=l, £c-y=2, also satisfy the equation 2a-3y=l. 


in {Indvdmg Chapters i -sxi ) 

49. Divide 8o®-6*+^+6a6c by 2a-&+c: 

60 Hcsolve into factors 

(i) 2a?~3!xy-2f, (u) (x-2)*-(x-2), (in) o(a+l)-5(6+l) 

51. A train travels x miles in p hours, how many minutes will it tako 
to traiel 9 yards* 

62. Reduce to their simplest form 

,.x 28ar'-41x+16 , . 26~a 2a+h ,a-b 

4a:»-7a?+7®-3’ ' ' B5+P"a=-o6'*"aF 

63. Provo that if x->-ys:l, , 

a?Cy+i)-»’(*+i)-*+y=o 
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g-9 , 3a?‘“2 (r~2) .1 
^ >^ 4 ^. 


(u) 6 a;+llys 5 l 46 , llaj+gyssllO 

55 The e:q»ressicni a»-3b is equal to 30 nrhen !B:=3y and to 43, when 
»s7 , what IB its value when x=:4 3, and for wl^t value of a; is it equal 
tozero* 


56 -dn officer forms his men into a hcdlow square, four deep H he 
has 1424 men, 6nd how many there will be m the front 


57. Resolve into faotors 

( 1 ) aV-9a^+20a6 , (n) (a?- l)(*+2)+(*»+2»)(*+l). 


58. Simplify 

'Hy-» y+af/ U-* y+«/* 


, > 3+2® 2-3x . a^-ie® 
' 2-» 2+» ’^ 4-*^ 


58 By the use of Detached Coefficients, find the product of 
l+*+a?-«*-sic® and 1-*+*^ 


60. Express the square root of 

12a?+6*y - V)(6a? - Say +3)a)(3T?+8®y - 8y®) 
m the form of a produot of three ample ffiotors 

6t If x+fiy exactly divides x’-f3a^+5by’, find the value of 5 

62 Solve the equations 

/,i ^-x+4_{2«-3)(3®-'2) . 6 

U j - jg +^, 

(u) 3(x-2)-2(y+3)=l, 2(x-3)+3{y+2)*0 

63 A man has a aura of money, consisting of shiUings and half-oiowns 
Mter paying a bill of loa entirely with hs^orowns he finds that he has 
Mt SIX times aa n^y shiUings as half erowns , but, if he h^ paid the 
mil entirely with shiUings, he would have had loft three times as many 
half crowns as shillings How much money liad he ongmaUy ^ 

64. Blot the graphs of 

X 3 5 

y~2'*'2’ y~*+j> from »=s -6 to ws=6, 

Fmd from the naphs the values of a and y which satisfy both equa« 
tions, and venfy the solutiou algebraicoJly 


65. ^ Assnmmg »=29, tt=45, g=32, «a2, find « from the following 
formula. 
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66 ]B'ind by inspeotion Talnos of x \rhioh satisfy the equations 
(i) 2(a;+S)=5(r+8), (u) a(2a;+l)=JB(a;»-6); 

(m) (2a;~3)(a!-7)=0j (it) 6(2a;-6)=x(2ir-5) 


67 Kosolve into thoir simplest factors 

a*-a®- 6 o, a®-9a, a*+2o*, 
and write doun their lowest common multiple 

68 If /(a;)=a^- 13x- 12, find the values of 

(i)/(4), (ii)/(- 2 ), (m)/(a:-l)+/(*+l) 

Express/(T) in simple Motors 

69 Mv. (.)g(l!.-|)-l(*+|)=®(*-6), 

(ii) a;+2y+s+7=0, 2!B+y-s=l, 3a:-y+2s=2 


70 Simplify 


_2 1 3a; oa; 

a+x~a-x^a^-a^^a*+x^ 


71. If 26=a+c, shew that (a-fi)®+ 2 &^+(h-c)®=o®+c? 

72 A certain train is ton minutes late when it performs its usual 
loumey at the rate *of 267 - miles per hour, but it is only 1 min 20 secs 
late when it trai els 27 miles an hour , find the length of its journey 


IV {Indudtng Chapters i -xvvin ) 


73 A man buys oranges at x pence per hundred and sells them at the 
rate of y for a shilling , what profit per score docs he make ^ If he gams 
Id pel score when x=75, findf the value of y 

74 When the expression x*+!i^- 01 ^+ 17x+& is divisible by ar*- 3a:-*-2, 
find the values of a and b by means of the Remainder Theoicm 


75 Express in their simplest form 
,^2(6-c) .3a(2c-6) , 6-4c 
''' ITT' 68-0® 


(11) 


a^+a-6 a^-1 a:*Ta^+l 
^ x+3 '^z^-x-2 


76 Solve the equations 

77 Using Dct&ohed Coefficients, find the square of 

2+*+x8-2a;*-a^, 

( I ) in ascending powers os far os the term contaming s^; 

( II ) m descending powers „ „ „ afi. 

78, Prove that 

(3a-&)8+3(3a-6)8(6-a)+3(3a-6)(6-a)8->- ( 6 - 0 ) 8 = 808 . 
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79. What IB the ^eed o! a ^in, if an uierease of speed of 3 milea per 
hour saves 10 minutes m 120 miles * 

80. Plot the graph of ^=7(a;-2)(3-a;) from xs: -1 to xx6 Emd 
from the graph the approximate values of the roots of the equataon 
a^-6x+3r:0 


81. A rectangular room a yards long and h yards wide is carpeted so 
as to leave a margin c mehes m width all round Fmd the area (i) of the 
carpet, (ii) of the margin, each in square feet 

82. Shew that x(x-t*l)(X'l-2)(x+8)+l=(2^+3x+l)* 


83. 


Simplify (i) 


2a^-13x+18 

2!B»-llx*+3!8+27* 


( 11 ) 



6 

l-o‘ 


84. With as little work as piHsible, find the ooefBoient of x* in the 
product (3-2*+fl^-**+6a:*)(2+a?+a^-3‘r*) 

85 A railway embankment H*feet high, A feet wide at the top, and 

Ax 3 

B feet wide at the bottom, oontauu — ^ x H x L cubic feet of earth in a 

length of L feet S 18 cubic feet of earth weigh a ton, find the weight 
of on embankment 100 feet long, 27 feet high, 15 feet wide at the t^, 
and 35 feet wide at the bottom Also find L, to the nearest foot, when 
the weight is 2260 tons, and Aa 13, B=:27, H = 15 

86 Find the square root of y 

87 Of the candidates in a certain examination 64 per cent passed 
If there had been 11 more candidates, 9 of whom foiled, the snooesses 
would have been 62 5 per cent how many candidates were there ? 

88. A pressure of 10 lbs per squmre mob is mqiroximatdy equivalent 
to 0 7 Kg per square centimetre Draw a grapa to convert pressures in 
pounds per square mob into kilograms per square centimetre Bead off 
the eqmvolents of (i) 66 lbs per sq m , (u) o 4 Kg per sq om 
Show that 66 lbs per sq in ^3^9 ELg per sq om 


89. Resolve into factors 

(i) »*-10aj*+9, (n) a?+2a:y+y®-»-y 

90. Solve the equations 

(i) -i L.+JL+ ^ -Q. 

''x-1 x-2%-3^{x-l)(x-2)(x-8) * 

(u) ax-by==2{a*-l^, x-^=-35. 
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91. Prove that if a, 6, e are three conseoutive niisnbeis, 

+c*— 25(6®+3) 


92 Simplify (i) 


x+3 jb+2 4 

a«-6»+6"a?-9*+14'*‘a?-l(te+21 ’ 


(n) 


o*+a6 -ac^ (a+c)* - 6- ^ ob - 6®- 6c 


93 Shew that the equations 

6a:-3y+2=8, *+3^-32=10, 8a;=3y+17, 
are not independent 

94. A man walks isf miles at a uniform rate If he walked one mile 
per hour faster he would amve at his destination one hour sooner Find 
the rate at whioh he walks 


95 Plot the graph of p=:l 7-i-l 8x- 0 Sz’ between the values a;— -1 
and xssS Find, from the graph, the greetest value of y 

96 If /(m)s3in?‘-m+ 1, prove that 

/(m+ 1) “/(m) - 2/(0) =6m 

« 


97. Bj selling eggs at p pence per score a man makes a pcofit*of 
r per cent If he boughs them at the rate of a for a shilling, shew that 
^-12r=1200 

98 Solve the tollowing pairs of equations 

(i) 9a?-4y’=S76, (u) a?+ya=85, 

3x--2y=12, xp=42 

Venfy the solution of (ii) graphicaUj 

99. Plot the graph of y=s3^ between the values xslO and x= 14, and 
determine from the graph the square root of 150 to two places of decimds 

100 Pactonze (i) a;(2+a;)-y(2+y), (ii) o'‘-b*+2ab(o®-b®) 

101 If the value of where P, Q, R are coefficients 

A w 6 

independent of a, b, c, remains unaltered m value when b and c are inter* 
oliangcd, shew that QsR 

102 A man took away £15 for his holiday expenses He found that 
By reducing his ovpcnscs to the extent of 3 shillings a day he could have 
extended his holiday 5 daj a How long a holiday did he take ^ 

103 Find mphioally the values of y for which the expression 
y^-2y»*9 vamwes Show that for values of y between these limits the 
expression is negatiio, and for all other valncs positive Also find the 
least value of the expression 
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10£. In 4 hoars 40 imnntes a sian travels a distance of milea 
f cr yaxt of the time he ^ks at 3^ miles an hoar, and for the remamdeT 
he rides a Vc^e at 9 miles an honr. Find graplncally hoir many milK 
he TaUm and ndes respectively;, and at v*hat time he began to ride 
T^>ri^ the restilts by eorring an equation. 


105 If the sqoare of half the difierence betireen a gfien namber and 
its sonare be saotra/.tisd from the square of half the som of the same 
TwiTnl^ and ito square, ehev that tne result is the cnbe of the given 
number. 


105. £ ind the di£erence betireen 

and 

107 Simplify the eipresaonB 

M 4 

(n) ^ 

(a-W(o-«) (5-«H6“a) (c-a)(c-6)* 

108 If tne exprecaonB iB*-7«-a and s?-^a?-Z2 leave the wtee 
remainder 'uhen divided by a; <- 3, 6nd the value of a 

109 Express the square loot.of 

(2!? - «i - (35* ~ oi - a?) (65* + 13 fti - ftp) 

93 the product of three sun^e factois 

110. Solve the equations ; 

(i) bx--aysib*-tP, (u) x-3yw3, 

x-yss^fo-b); 2y®-3»y-2?*=8 

111^ A number consists of three digits of which the middle one is 
equal to the smn of the other two; the square of middle digit 
exceeds four tim^ the prodnet cf the other two 1^ 1, and 4 times toe 
first digit equals 3 times the third. ?md the number. 

112 Draw the graphs of ysrr-4 and of y=2<i*-2x-4 for values 
of xfcom -2to —2* 

rmd from the figure the solutions of the simultoueoas equations 
x-ys=4, 23^-2x~-y~4. 


213 Shew that any factor which divides two a^braieal erpressioos 
A and B will also divide any nni^ples of A and B, and also the sum 
and diSerence of any such miutiplee 

Hence find a root common to the two ectuatians 

3*»-llz-‘-2a:0, 2a?-Ss:-f-5«0 
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114. SuspJify 

I X 2r— 1 4x— 6 2x-5 

fxx\ • S*® t 

(i-y)(r-s)’^(y- 2 )fe/-i)'*‘(s-x)(=-y) 

115 E^nd the product 

(2 - x^T S c® - x*) (3 - X - 2*® ox*) 

BS far as the term m\olTmg a? 

116 The mceme tax paid on on income of £A ^ras £T, the earned 
part of the income being taxed at 9d m the £, and the remainder at la 
in the £ Find ho\r mnch nos earned income, and hon’ much unearned 

Fmd the respectiie amoonts from jour formula, \rhen AsllaO, and 
Ts47y 


117. If m IS the difference betueen any quantity and its reciprocal, 
and n the difference betireen the square of the same quantity and the 
square of its reciprocal, sheur that 

in®(in®+4)=sn® 

118 It 4 IS taken from a certain number the result is the square of 
another number , but if 21 is added to the first number the result is the 
square ot a number greater by 1 than the second number Fmd the 
three numbers 

119 Plot the graph of j a=|(at?-6) for values of x from -1 to 4 

Fmd by the use of graphs approximate solutions of the equations 

2r®-3y-o=!0, 2i)®“3x+4=0 

120 P and Q are two towns 30 miles apart At 1 p m X starts to 
walk from Q to P at 3 miles 'in hour, and alter walking tuo hoars finds 
it necessity to run back to Q. This he does at 64 miles an hour, and 
after a delay of 6 minutes he agam starts £rom Q, at 4 miles on hour 
Meanwhile i' starting from P at 1 p m sets out for Q, at 4 miles an horn ; 
ifter w liking for tno hours, he spends hilf an hour with a fnend from 
whom he barroivs .• bicicle on which he contmues bis joumej' at 12 miles 
an hour Bnu graphs to shew the position of each man relatnc to P 
and Q at any time between 1pm ana 6 SO p m Also from the graphs 
find 

(i) when and wnere X and T meet ; 

(u) at what times respectively they were IS miles and 8 miles apart. 


12L If x=s2^ and shew that 
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122. Find a nomencal valne of k \rkioh mil make the ezpresnons 
2(J!?+]P)a?+(lU*-2l)a?+(Jii»+5IL)a;+6l-l * 
and 2(i9+lja!“+(lU-2)a?+4^ 

have a common factor other than nmty 

123 Find for what valnea of X the equations 

fiii^+(9+4X)«+2X>=(^ 5a;+9s0, 

are satisded hy the same value of x 

124. Multiply 3!B+4y+«i^^ hy 10»-3jy“--3^ 

*' 2 ^ l+y 

125> Shew that the lowest omnmon mnlti^o of 

o(o-6)®-ac>, a^-5(6-c)*, (a+c)%-Wc 

is a6c(o<+lr*+<j*-W-2(W»-2oS6^ 

128. Prove the identity 

(of + tot 4 ca)® + ( ha - cm)® + (d - att)> + (am - bl)* 

= (o* 4 4 (?) (P 4 m® 4 «®) 

127. The fore>wheel of a carrura makes 6 revolutions more than the 
hmd-uheel m 120 yards hnt only 4 revolutions more when its own 
circumference is increased one-fourth, and that the lund-wbeel ty 
one-ffth Find the mrcomferenoe of each wheel 

128 TIio keeper of a restaurant finds that when he has G guests a 
day hiB total daily eiipenditore is E pounds, and his total daily receipts 
amount to R pounds The following numbers are averages obtamed nj 
(Xnnpanson of his books on many days 


G 

210 

270 

320 

360 

E 

167 

194 

216 

234 

R 

168 

212 

264 

298 


By plotting these values find E and R when he has 340 guests What 
nmn^ of meats pCT day gives him (i) no profit, (n) £6 profit® Find 
nmple algebraical relations between E and G, R and Q, Pand Q, where 
£P IB the daily profit 
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CHAPTER XXIX 

Abithmetio, HarmoniGj Ain) Geometiiic Progression 

309 Senes A set of quantities each of which is foimed from 
one or more of the preceding according to some fixed law is called 
a senes. The successiv e quantities are caUed tenns of die senes 

Thus (1)5, 8, 11, 14, 17, , G'P 

(11) 1. 3, 9. 27, 81, , 6 

(ill) 1, 3, 4, 7, 11, 8 , K f 

are examples of benes In (i) each tmm is formed by adding 3 to the 
preceding term , in (ii) each term is 3 times the preoraing , and in (iii) 
each term after the second is the sum of the two preceding terms 

From these cases it is evident that when the law of fomation of 
successive terms is recognised, we can wnte down as many terms of 
the senes as we please 

Anthmetic Progression 

310 Defixitiox A senes in which each term is foimed from 
the preceding by adding to it a constant quantity is called an 
Ani^eUc Progression The constant quantity is called the 
common difference, and it is found by subtracting any term from 
the term which follows it 

The abbreviation A F is used foi the words anthmstic progression 

Thus the follow’ing seiics of terms are m A P 

8, 19, 30, 41, , common differences!!, 

25c, 15c, 5c, -Sc, , common differences - 10c 

311 The standard form of an A P is 

a, o+d, a+2rf, a+3d, , 

in which the first term is a, and the common diffeience is d In 
this senes we notice that the coefficient of d in any term is one less 
than the number which indicates the place of that term in the senes. 

Thus the 3^ term is a+2<?, or a->-(3-l)d, 
the 5^^ term is a-t-dd, or a-(5-l)d 

More generally, the n*’* term is aT(ll-l)d 
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Example 1 Faid the 7*“* and 24t^ term qf them xes 21, 18, 16, 

Here tlie ooraroon differenoealS '■21 - 3 

lihe7*term=2l+6(-3)s=3, • 
and the 24“' tepma21+23( -3)= -48 

Example 2 The 3* and 22^ <erMM an A^P ai e 39 and - 114 
lespectivdyj find <Ae smea 

Lob a denote the first term, and d the common difierenoe , 
then 39~the 5^ tmrmsa+ 4d, (1) 

and --114%theS£2>^ tennaa+21d (2) 

By subtraction, 153= - 17d , whmioe d= - 9 
*Fiom(l), a=39-4d=39 +36=75 

Thus the senes is 75, 66, 57, 

The last example shews that an A F is completely determined when 
any tuo terms are known, for these data sup^y two independent 
equations from which the first term and oommou diueieuce oaxi bo found. 

EXAMPliES XXg. a. 

[Some of ihe foBmmg Bxcmjdea may he talea oraUy ) 

Find the 8*^ and 20*^ terms of the following senes 

4,9,14, 2. 21,18,15, 8. 10, 4, -2. 

j^^4t 0, 3^, a, 4a, 7a, 6. w, — 2 sj, —BiiSf • 

7 —4 2, —3, - 1 8, 8. Pi "Slpf ..S 2, 7 2, 12 4, 

V Mr 

Find the common difierence'and the 7^ term of the following senes 
C, C“2d, c-4d, *^11C x-2y, K-y, a, 

— 12 ^+35, 3a+2&, 4a+&, •^13 8a-5, 4a, 6a+5, 

Find the soncs in Examples 14-18, gii en two terms in each 

14 The 7^ term is 10, and tlie 13*^ is -2 

i\/*lS The 6^ term 18 25, and the 20*^ IS 81 

16 The 6^^ term is 50, and the 41*^ is 155 

The 11“* terra is 37^, and the lO^** is 25 

IS. The 4‘>> tei m is 21, and the 51*^ 18-355 

\xl9 The 7''^ and ll*** terms of on A P are Tb+Se, and 115+9c, find 
the first term and common difference 

\.20 Find the senes m which the 5^'* and 21*^ terms are *Ix-By and 
2.U-40y 

21 Wnte down and express in the simplest form 
^(i) the «*>» term of 3, 6, 7, , */(») the ni«» term of 8, 6, 4, , , 

^(iii) thep*** term of x 5®, 9», j ^(it) the term of -y, 6y, ISy, . 
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yf 22 The 1** and 3^ terms of an A F are bO and 32, find the «*•> temi^ 

V# 23 The term of tho senes Sb-^-Se, 5b+c, 7b, is 17b- fic ; find n 

If p, So, 6p+9 die in A F , find p, and continue the senes for 
4 teims , 

** **1 V . 

312 Antiunetic Mean. When tliiee quantities are m A P the 
middle teim is called the anthmetic mean of the other tuo 

Thus 8c IS the arithmetic mean of 3c and 13c 


313 To find the anthmetie mean of two given gwantiiies a and b 
Let A be the requited mean , then since er, A, b are in A F , 
the common diffeience=b-A=A - a , 


whence 



Thus the arithmetic meanoftieo quantities is half their sum 


314 When any number of quantities are in AF, the terms 
intei mediate betiieen the first and last aie called the arithmetic 
meam between those t^o teims 

Between tuo given quantities it is always possible to insert any 
requited number of anthmetic means 


Excmflf ^Insal 11 anthmelic means helween 25 and - 11 

Including tho teu mien numbers there a ill be 13 terms, so that a e 
ha\c to fiud a sciiesi of 13 terms in A F of a Inch 25 is the first and - 11 
tho last 

Lot d be tho common difference , 
then - 1 1 =the 13*^ tirm 

=25+12d, 

u'honoe rf=-3, 

and tho senes is 2o[22, 19, 16, , -2, -o, -8,] -11, 

the required means being tho tcims aitliin brackets 


31 6 Toinuntn anthmetic means beticeen a and b 
Including the tvo given terms at the beginning and end there 
Mill be »+3 teiinb in all, so tbatiie lia^e to find n+2 terms m 
A F of a Inch a is the first and b the last 


Let d be the common difference , 
then 6=the (n +2)**' term 

=flr+(ji+l)i/ 


whence 



and 4be required means are 


2 ( 6 - 0 ) 
n+1 ’ * 


a+ 


n(6-a) 

«+l ■ 


f 
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31 6. To jfind a formula for the sum of n terms of the wnes 
a, a*)*d) a4'^^ &4'3d, . > 

Let 8 denote the sum of n terms, and let I denote the last term. 
Then the last term but one la l-d, the last term but two is l—Sd, 
lind so on 

Hence S=a+(o+d)+(a+2d)+.. . +(Z -2<i)+(i 
Bj wilting the senes m the leverse order, beginning with I, 

S“Z +(Z “cZ)+(Z “2(2)+ « +(a+2rf)+(ffi+(Z)+fl 
From these results, by addition of coi responding terms, we have 
2Ss=((*+Z)+(tt+Q+(a+Z)+ 
the bracket being repeated n tunes , 


that 18, 

8-|(»+l) 

(1) 

But 

L“a+(ii“l)d, 

(2) 


S=g{2a+(n-l)d} 

(3) 


Example 1 Faid the Zosl lem, and the stm of 25 term of the senes 

12, 9, 6, 

Hero da >3 , hence from foiumla (2), 

Zal2+2*(-3)=-60 
Again, from formula (1), 

8 aY -( 12 '- 60)--600 

Example 2. Fmd the stm qT 4 9, 5 6, 6 3, to 20 terms 
Here a=4 9, d=0 7, na20 , hence from (3), 

8*^(2x4 9+19x07} 

==10(9 8+13 3)a231 

817 In the last aiticle we have three standard formulse In 
these we notice that fl/oe symbols a, Z, n 8 are mvolv^ and each 
formula contains fowr of them Hence when ant/ three are given, 
a fourth can be found from the suitable formula, and one m the 
other formulae will give the fifth 

ExAtmLE 1 Gftven L*-S8, n»16, Sb- 448, /fldaandd 

We have 8*^(0+/) , hence substituting for f, a, and 8, 

44Ss8(a- 88), whence a*32. , 

We have lssa+{n- l)d , hence substituting for a, Z, and it, 
.'88s:32+15d: whence d= -8 
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BxAtiPLE 2 How many terms of the senes 42, 39, 36, must be taken 
that the sum may he 312 * 

Hero S=312, a=42, d=-2, and ve require n 

Substituting m S=s{2ci+(n>l)d}, ure ha^e 

312=|{2x42+(tt-l)(-3)}, 

or • 624=84ii- 3n(n - 1) , 

whence n^-'29n-l-20S=0, 

that 18 , (n - 13)(n - 16)=0 

71=13, or 16 

Both these values satisfy the conditions of the question For if ue 
wnte down the and 16*^ terms ue find tliat they are 3, 0, -3, 

the sum of which is 0 Thus the sum of 16 terms is the same as that of 
13 terms 

Note It is obvious that uhen S, a, and d are gnen, uc shall always 
have a quadratic from which to find n 

In the abo\e example both roots of the quadratic m n give an 
intelligible answer to the problem But the equation may gi\e nse to 
one root which is positne and integral, and another which is fractional 
or negative The latter would be rejected as incompatible with the 

conditions of the case 

• 

318 The statement of the conditions of a problem in connection 
with series may sometimes be conveniently shortened by using the 
following notation The successii e tei ms may be denoted by 

Tu Tj, T3, Tn-s, Tn-i, Tn, 

where the suffix indicates the number of the term in the senes 
Similarly the sum of any assigned number of terms may be denoted 
by the letter S with a suitable suffix nunibei Thus in any example 
the symbols Sjg, S„ may be used instead of the words '^suni to 25 
teims,’ “sum to n terras” respects el} 

Example In an A F , 1 / Tj+T-slS, S|,=I(H , Jind Tj, To, and Tg 

Let a ho the first term and d the common difference, then 
T3+T-=(a+2</)+(a+6d) ; 

2a+8i/=13 ( 1 ) 

Also S,s= J^-{2a + 12d) 

=13fl-«-78(f, 

13a+78d=104 (2) 

Equations (1) and (2) give a=3A, d=j 

Thus T|=a=Sl, 12 = 31 ^ 1 = 4 ! Ta=s4j-+f=5 

HALO V 
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319 The results of the following evample should be noted and 
remembered for future use 

Example Fmi (he sum 

(i) the first, n mtegm , (n) Uie first n odd vntegm 

(i) The first term » 1, the lasts^n, and the number of terms u », 

8=*g{n+l) 

(u) The fitst torm-l, the common differenoe=^2, and tiio number of 
terms is n, 

8=:|{2 l + (»- l ) 2 ( 

Thus the sum of any number of oonseoutive odd numbers begmmng 
with umty is a perfect square 

Note The numbers 1, % 3, are sometimes referred to as the mtmd 
numbers 


EXAJffiPLES jncnc b. 

1. Wnte down the onthmetio mean between 

(i) 13 and 29 , (u) 56 and 12 , (in) ^ and , 

(iv) 5a and - 15a , * (v) 6 7 and 5 3, (n) a-aranda+a 

2, Insert 4 anthmetio means between 130 and 55 

3 Insert 11 arithmetic means between 26 and " 11 

4 Insert 5 authmetic means between 7 4 and 20 
5. Insert G anthmetio means between 19 and 36^ 

6 Insert 7 anthmetio means between 11a and ^ 13a 

7 Inseit 8 anthmetio means between 42 6 and 17 4 
Find the last throe terms of the lOilowing senes 

8. 3, 0 , 7, to 20 terms 9. 15, 11, 7, to 36 terms 

10 p, 7p, I3p, to 12 terms U, t, -3», -7r, to 16 terms. 

find the last term and the sum of each of the following senes 
12 8, 17, 26, to 21 terms 13 1, 3, 5, to 100 terms 

14 0, 6|, 5|, to 31 terms 15, 20 6, IS, 16 5, to 16 terms 

find tlie sum of eaoh of the following senes 
16 11, 15, 19, to 18 terms 17 1, 2^, 3^ to 32 teims 

18. 18, 15, 12, to 23 terms 19. 55, 66, 77, to 17 tenns. 
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Find the sum of each of the follovmg senes 
20 2 , 3p 4^, to 60 terms 21 25^ 16~, 8 |) to 17 terms 

22i 4 9, 5 6 , 6 3, to 20 terms 23 h 1| 4 7i 4 3, to 30 terms 

24 a;, -r, -3x, tostetms 25 -5j), 0, 5^, to^ terms 

26 4a-Zi, 3a-2&, 2a-3&, to9teims 

27 5in-it, 3 ni- 2 R, fn-3n, to 20 terms 

28 Find the sum of SO aiithmetio means betu een 20 and 120 

29 Hon man} numbers bet^reen 100 and 500 are dl^ isible b} 9 ’ Find 

their sum Also find the sum of all the numbers fioni 100 to 500 
molusne 'uhich are not divisible b} 9 

30 How many numbers between 65 and 200 are multiples of 6 , and how 

many aic not multiples * Find the sum of the multiples 

31. Fmd the sum of x arithmetio means betu een x and Sx 

32 In a pile of timber each honzontal layer contains 3 beams more 

than the one above it If on the top theio are 70 bcamst and on 
the ground 376, lunv man} beams, and how many layers are there* 

How many terms must be taken of the senes 

33 39 +33 +27+ to make 144* 

34 6'T+o^+4j+ to make “1^7'j^ 

35 20+18j+17i+ to make 162^1 

36 5a+7a+9a+ tomake62Ia* 

37. In an A F , gnen S„=4o, a=18, d= -3, find n 

38 A man has to travel 162 miles , he goes 30 miles tho first day, 27 

the second, 24 tho third, and so on Hon man} da} s does he take 
for the journey* 

39 Gnen aslob, d=~3k, S„=-2705, findn 

40 Two particles are projected in opposite directions (towards each 

other) from the ends of a straight tube, 268 niches long One 
passes o\ cr 20 inches in tho first second, 18 inches in the second^ 
16 inches in tho third, and so on , the other passes o\er 24 inches 
in tho first second, 23 inches in the second, 2z inches in tho third, 
and so on In uhat time mil the} meet and nliat distance will 
each ha^o gone over* 

320 Evamplh 1 III an A F , i/ 84 = 28 , Sg=4S, find 8,3 
Let a be the first term and d tho common difference ; 
then S4=2(2a+3(f)=28, 

Sj=4(2a+7rf)=4S 

These equations gi\c d=-\ 

8j5=6(2o+lld)sC(^-^)=60 
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Sxampcc 2. THa turn of 5 nwmhera t» A P m 30, and (ho mm <f iliovr 
sguares u 220 , find (ho mtnilKta 


Let a denote the mddiA number, and d the common di&renoe ; then 
the numbera are 

a-2d, tt-d, a, a+o, o+2tt 


The sum of these is 5a , 'whence 5a=30, end a=:6 

If yto take Ike terms in pairs, and last, and so on, the sum 

their squares IS , 

^ 2(<*?+4d»)+2{a»+«P)+a*, 

Sa»+10cPa220 


Combining this with as6, we obtain d=: db2 
Thus the requiied numbers are 2, 4, 6, 8, 10 


Kote In examples of this kind when tlie number of terms to be 
tound IS oddt it is convenient to take a for the mvddk term, and d for 
the common differenoe When we have to find an even numbw of tenua 
It IS best to take a *'d and a+d for the tm middle terms, so that 2d is 
the common difference Thus four such terms may be denoted by 

a->3d, a-d, a4-d,*a+3d 


BYATWPT.TO : 




C. 


{MtaoeHaneota ) 

• 1, How many terms are theie in the senes 205, 192, 179, - 107T 

• 2. To how many terms must the senes 126, 117, 108, be oontmnod 
to make the sum equal to 945 ^ Explain the double answer 

k 3 Sum each of the following senes to 80 terms 
*{i) 2+3+6+7+10+11+ , (u) -2+3-6+7-10+11- . 

,4 In an A F , if 8j=:24, 8, =54, find 8, 

, 5 Find the A.P m which S„=466, and 9S,=4Sg 

• 6. Sum the fbUowmg senes 

(i) (a-2&+c)>|>(a-5}4*(a»e)4- tol2terms, 

' (“) tP+2ff~»*)+(l»+ff)+{i>+r)+ to 10 terras 

[The terms ore aerated (he m^ne tn deeper type ] 

*7. hoi a senes of 10 terms the kim of the first 5 is 7, and the sum of 
the last 5 18 12 Find the 1** 'term and the common difference 

*8 If the 8*^'* term of an A P is doable Ike 13*^ term, shew that the 
4*8 term is doable the ll*!* 


,9. If a, a, y, 5 are m A P , find sand y in terms of a and h 
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10 Find 5 numbers in A P such that their sum is 315, and the 
difference between the last und first is 28 

11, The sum of 4 numbers in A.P is 58 , if the greatest is 22, what 
arc the others' 

12 The sum of 3 numbtrs in AP is 111, and the difference of the 
sqiurts of the greatest and least is 1776 Find the numbers 

13 The sum of 4 numbers in A P is 28, and the sum of their squares 
IS 216 Find the numbers 

14 An A P consists of 21 terms , the sum of the three terms in the 
middle is 129, and the sum of the last three terms is 237 , find the senes 

15 Petween x and y there are 4 anthmctio means and also 3 anth- 
mi/tic means The sum of the four exceeds the sum of the three by 10, 

' and the first of the three e\cecds the first of the four by -j Find x 
aady 

I 

16 Four numbers are in A P The product of the second and third 
exceeds the product of the other two bi 32, and the product of the 
second and fourth exceeds the product of the other tiro by 72 Find 
the numbers 

17 How long inll it take to pa} a debt of £10 by weekl} pijments 
increasing b}' 6a per week and beginning with 2s * 

18 Two men set out to meet each other from two places 165 miles 
apart One travels 15 miles the first da} , 14 the second, 13 the third, 
and so on The other traiels 10 miles the first day, 12 the second, 
14 the third, and so on When wiU the} meet ' 

19 A] lerson sares each } ear £10 more than he Ea^ ed in the preceding 
lear, ana he eaves £20 the first yeai How many 3 'earB would it toke 
lor his savings, not including intenist, to amount to £10,000' 


Harmonic Progression 

321 Defimtiok a series of quantities is said to be in 
Harmonic Progression, when then ieciprocals*aie m Arithmetic 
Progression 

Hence <r, & c aie in H P when \ i 1 are m A P 

o o’ c 

Thus g, p, are m H P , bocouse 3, 5, 7, are in A P , 

O O I 

and-, nreinllP ,beo!'Usea, aJ-d, fl-»-2rf, areinAP 

o Qj-fi a+2n 

Examples in HP are usually solved b) inverting the terms and 
using the properties of the corresponding A P There is no general 
formula for the sum of a number of terms m H.P 
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322. T ra.y ni«nir. Mean. If a, H, & are in harmonic progresaon, 
H 18 said to be the harmonic mean between a and & 

Since i, 1 are in A-P , 
a’ H* t> 

“=»half the sum of ^ and ^ [Art 318] 

1 / 11 ^ _a+b 
2ah 

u_2ah 

Thus the liarmtuc mean hetaem two guaaMm ts tvm their prodvU 
divided hf thetr vm. 


XoTE. This result may eL^ be conveniently remembered in the form 


H <i S 


ExAiiFi^ 1 /neert 3 harmmx means between 2| and 12 

We first find /te terms in AP of which j-j is the first and tV *he 
last 

Let d be the common diSeience ; 
then whence 

the arithmetic 'ones is -j^j [^j j-j, ^ 

The required means are the reciptocah of the terms in bracketcj -na, 
3, 4. 6 

Exa m pl e 2 Fmd the H.P m whicfi the 13*^ term u and 
23”* term t» ^ Jlind <Ae 40**' term 

Let a be the first term, and d the common difienmco of the corro' 
qKmdingAP, * 

then 2d=t}ie 13'*'tcnn=:a'C]4d, (1) 

and 41=the23”*tonn=a+22sf 

From (1) and (2j, as -3, ds2 

Hence the AP. 18 -3, -1, 1, 3, j 

and the HP 18 -J, -1, 1, . 

Again, the 40**> term of the AP s -3+39 2=TS, 

‘ the 40**' term of the H P 



X\i\ 1 GEOMISTRIC PROGRESSION 

EXAMPLES yTTrr. d 

Find the Inrmonic mean bet\reen 

1 3 and 5 2-4 and -7 3 - and i 

a y 

5 Insert 3 harmonio means between and j- 

6 Insert 4haimonio means between 1 and 6 

7 Insert 3 harmonic means between - 6 and 6 

Find the and terms of the follow mg senes in H P 

8 ■“« 7» T» 9 T» if 10 I'?* 9t3» 

11 The term of an H F is and the 19*** term is 13 Find the 
4‘*' term 

12 Find tno numbers such that then anthmetic mean is 7 and their 
harmonio mean 6 f 

13 If a, X, y, b ate in H F , find v “iid y m terms of a and h 

14 If a, 6 , c are in A P and b. c. d in H F , pioie that ad=bc 


*^ll 


4 ^ and ^ 
q p 


Geometnc Progression 

323 Defikitiok A senes in which each teini is foinied fiom 
the piecediiig b} multiplying it b} a constant )actoi is called a 
Geometnc l^gression The constant factor is nioie often called 
the common ratio, and is found b} dniding any teim bi the term 
wlndi precedes it 

Thus the following senes of tcims are in G F 

1, 4, IQ, 64, common ratio=;4, 

5, -"p, , common tatio= -§ 

Notf Ratio, which has not }ct betn formalh de&ncd, will be full} 
treated in Chap \\\iir It is sudicient litre foi the pupil to remember 
that (as 111 Arithmetic) the ratio of one quantity to a ercond is the quotient 
oihtauicd by dindtiiq the first by the veond 

324 The standard form of a G P is 

a, ar^ cr®, or®, or*, , 

in which the first teiiii is a, and the common latio lo t In this 
sei.es we notice that the index of r in an> term is one less than the 
numbci which indicates the place of that teim in the senes 

Tims the 3*^ teim is or-, 01 or*"*, 

the 5"* term is or*, 01 ar®“‘ 

More generally, the term is aj^\ 
and then*'* teim is ar”"*. 
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[chap. 


ExA3iPirS Find the term of the Knea ^ . 

The common ratio w -J), or , 
the 8*h terms - 1 x(-|)’s 


326 Geometric Mean When three quantities are in 6 F , the 
middle one is called the geometnc mean between the other two 


326 To fold tliA gmnetmt mean between tm given qvmittm 
a and b 


Let G be the required mean , then since Q, h are m G F , 


b Q 
Q”7 


each being equal to the common ratio , 
G*=ai, or Gs-s/oj 


Thus the geometnc mean between tm quanitttee ve tive square root 
their product [It is usual to take the positive equate root ] 


of 


327 If A, G, H are the arithmetic, georoetrii^ and harmonic 
means between a and b, we have proved that 

4-®+^ ft rr u 2a5 

A— G«V^ 


Hence ' AH=^ 

Therefore Q is the geometnc mean between A and H That is, the 
geometne mean between any tm quantities is the geometnc mean between 
their antkmetic and harmonic means 


328 When any number of quantities are in GF, the terms 
intermediate between the first and last are called the geometnc 
means between those two terms 

Exauple 1 Insert 4 geometne means belwem §■ and 128 
We have to find six terms in Q P of which ^ » the 1** and 128 the 6 *^. 
Let r be the common ratio , 
then 128=the G*** term x , 

f<s 8 x 128=4 x 256=4* 
r=4, and the means ate 7 , 2, 8 , 32 

ExAMPif 2 Find thee maithere tn G P etwh that their emn is 42, 
and ihetr product 512 

Let the throe nnmbcrs be represented by a, ar, a/fi 

Q 

Theprodnot=aV=512, whence ar= 8 , or a=- 

T 

The 8nm=a{l+r+r®)=42, whence -{l+r+»^)=42, 

r 

that IS, 4»*-l7r+4=0, or (4r-l)(r-4)=0 

r=4, or Xt and the numbers are 2, 8 , 32. 
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EXAMPLES XXIX. e. 

Pind the 6*^ and 8^ terms of the senes 
1 a, 6, 12, 2 64. -32, 16, 3 . 4^. 8f, 16j[, 

Find the 7*** and lO^'* terms of the senes 
• 4 T» "F» 5* ® 612, -256, 128, . 

7 Find the 6“* term of the senes - 12 16, 8 1, -6 4, 

8 Crontinue the senes 9^, - 16 j, 27, to 3 terms 

9 Wnto donn the geometrio mean between 

(i) 8 and 18, (ii) -3 and -27, (ui) 2x and 8a^ 

10 Find the geometno mean between 
f- a?-6aa;+9a® and 9a^+6ox+o® 

11, Insert 3 geometnc means betn een 

(i)|.and^, (n)l4and^ 

12. Insert 4 geometno means beta een 3 and 96 

13 Inseit 6 geometnc means between 56 and - 

' 14 Find tMO numbers such that their anthmetio mean is 25, and 
their geometno mean 24 

IS The anthmetio mean bets een two numbers is 2424, the 
geometno mean is 180 , find the harmonio mean 

10 Find three numbers in G P whose snm is 4§, and whose product 

IS -8 

329 To find a formula for the sum of n terms of the senes 
a, ar, ar®, or*, 

Let Sn denote the sum of n terms , 
then S„=a+ar+ar*+ +ar’*”®+ar""* 

Multiplying eveiy terra hy r, we have 

jS„= ar+a;^+ +a;^“=+ar"-Jj-or" 

Hence, by subtraction, 

Sn-rS„=a-ar", 

(l-r)S,=a(l-r"), 

(1) 

Changing the signs m numerator and denominatoi, 

It will be found convenient to remember both of the above forms 
foi S„, using (1) in all cases except when r is pontive and greater 
than 1 
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tOHAP. 

Esampub Stm the foffoatng geomeino progreeetone 

(i) 4> 12, 36, ft) 8 termBt (u) -4^ h ^ ^ 

(i) Here r.=3, and ire nse formula (2). 

8g=:i^^J ^2(6661 - 1)~ 13120 

(ii) Here "f» and ue nee formula (1) 



_16 4 4?+S’ A^talCSM 

”27^7^ 4? 218y 

1 18571 ^ 

“27x7^ “6912 


EXA2IFLES Xm f 

Find the sum of the follovnng geometno senes 


1. 

4, 2, 8, to 6 terms 

2 

3, -1, 4, toeterma 

3. 

4» *0 W terms 

4 

-I) 4) -’ll to 6 terms 

5. 

**4i 4* ^ 12 terms 

6 

144, ■■ l4> 4* to 7 terms 

7. 

108, 72, 48, to 8 terms 

8. 

l» ” 4» 4» to 8 terms 


9 15^,-204,27, to 8 terms 10 4,3,24, to 7 terms 
11 2, 4, 8, tomtcrmsa 12, 3, -9, 27, to SJp terms 

13 If 2 IS the last term of the senes a+ar+ar^+ to n terms, 

shew that ^ 

" r-1 

14 Find the last term and the sum of the follow ing senes 

(1) 64, 32, 16, to 10 terms , (11) 6, - 18, 54, to 6 terms 

15 Find the sum of 7-4 +t“4+4"’1eV+ to 2» terms 


830 Consider tlie senes l+s+^+sl + 

2 2 ® 2 ® 



Thus it ajroears that however many terms we take of this senes 
2^6 ami u cma^a less than 2 And by taking n sufficiently laige, 

we can make tibe fraction as small as we please In other 

words, by taking a sufficient number of terms the sum can be made 
to di^ frmn 2 by ^ quantity as small as we please 
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Tvrr 3 THE SUM TO INTINITT 


Tins resnlt may also be illustrated as follows 

A B 

' ■■ I I T1 i 

P Q R S 

Let unity be represented ^ a bno one inch in length Tube AB =2 in ; 
bisect AB at P, PB at Q, QB at R, RB at 8 , and so on 

Hien AP=1, PQ=i QR=j RS=g, 

Thus the sum of 1 +g+ j+g+ “ represented graphicall} by 
APt PCl*r QR+ RS+ 

Now by continuing the piooe&s of bisection, this Idttci sum can be 
mide as nearly equal to the whole length AB as wo please, but the sum 

of the parts can ne\er exceed AB That is, the sum of 

to n toima ean noxei exceed 2, but tends to this value as its limit when 
tlio number of terms is indefinite!} increased 


331 In th** Btandaid senes a+flr+ar®+ we have 

„ a(l~r») a ar^ 

1 -/ “ 1-1 1-1 

Now if r IS numeiically less than 1, r" diminishes as /» inci eases, 
tjius the gi eater the value of n the sinallei the value of r”, and con- 
sequently of Hence we can make S„ diflfei fiom by as 
1-} l-j 

small a quantity as we please by making n sufficiently great 

The expiession is called the limit of the sum oi the sum 

to infimty, and may be denoted by the symbol 8*, leplacing n b} 
the symbol foi infinity 


£\Avr?LE 1 Sum the jdlomng neuea to infinity 

1 ± 
? 2ii 

3 


0) ’ 4» IQ* 


t") -» 5^» 


(i) Hero 0=3, r= ~ j 




(ji) The senes can onl} be summed to infinity if r < I 
Now T=^ , hence provuded that 1 <2y, or y>|, 
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[COAP 


Example 2 Eadt term of an infinite Q P w egual to ffate imee the 
sum qf all the term •ahtdifdlow If term ts find the senes 

Let the senes be denoted a+ar+at^H- ; 
then since each term is three times the sum of all that fdlloir, 
a=:3(a) +ar®+ar®+ to inf ) ; 

that IS, hence rs^ 

1-t ' 4 

Again, the6*^tennsaH=^, 

Thus the terms of the senes are 1^ 3, ^ 

4 16 64 

332 The evaluation of a recomng decimal illnstrates the use of 
mfimte geometric progressions 

Example Bxpreee 0 285 os a cownon fmetton 
O^SdaO 2353635 

2 . 35 . 35 , 

-14.35/,^! 1 \ 

1. SB 1 2 36 10» 

“lO'^lO* r7^*10'''l(? 99 
10 * 

_2 233 

10 990*^ 


EXAISIEFLES Tsmc, g. 

Sum the followmg senes to infinity 

1. 2, 3, 1, . 2 ^ -■A- A. t 5 A X 

** p ur> tt* a 7» 5ir» 

^ • 6. 09, 0*03, 0001, 6. 3'2, -16, 08, . 


Which of the foh^g series can be sammed to infirnty’ 
flum irben possiblej stating any neoessaiy condition 


mvv tMv 


7. 3, -3*, 3", 8. X, -a?, **, 9. p, 1, 1, 

P 

1®* ®» p ^ IL 1, 06, 026, 12 db, -o*B», aV, 


Express in the form of fractions, by the method of Art 332 
13. 0 7 14 06S 15. oSS 16. 047§ 17. Sl8 
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18 "Fyai. the G F iii vhioh and the second term is 6 

19 Tlie first tno teims of an infinite G P are together equal to 1 
and ei ery term is tu ice the sum of all that folloir Find the series 

20 Find the G F in nhich the first term is 13, and Sx s 8 

21. ^nd the G F m Trluoh 84 =^, and * 8 « =1^ 

22 7)nd an infinite G F in nliioh the first term is n, and each term 
IS 71 times the sum of all that follon it 


23 Sum to uifinit} the geometno progression 

a;+l l^J 

^Je ®+l~ ’ 

nrhere x is any positne quantity. 

2&. Prove that the sums of the tiro progressions 

h Ti \r) > \j)> * r» T» TF» , » 

approach each other without limit as the number of terms is increased 


25 A person is entitled to an annual pajment w Inch in each yeai is 
less by one-tenth than it was the j ear befoie Shew that honeier long 
it goes on, he cannot receive more than a certain sum m all 

26 The middle points of the sides of an equilateral triangle are 
joined, forming a second tiiansle , a third tnangle is formed by joining 
the middle points of the second, and the process is continued indefinitely 
If the perimeter and area of the original tnangle are p and A respeo 
tivelj, nnd (i) the sum of the peiimeters, ( 11 } the sum of the areas of all 
the triangles 


333 JAiBcdlaiieoiis Applications Hitlieito each senes gnen 
for summation has been known to be either anthraetic 01 geometne. 
In some cases the first step is to discoier the law of the senes 


E.YAMrLE 1 To mm (hofcilomng senea to n tema 


W -7 Ol iSl 
“» “X* “TO* 


(u) I, 2|, 


(ill) -i, -j, 


( 1 ) The terms aie clearly not m A F 


% 


Since 3|^*-2|=^=2|*-2| the terms are in G F. with cotton ratio 
^ Hence S„ can be found 

( 11 ) This IS oindently an A F , common difference I 7 , can 
be found * 


(ill) By writing the senes m the form -1^ JL, 1, the denorni* 

"4 •“ i 8 

nitors ore in A F Hence tlic senes is harmonic and cannot 
be summed 
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Example 2 Ftnd the sum to n terme of the aeries 
W (a+p)+(2a+px)+(3afpx®)+ , 

(u) 3+6+10+16+ 

(i) IS neither anthmetio nor geometno, but by separating the terms 
in a from those in x, the senes may be wntten 
(a+2a+3a+ +na}+lp+px+pa^+ . +pa?*-') 

y!a\r the o-senes is anthmetio and the as-senes geometno ; 



(u) may be wntten (2+l)+(4+2}+(6+4)+{8+8)+ . , 
or (2+4+6+8+ +2n)+(l +2+4+8+ +2"-^), 

Example 3 8tm to n term the sertee whose n*^ term are 4ii-B and 
3 ^-4n re^twetp 

Pat n=:l, 2, 3, snooessively in 4n~ 5. 

Then Tis=4-6=-l, Tj=4 2-6=3, T3=4 3-6=7, 

Thus the senes IS the A P -l+3-i-7T , 

Sn*g{-2+(«-l)x4}=n(2»-3) 

Again, putting n=l, 2, 3, successively in 3 2"-4n 
Ti=3 2-4 1, Ts=3 SP-4 2, T,=3 2»-4 8, 

Thus the senee=3{2+2*+2»+ +2»)-4{l+2+3+ +»). 

Sn=3{?|^^}-4{!^M}=6{2--l)-2»{n+l). 


Example 4 jT/* a, b, o are tn H P , prove iluU 

(i) (b+o-a)®, (o+a-b)’, (a+b-c)* arevakJF 

(ii) (2a-b), b, (2o-b) oremGP 

(i) (6+c-o)*, (c+ft-6p, (o+6-c)* willbein A,P, 

it (a+h-c)*-(c+o-&)*=(c+o-l»)®-{6+e-.a)*, 

that 18 , if 2a(2t-2c)=2c(2a-2&), 

aoe oiic € b 0 a 

and this is the condition that a, &, c are in H P 

(ii) 2a-5, ft, 2c-ft will bo m G P 

if B*={2a-6)(2c-ft), 

that IS, if ft*=4oc-2ft(a+c)+ft», 

that 16 , if 2ac=ft(a+c), or ft=-^^ 

0+0 

that IS, if ft IS the harmonic mean between a and c 
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EXAMPLES XXIX L 


{Mucdlaneous ) 

1 Find the term and tho snm to 6 terms of each of the foUowing 
ficncs 

jf, W 2, 2^, 3ji I (n) 2, 2j, 3|:i • (in) 2, 21, 3, 

2 Sura the following senes 

(i) 1 + 1 x+3yV+ ® • (“) 1 + 1t+ 2^+ to 6 terms 

3, Sura tho following sciies 

(i) to 8 terms, {«) ly+l7+y+ to 12 terms 

A The tcim of a senes is g'i'2, find the sum of 49 terms 

5 Find tho law of the following senes, and wiito down tho sum of 
n terras in caoh case 

(i) 2**-4+ 10+28+ , [atibliactl fimecuthterm'i 

(ii) 1+5+13+29+ , [odd 3 to mdi term ] 

(ill) 2 + 8 + 26 + 80+ 


6. Tho tu m of a series is 3n - 2, find 
7 The n*** term of a senes is 3" - 2, find S„ 


Sura the following senes, caoh to 20 tcinis 

8 3(2o+3(»)+3(3(iT2li)+3(4o+h)+ 

9 2(3a-4&)+2(4a+36}+2(5a+2h)+ 

10 Sum the senes (i+l)+f(<+l)+2(r+l)+ tocterras. 

11 In an A P tho sum of tlio first 7 tciins is 10, and the snni of the 
next 7 teniiB 17 , find the senes 

12 I propose to take 30 consecutn e terms of the senes 

10(>+99+ 98 +97+ j 

at uhich term must 1 begin that their sum may be 1155’ 

13 Find the snm of n terms of the senes 

1 1+2 01+3-001+4 0001 + 


14 Hie difference betueen two numbers is 3, and the difference 
between their nnthinetio and harmonic means is fV Find the numbers 

15 Tlio sum of an infinite G P is 3, and the sum of its first tno 
terms 18 2j , shou that there ate two such senes, and find them 


16 In an infinite GP in uhich all (he termu are positi\e, shew that 
the sum cannot be Ic« Mian four times tho second term of the senes 
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17 If the earn of n tenne of an A P u 3A’+4n for all valoes of n, 
Sod the senes 

^18 Ifa,h, eoiemGP, prore that 

(i) » («) ®+i» Si. h+« Me m H P 

19 If h+Cj e+a, aib are m HP, then a‘, li’, c* are m A P 

. 20. If jiR-t-jB’ u the son of » terms of an A P , find the eommoa 
diieronoe, and the r*^ term of the senes 


21, Sam the following senes 

{i)*(*+y)+**(a?+j*)+it*(!!i*+p*)+ tontems, 

(n) (o+j)+(3«-j)+{fifl+ij)+ toi^terms 

22 Ifthem'‘'termofsnHP iseqnalton,and^1dien«'terffliseqiial 
to ffl, prove that the (m+nP term is eqnal to 

23 A boy arranges rows of marbles ofie against the other so that 
each row contains one muble less than the preceding The last row 
consists of one marble only, which forms the apex of a tnande If the 
boy has 153 marbles, how many marbles are there m the base of the 
biggest tnanglo he can eonstmct ’ 

2i A person pledges hia services for a year of 318 worbne days at 
the remuneration of Id for the first day, m for the second, 3a for the 
third, 4d for the fourth, and so on. iW sum, to the nearest penny, 
will he receive in all’ 

j25. Ifay, s?aroinAP,theny, s,?y-!tBrem6P 
,|26, If a, }, care in A P, and a, b-a, e-a in GP, prove that 



27 Amanputsbyforhissonon every birthday a half^irown for 
every year of hie age How old will the son be when the total sum put 
tyamonntstofl?’ 

I 

28 The yearfo output of a gold mine decreases every year 13 per cent 
of its amount dunng the previous year Given that the find, year’s 
on^t IS £280,000, and that {087r=024W2 approximstely, find (i) 
the total output for the first ten yean, (u) the totel ou^t for w time 

29 Shew that if sand iars snoh that the nun of the sonares of ^e 
three anthmeho means inserted between them is eqnd to V't'h]*) then 
the sum of the cubes of these means is eqnal to |(a-{-h)l 
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Theory of Indices 


834 Fositive Integial Indices Up to the present all the 
rales relating to indices have been basM on the definition that 
a" stands fot the product of m faetois each equal to a,{\rhere m is 
necessaiil} a positive whole nunibei The laws of positive integral 
indices have been exemplified in special cases , thus we have seen &at 

(i) (ii) a®=a^'®=a*, (m) (a’)*=o"’‘®=a“. 

Each of these statements is an illustration of a general theorem 
relating to positive integral indict We proceed to give formal 
proofs of these theorems 


336 Theorem I To prove that vshen m and n 

are positive integers 

By definition, a^sa a a to m factors , 

a^ssa a a to » factors, 

a>"xa”=(a a a to m factors) x (a a a. ton factors) 

—a a a to (m+n) factors 
=o«+« by definition 
If p IS also a positive integer, then 

o"* X o" X 0**= , 

and so for any number of factors 

The result u usually known as the fundamental 

Index Law. 


336 Theorem n To prove that when m and n are positive 
integers^ 

a®— a“=a““", when m>n, 


s , when n>m 

a»-»’ 


By definition, a®— «"=— = 


o" a a a 


to m factors 


a" a a a to n factors 

If m>«, all the n factors of the denominator cancel with n factors 
in the numerator, leaving m-n factors , 

o"— a"=o a a to (m-n) factors 


= 0 ” 


Similarly, 

HALO. 



if n>ni 
z 
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* 

337 Thborbm ni To prove ikU viim m wad a art 


(a’»)«=o*‘ a® a**_ .ton factors 
B:(a a a to m factors)(a a a 
the bracket being repeated n tunes, 
a a to mn factors 

=stf«" 


tom factors) 


338 These results are denved from a definition 'which is intel- 
ligible only on the supposition that the indices aie and 

vUegral But it is found convenient to use fiuctional and negative 

indices, such as or, more generallj, or ** , and these hare 

at present no intelligible meaning For the defimtion of a", upon 
winch we based the three theoienis }ust proved is no longo* 
apphcsble when m xs fna/^toned^ or mgattse 


Now it 18 important that all indices, whether positive or negative, 
mtegial or fractional, dioukL be governed by tne same laws We 

£ 

therefore determine meamngs for symbdle studi as a^, or", in the 
following way we assume that they conform to the fundamental 
law, and accept the meaning to which this assumption 

leads us It will be found that the symbols so intei preted will also 
ob^ the other laws enunciated m Theorems ii and lu 

£ 

339 To find a meawing for a^, whm p and are pontm integers 
Since is to be true for all values of m and n, by 

replacmg each of the mdices m and a by we have 

£ £ a» 

a«xa«asa« 

- , , S £ £ & E «?+£ a 

Similarly, a«xa«xa«=sa« xo«=sa*^=o« 


Proceeding m this way for 4, 5, q factors, we have 
£ £ £ SS 

(i<xo*xa> to ^ fsctorassav , 


that is, 
Hence 


(a«)*=o*’ 

s 

p 

a»sar^/aPj by taking the root 


Di, in other words, is equal to the root of eP 


Ejcamhubs (u)a^=^a, (in) 

(iv) X a^=sa^^=ia.^ , (v) IT x 

(vi) Sah^xie^b^szZ 
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1 

340 Note on the eq.uvalence of and 

Consider the values of tJQ, and 4^81 

We hll^e seen that /^9=9-, ^/8Ts=81•, 

Now tj9=+3 or --3, and ^/8^s=^-9 or -9, 

the fourth root of 81=the square root of +9, or of - 9 
*=±V+9, or -t^/— 9 

Thus there are four values of 4^, two of which are zeal and two 
imaginary l!he r&d positive root is- called the pnnoipal root In 
using fractional index notation we consider the pnncipal root only 

Thus 9^ is the real positne value of ^/9, or S, 

81^ 18 the real positive value of 4^, or 3 

In like manner (though the proof cannot be given heze) ever} 
n^>root has n algebraio values when » is a positive integer In 

using a" as equivalent to l^a, we consider only^the positive real root 

Thus 16^=4, 27*=3, 32^=2, 729^=3 

341. To find a meaning for a** 

Smee a'"xa"=sa"‘+" is to be ttue for all values of m and n, by 
replacing the index m by 0, we have 

a"xc"a=c‘’*"«®a". 

bence, if a » not zero, 

Thus a number or expiession with zero index is equivalent to 1 
Example "« x a?“» =a:*-«+«-*=a;»= 1 

342 To find a meaning foi a"" 

Since a"* X a"=a”'''’" is to be tiuo foi all values of m and n, by 
replaoing the index m by — we have 

<r^ X o" =a“"*" = o® 

But fl®=l , 

hence, t^a z'a not ccro, and 

Fiom this it follows that naj factor may be transfeired from the 
nuraeratoi to the denominatoi of an expression, oi vicevez^ by 
merely changing the sign of the index 

Examples. (i)x“*=:;i, (u) -4=y'=N'yr 

y~- 

Im) J— 1-1 

^ ^ 4 '(^’" 4 / 35 ” 3 ='-§- 
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343 fo pm that for aU vaket ifmandn 

rf*-«*=a"x4 

0 * 

=a*x<r* 


ExAMnas (i) a’-*-a‘ao*"®s:fl‘®=j, 

(u) «-c“^=c*^^=c^} 

(lu) 


844 Wfl hare not yet proved that (o")*=a"" « tme except 
when fit and n are positive integers [Art 337 ] 

The proof of this lav for aU values of in 'and n is not easy and 
mil be postponed until the pupil has had some simple practo in 
the use of fractional indices ^nwhile the truth of the kv may 

be assumed in simple cases 

» 

Thus (o*)*^=a*“, and so on 

Agam ^®=26^=(25*)’=6'sl26, 

and ^~x^-0fs{$lx\f 

845 In working examples the rules embodied in Idie following 
statements may now be used without placing any restnctions on 
the value of the mdices 

o"xa?'=a"+", (i"-a'=a"-*, (a»)»B!a"»Ba" 

Also 0 ^= 1 , 0""=^, 

He following examples will illustrate these principles In each 
case the result is expressed in a form free of negative radices and 
radical signs 


Examus (i) 


8o-»_3j! 





(it) 2(ya+~+a^s2a^+3®^+fl^sfi»^+a^aa^(6+(^) 
a * 



EXASIPIiES ON INDICES 


325 


zsx] 


X ^xx, y^xy^. 


EXAMPLES XXX. a. 

{Examptea 1-8 Aould he UAen orcdly ) 

L Bead off tlie values of 

a-xo^, o^xa^, h^xb, 

2 Express m vrords 

n/o?, n/o?, 4^, 4^, 4!^. 

3. Bead off in integral form the values of 

36^, 100^, 8^, 64^, 64^ 64^ 

32^. 81^, 81^. (-8)^, (-64)^, 128^ 

4. Express with a single index 

(«y. w, &*)’. (**)*, 

(sT^f. iziy*, (pir*, 0T“. 

5. Bead off with indices 

4^, 4'P, ;{fc, 4^, 4''»^, 4^, 4^ 

6. Express with radical signs 

o^, b^, c~^, y“^, p~^, p~^ 

7 Find the numerical value of 

9^, 4^ 8^ 27^, 16^, 32^ 

8. Express with positn e indices 


a 


_g 1 1 a“*. b-3 

ir 


’ r^’ 6^' 

9 Justify each step in the folloa ing example 
Toproiethat 4^ x 4^=32 

X 4^1^=8^ X le’ =(2>)5 X (2*)^ =2? X 2»s2»=32. 

10. Sheu that 

(i) 27^=243^ , (ii) 8 X 81^=27 x 16^, (ui) 4^27* x 

Express with positive indices * 

12 3«”5 13 4ar«?B» 


11 2r' 

15. ^ 


14. 3-0-5 


16 


5x 


-1 


17 


18 


a^y* 

fc-« 
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Express with positive indices 




19. 2a^/3ar' 

20. 

l-2a“* 

21.-* ay'xas-* 

22. 

a’V-'-S*. 


21 

1 


26. 


27. a-^'^-ar^ 


28. 


29. 


Express with radical signs and positive indices under them 

2a~* 

30 X* 

31. 


32. Saf* 

33 


35 



37. 

1 

-1 

X • 

38. ar^x2o'^ 


39. x' 


40. 7a 

‘*x3o-» 

41. ^ 
a~^ 

42. 

3a 

X * 

41 



346 Since the index-laws are umversallj true, all the operations 
of mnltiplieation, division, involution and evolution are apphcable 
to expressions which contain fractional and negative indices 


347 In Art 190, we poulted out that the descending powers 
of X are 

.. 4?, ar, 1, j ^ ^ 

A reason for this maj be seen if we write these terms in>the form 
. sfi, ifi, *>, aPy ar>, ar*, ar?, . 


When exnressions involve radical signs as well >as indices, the 
former should be rqilaced bj fractional indices 


Thus 4a?+^/?-2»+J+a?-4\^ 

may be wntten 4s^+x^-2xi-^+^<- 

a®-4*^+4a?+!B^-2»+y, indesoendingpowers. 


Exautle I. Miditplff 3x'^+x+2x^ Ifjf x^-2 
Arranee m descending powers of x 

X +2!S^+3ar^ 

a^-2 


*^+2» +3 
-2a! -4*^-6®“^ 


L 


X' 
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ExAMPM 2 Dtwdt 16a-®-6a-*+5a”i+6 hy l+2a-* 

2o-»+l)16o-®- Ca-2+ 50-1+6 (8a-s-7a-i+6 
16o-^+ 8o-° 

-14o-®+ 6o“i 
-14o-°- 7o-i 

120-1+6 
120-1+6 

Evasiple 3 Wntt doitin (i) theprcdu^ of x^+2 and x^-5; 

(ii) the square of 2^-3 

(i) Tho product=(x^) -Sar^-lOsr^-Sx^-lO; 

(ii) Using a frootionnl index in place of the radical sign, 

the8qnarc=(2x^-d) s=(2a;^) *-12®^ h9=4®*-12»^+9 

EXAMPLES XXX h. 

{In these examples the results are to he gnen free from radical signs ) 

Find the value of 

1 (a*+l)(o^-3) 2 (®-«+4)(ar2-4) 8 (3c^-l)“ 

4 («^+7)(x^-2) 5. (<3/^-2)® 6 {^a-5){i(la^2^ 

7. (a^-9)-(o*+3) 8 (6o»-5tt^-6)-(3o*+2) 

9. Multiply 3®^-6+8a:”^ bj 4*^+3®“^ 

10 Dnide 21o+o^+o^+l by 3o^+l 

11 Multiply 3m^-37Tr^+2ni-i by 6in^+4 

12 Find the product of c*+2c“*-7 and 6-3c-*+2(f 

13. Find the value of - 1 +p-®") (op" - 3p-") 

•14. DiMdo *i^+»^y^-2y hy ®^ -y^ 

«15. Find the square root of 4»^-4 ®^t5-2*“^+*“^. 

••16 Divide 160-*+-^+-“ 6 hy 2a-i-l 

O” o 

»17. Multiply 1 - 2^x - 2®^ hy 1 - ^Ix 
Find the square root of 

»18 9*-12®?r+10-4:+= *19 12o*+4-6o**+a<*+5o®* 

\IX X 
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TnrAMPT.TiR XZZ.C. 

1, Fmd the values of (a+h)^, (a^+h^)» 

(i) when a=16, 6^:9 , (ii) when as225, hs64. 
In each case shew that a/c^TF is not equal to a+ & 
Simplify aqd express mth positive indices 


2 

[(a-s)4]i 

a [(*->«» 

4. 

5. 


6. 7. (<3^)-x4la=*f. 

8. 

(^*>-(?/ 


■* 

11. 

(<? X (o~^)^ X 

12. (4^)*x-2F2-(^/R)^ 

13 


14 

16. 

16. 

(¥>" 


(^) 

19. 

y{x~wY^ 

20. 

a. (4a-«-9a?r^ 

22. 


23.' 24. <sCTx-3SF. 

25. 

i5^o®a^x(o^ar*)"*. 

/ 26. 


27. 


X X (sHjV®*)”*- 

29. 

>y(a+6)®x(B+5r^ 

30. 


31. 

fcr%Y> /dtr^y 

x32 

/A pV ■ ‘‘'*'1' 

83. 


i 

34. 

-y(o+F?x(a*-Fr^ 


Zl. (a*-F)^x(a+6rix(a-t)^ 


36. 




41 . 


2nx(2n-l)*i 1 

3 2"-4 2*^ 


«oe 

2«+i , 


40 . 




42. 


2«+8 0-«+2 


16 -n-l'' gSTT 


43 . 


3»+4-6 

3"+*x7 



mSCELLAKEOUS EXAMPLES 


331 


sx\ ] 


351 . Miscellaneons BTamplaB 

„ / * i_i _i £ i _£ £_£ 

Example 1 {a^-b^)\a ^+b v)=a^ Ji_(2 < 

> p i, _£ 

=1-0 *6®J-or6“?_i 

^ _£ _* £ 

=ao*’6 »-o '6». 


ExA>tPLE2 Express (i) 4x“-9a», (n) x-2j,,/x-15 

tn binom\al>fact(jTs 

m n 

(0 4ai”-9a’' is of the form A®-B® inhere ^s=2x-, B=3a® 

4a?"-9o"=(2r® +3B*)(2r^-3a*) 

(u) The expre8sion={(*/r)®-2»yr-16}=(^te+3)U/x-6) 

Example 3 Diwrfc a^-8 6y a- -2 

0^-8 IS of the form A’-B® \rhere A=a^, B=2 
o^-8=(a* -2){(a-)* ■*-2a‘^T4}, 
and the required quotieiit=a+2a^4-4 


TrgATffPT.BS Tnrsc. d. 

Express in factors 

1 o+7^/a+12 2 »-4a;^-12 3 af-49 

4 3o^+fia^+2 5 ®“**’Tar*-20 6 x^-*-W 


Write doun the \alae of 
7 (*--7)(‘c-+6) 8 
10 (o*-2o-»)a 11 

13 {(a+h)U(a-6)^}’‘ 
15 [a*-bf)(a-*+b->) 

17. (l-8a-®)-(l-2a-i) 


(2z^-5)(2x^+5) 9 (2^/o-3)U/o+2) 

(a'TO*)' 12 (®^-27)-(a;^-3) 

14- («+®^-4)(®-a;'^+4) 

16 (5x“y*-3ar"jr^){4x^J-5xr^jr^) 

18i (27m"Tl)-(3^^+l) 


Express in simplest form, free from radical signs 



a*-8a^6 

J+2^^->-4b'^ 


20 . 


x-6«^f'c-14 



21. 


a;^-4j/g=8 

■3^J-4+4 x"^ 


ao o-'-i-ah ^/o 



CHAPTER XXXI 

Surds and Irrational Quanthibs 

362 It is not alirays possible to express two quantities of the 
same Tmtit m terms of a common unit For instance, if the side of 
a square is 1 inch, the diagonal is ^/2 inches Now the numerical 
value of «y2 can be found to anj required number of decimal places^ 
but it can never be exac&y expressed as a multiple or fraction of 
unity Such a quantity is said to be incommeiisiixable. 

363 Defikitiox When the root of a number or exptession 
cannot be exactly determined, the root is called a surd 

Thus sp>% and >/t?+j?are surds But iJ'S, and ^/a^+2o*+a!^, , 
though surd m form, are not really surds For they are capable ot 
being expressed without root signs in equivalent forms 3, 2, and 
a+x 

364 An expression which necessarily contains one or moie loot 
signs IS called irrational In a rational number or expression no 
root sign IS necessarily involved 

366 The order of a surd is indicated by the root symbol 

Thus ^5, aie respectively surds of the third and orders 

The suids which occur most frequently aie those of the second 
Older, usually called quadratic surdb 

Thus a/6, ^x, »Ja+b are quadric surds 

Note Since every square root has the double sigu every quadratio 
surd ^ two values, one positive and one negative Unless anything to 
the cdmraiy is expressly stated, we shall only oonsider the positive 
root, Thu8A/a=+2236 

366 A rational quantity may be expressed in the form of a 
surd of ony required order by raising it to the power whose root the 
surd expresses, and prefixing the To&cdi sign 

Thus 3=^/9=4§?=<^'§^=5-!/3“, * 

367 A surd of any order may be transformed mto a surd of a 
different order 

ExautIiES (i) ,yS=3^=3’^=W, (a) afoa:o"s=o^='7!©". 
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368 To compare smds of diffeient orders they must first be 
transformed to surds of the same older The most convenient order 
IS the L C M of the given ordeis 

Exasiple 1 Express ViF and as surds of the same lonest orda 

The L C M of 9 and 6 is 18 , and expressing each surd as one of the 
18U> order, vro have and 

Examplf 2 Compart the surds 4/9, ^!5 

Tlie L C M of 4, 6 , and 3 is 12 Hence expressmg the given surds as 
surds of the 12 ^*' o^cr ue have 

4/9=W=^2/729, i5/2S=15/§^=1;/676, 

Tlius 4/9 i 01 ^ descending order of magmtude 

BITAMPTtPJl VXXl. a. 

1, Which of the following quantities or expressions are essentially 

irrational* 

k A 

(i)*/Ib, (ii)««/32, (iu)\/l606, (iv) v^, 

(v) 4^5*?, (vi) < 5 /( 0 + 6 )®, (vii) fS'Si, ^ii) 4^729 

2. As in Art 358, prove that 

(i) V5s=4/i23, (11)4/3=13®, (m)-C^=4/^ 

3 Express the rational quantities 4, 3x®, a -2a; in the form of 

quadratio surds 

4 Express as surds of the 12<>' older. 

(i) ^12, ( 11 ) 4 «, (ill) 4 / 6 , (iv) 4 /?, (V) 4/§^ 

5 Arrange 4^6, 4^, \/3 in ascending order 

Express as surds of the same lonest order 

6 ^/a, 4^? .7 -S'?, v/a 8 ’4/5T®' 

9. ^/5, 4/rr. 4^ 10 4/8, s/3, 4/6 11 4/2, 4/8, 4'4 

359 Though the approviinate values of surds which occui in 
arithmetical calculations can usuallj be detei mined to an> icquired 
dcgiee of accuracj, the noik is often simplified and shoitencd by 
keeping quantities in surd foim os far as possible, and only sub- 
stituting numeiical values as a last step Hence it is nece«sarv to 
discuss we properties of snid quantities and then laws of combination 
Hicse follow II om the laws of indices since n surd can always be 
expressed as a quantity n itli a fractional index 

^/2=2^ 4'6=6* 4'a5+^?=(a=+a?)^ 


Thus 
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360 Ths foot of oiny exprmum ta egval' to the poduct of the 


roots of the jaeton of the esepmtma 

For <5^s»(a6)"=flF5", [Art 349] 

‘ Vh 

Similarly, ffdbo=i^a l^e, 

and so for any number of fiictoiB 

SzAuruss (i) (ii) W=bJ^ai 

(m) ^/2a3^/2, (iv) ^ 2 * 24^2 


Examples (lu) and (iv) she\/ that a suid may sometimes be ex- 
pressed as the product of a rational quantity and a surd A surd so 
reduced is said to be in its smplett form 

Conversely, a rational ooefidcient of a suid may be biought under 


ExAuruss (i) ZJQ~^/9 ^=:x/Si, (u) a^x=iiifc? 

A surd 80 reduced is called on entire Snid. 


861 When surds can be exprrasad with the same iiiational 
factor they are said to be like ; otlierwise, they are said to be 
unlike 

Thus 3iy/5, itjb are like, and 2^6 ate unlike surds 

Again, d/12, 6J3, and •/? axe hko surds , 

for ^/^5=l^4 ^3s2j^3, and iJ3 

362 The sum of a numbef of like surds con be found when they 
have been expressed in then simplest form 

I 

ExAurug 1 Fvnd the awn of Sn/H, 10./3, an^ d/I 

The reqmrod sumssS 2^/3+ 10 (s/S+| ^/3s:^® ^3, 
by oolleotmg the coefficients of 

ExAAirus 2 JBlxpma ai9&^+o4^-<oSb-4^ ttt emjikafom 

The expression sa 2a^+<}[-e)^-ofi^ 

=2o*,^ - c!»^ - a?4fli=(a*- c«);^ 

363 TTnlike surds cannot be collected 

Thus the suin of 2J3 and S«/2 u 2^/3+6^/2, and can only he further 
simplified hy substituting the numenoal values of ^ and 
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EXAMPLES XXXI 1) 

1 Read off the folloit ing sutds in their simplest form 

tJB, iJ\S, N^SO, f N^o^, \^16o , 

M, -3/545?, -3/275*, 4'^, .3/§4c? 

2 Read off as entire surds 

2^. 3^/3, 10^/5, 2^'2, 5^/5, ajb, 

Express in the simplest form 

3 <n/§S 4 S 6 ^/^ 

7 8 \/§75 .9 10 'J/ico 

11 2N/i76. 12 6>/^ 13 -vOT 14 3^'8? 

15 ■ -ysloSh 46 2 !c- 3/^%* 17 \/27m-fi» 18 2ns/56«^ 

19 ^2x^-Axy+2f 20 N/(aa-6«)(a+l.) 21 \/3ffir+18ax+27a 


Express as entire surds 

22 iWd 23 43/4 24 - 63/2 

26. 7Vf 27. fx/If 28 fx/TS 

nn A n-t 4o , — ; __ O ® /to* 

n«Vm 32 3 a. Vo- 


25 3a*T\/^ 

a. iJ'/R. 
33 

<»• b YSo-* 


Fmd the value of 

34 -n/SO+n/S-x/IS 35 '^/I08-'s/58+n/76 

.36 4-v/b3+5x/7-8x/58 37 5/54+/3/I28-® 

38 -S/sT+^/^^-^nfSS 39 4 a/I28+4n/76-5-s/I62 

40 'J^-^fm-48y/^ 41 

42 2aN/o®x+3a-\^-ON/9o?r 43 \/l8p^g^ -pxJSp^ - q\fBOfPq 


Simphfj* the follovnng surds, and find their numcnral values, correct 
to tuo places of decimals, given ^J2=sl 4142, ii/3=l 7321, ^/o=2 2361, 
J7-2 6458 

44 45. x'iSs 46 \/W 47 \/5l2 48 \/i76 

49 50 \^-*-\/63 51 3x/566-2n/543 

52 5\/243-2s/3M+x^ 53 4N/i2S-6\/i6s-»-5\/75 
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Mnllaplicalaon and Dhision of Sun^e Surds. 

364 Toji^ tkeprodwet of tm surds of the same order: rnidhptg 
separatd^ m raiumal factors ami the trraiwMi factors 

z 1 z 1 

sBdb3f*y*ssab'!/^ 

XotE The product of two Itle qwzdrahe surds is rational 
Ezamples (i) ZtJ2x5yf5=lSs/Wi (ii) 5»Jar6,Ja=Z0a; 

(lu) ^x-yx^x-y=Sj{x-ry){x-y)si^:?-‘^i 

(IT) 2^,/8x^^x^/i6=2 2J2ySs/Sy2^lO 

==40 ^/2 ^5 ^/lO 
=40x10-400 

In Example (ir) t^e surds are first reduced to simplest form 

365 To multiply surds not of the same order reduce them to surds 
of the same lowest orders ami proceed as before 

Example. Ftnd the product of 2^^ and hfZ 

The prodnct=24Q^x7 *^as2x7'5'^Px3*asl4'5034. 


366.^ Baldonalisang Factoxs. A factor bj which any irrational 
expression is mnltiph^ so as to give a rational product is called a 
xationalismg &ctOT 


Thus 


3 _ 3 _ Zrjl 3 „ 


Here the fwitor J2, introduced into numerator and denominatory 
gi> es a result with a raiwnol denomimtor 


Exa’iplb. 


Tofni the numerical value <f 




The approximate value could be found bj dividing 2*2361 bp 2 6458f 
bnt some laboor will be saved if we rationalize the denamnator. 


nn.- •JsySr^Jl ^y§5 5*9161 

— *0 845, to three decimal figure 

Xob only is this latter method the simpler of the two, hnt it has the 
advantage of using an integral divisrar instead of a uon-tenmnatmc 
decimal. Thus the ansver can be obtamed cotieot to any reqmred 
number of figures 


A fraction with an irratioDal denominator should always be 
expressed as an equivalent fraction tbe denominator of wbid is 
rational 


Thus 


a>Jb ajbxje af^ 
sjc “ ,Jcx^e e”‘ 
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Example rmdthevalwof (i) {u) ^a~^. 


!• 


(i) The quotients: 


5«>/§7_ 5x3^ 5 _ 5xJ2 

z'ijii 3x2^/2xi,/3 2j2 2^/2x^ 



(ii) The quotients 


,yo _^ax4/B_'v^ i^ab 


EXAMPLES XXXT c 

Find the value of 


1. 2\/r6x\/l5 2 

4 Mx2<Ji2 5. 

7 3^/8-4^/i2 8. 

10 \^a+6 X ^a-b ^ U 


13. 5^2 X 2^5 ‘ 14 


3o^/i5? K/7 o 

“• 6-VJu-’'8'Vc 


•JTIxiJtB 

8 

3x/i4x<s^ 

3\/S3x2s/i7 

6. 

a^\/yxy\^. 

2n/75— 5\^ 

9 

2n/63-3n/35 

6\/28-5\/28S 

.12. 

21n/384- 8x/^ 

r 

•iTiSxx/zf 

.15 

2\/i6_4N/l8 
3 n/7 Oa^ 




Gnoii ^/2sl 4142, ^/3sl 7321, ^/5s2 2361, ^/6s2 44g5, s/7 s2 6458; 
find correct to tluree places of decimals the value of the following surds * 


18 

23 



20n/24 

<s/75 


15 

s/18 


24 



5<s/0 is/H 


21 22 

3s/2 Sr'21 

25 

0^112 ^/Sg2 


367 Compound Surds An expression \ihich invohes two or 
moie simple suids is called a compound surd 

Thus 3iy/5-s/2, 2s/3 -s/7+s/2, are compound surds 

368 In finding the product of compound smds we follow the 
same aiiangement as in dealing with rational expressions 

Example 1 Find the product of 2,Jx-^ and 5^x 
The prodttct=5,^/x(2,yx‘*7)=10j;»35iy/x 

Example 2 Mvdtiply 2^/3-6js/a ,Jd+,Ja. 

The product=(2^/3-G^/o)(i^34-s/a) 

“2iJS \/3“6(^3 \/o4'2i^/3 ^(x~-6i^q i^/o 
=6-4s/te-6a 


[Examplawxi d 1-20, pape 339, may com enientfy be folen Here.] 

HALO T 
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369 CoDjugate soids Two hmrntl ^adrafyc surds which 
' dii&r onlj in the sin tdiich connects their terms are said to be 




Thus [atJxUtJy){a>s]s-b,Jf/)={a,Jxf-l!biJy'f=ah-Vy 
(3^/7+2^/S)(3^/7-2^/3)=(3^;7)‘-(2^/3)»=6S-12=81 

370 The only inipoitant case in dimon of compound studs is 
that in which the divisor is a binomial quadratic smd. If the 
operation of division is earn eased in fractional form, the denominator 


can always be rationalized by multiplying numerator and denomi- 
nator by the surd which u conjugate to the divisor 


Eums 1 Dtmdt by 6-2,JB, 
juotunt (o three decimal fgvm 

7-2J8 7-2J..6+2J6 

T ^ *®‘"nS"6-2^/8 ff+2,^ 


and jfnd (he tafve ^ the 


-11+4x24485=20 798 


BiiMna 2 JSimreee -7=== — with ratwnol daimmUir 
A,/i?+P+a 

tpu 4* . Vo’+6*-o 

(o’+f)-a* 

EumpuS Dmdt'^bg^^ 

The W-4 1 

^ v3-i 2+;;^ 


Euuas 4 fejm 


l"+j2-^/8 


with rottonal denominato 


Here the work of rattooalizat' on u padormed in two st^ 

^ - I - 1+^/4+JS l+)J2fjS l+Ji+JS 
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EXAMPLES XXXI. d. 


Find tdie Talao of 


1 (2.^a-l)x3^/a 2. 3 (4 t3,/p)x2^/jP 


4. (3>/5+4^2)(^5+s/2) 

6 (5 +2^/3)"- 7 

9 (5+3^/2)(5-3^) 

U (7>^-23)(7.yiT+23) 

13 (6^/5+3^/7)(6^/5-3^) 
15 (^/o+a;+^o)(^/o+*-,yo) 
Write do^vn the square of 
17 ^fp+q+slp-q 
19 \f2x-l+iiJxTi 

Find the \alue of 
21 l-(7-4^/3) 22 

24 (5 +2.^6) -(5 -2^6) 

26 

2+3J2 


5 (2^/7+^/5)(.3^/3-^/7) 

M-Jnf 8 

10 (3^/^0+4^A)(^/^0T^^) 

12 (N/a+l-,yo)x\/o-tl 
lA (9^/2-\/l5)(3v/2-2>/i5) 

16 (>AF^-2v/g)N/5+^-^2^/j) 


18 

20 


3\/a*-*-i^-2Va®-6^ 


>/3x^-is/2r-l 


28 


s/ii 2+3., 
3^2" 7 


l-(8+3^) 23 17- (3,^^ -2,^/3) 

25 (4+3^/2)-(5-3^/2) 

27 (n/5-,^)-(4-n/15) 

92 


29 


3^/2 -^/7 


~(\a8+^/7) 


Express mth rational denominators 


30 - 


33 


36 


2^/2 -<s/3 
iija 

Oi^/o “ 3j^x 
1 

iiJ3'^iJ2 — yj5 


ZL 


34 


7J6+3J5 

4j^6+)^5 

10,v/ 6-2^/7 
3^/8 x2V7 

37. 


32 


35 


40 


9sf5-oJl 

s^a-rx—s^a-x 

fja+x-\^a-x 


2-**i^+j^ 


38 


Express m the simplest lorm 

^/3-l ^«Tl on 18 

;;/3+r^/3-i 


39 


12 




40 7-n.^ o 

7-^/5■■7-./7 


41 N^ar-rT^-y ^ 4(^13 ■*-1) 3+.^y3 

\^a?+jr-*-y x-\/a?-3^ \^-l 2-^ 


Gncn .,^2=1 41421, ^/3=1 73203, <^/o=2-23G07 ^/6=2 44049, find 
eorrcct to tour places of decimals the ^aluc of the follovung expressions . 

" 5^3 ® ^^48J-^a8 


3^/2 -3 

ti^/2+3 


0+2JS 


43. 
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Some Properties of Qnadratic Surds. 

I STjU-^CheokboiX a ^Mdrahic surd cannot be emud to the sum or 
jdiferenee of a ratimal cpumtiiy and a quadratic swra 
If possible let ^nsta±tjm, 

where a » rational and jjn and jjm are quadratic surds Then by 
squaring both sides, , 

— 1 ^— .> 

that is, a quadratic surd 's equal to a rational quantity, which is 


.372 Tniy^pmT TT If x+^/ysBa+x/b, where x a/ad a are both 
rationed and >Jy and >Jh are botfi trrational^ then mil x»a and y ssb 
' For if X is not equal to a, let x^a+m , 
then a+m+A/y=a+jiy6, 

that 16 , »Jbssm+»Jy, 

which IS impossible, by Theorem I 
Hence 

and consequently, y^b 

If therefore x+^y=ia+ijbj 

it follows that v-tjy’=^a-‘tjb 

373 It appears from the precedmg aiticle that in any equation 
ofth«folin X±^-A±s/B 

we may equate the rational parts on each side and also the irrational 
paits , so that the above equation is really equivalent to two xnde- 
’pendent equations Xas A and Ys B But it must be noticed that this 
principle of equating rational and iiiational 'parts separately can 
only be appliea when VY and are essmtiaUy irrational and not 


Thus it would be absurd to apidy the principle to the statement 
7 +'</5a;-4=2W6a:+6l 

This is really a cond itiona l equ ation only true when icss4, and when x 
has this value, and 61 are both rational 

374 TheobemIII If then 

N/a-^/bss^x-Vy 
For by squanng we obtain ^ 

ass«+y, ^/6=^2^y^ [Art. 372] 

Hence a - 2-\% , 

that IS, «/a-V6»=A/»-A/y* 
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376 Sauare Boot of Bmomial Quadratic Surds rrom the 
formula we can wiite down the square root 

of an expression of the form X+2/s/Y, if we can find ti\o quantities, 
a and such that then sum la X and their pioduct is Y 

E\AMmi 1 ^fid tht aquare root oj 12+2\/35 

Wnting the expression in the form 7+6+2n/7x6 we see that the 
square root is 

Note Since eve^ quantity has two square roots, here is 

also a square root of the given expression , but in this and similar cases 
wo confine our attention to the positaie root 

Exaxipu: 2 Find (he. equal e loot of IS-SiJfi 

Wo must first wnte tiie expression so that the coefficient of the surd 

IS 2 

Thus 18-8/iy5=18-2N^xl6, which may be written 
18-2»»/6x¥x 8, or 10+8-2«yi0x8 

Hence the square root IB or is/l0-2J2 

When the numbers are inconveniently large, we may make use of 
Theorem III 


Exaufuc 3 (he equate toot of 41+6\^ 

Assume *^41 + (1) 

then ijAl-QjSlss^a. - 

By multiplication, s/iV-iQ 32=sz - y , (2) 

x-y=>J^=23 (3) 

Squaring (1), and equating the rational parts (Art 372), 

x+y=41 , (4) 

whence, from (3) and (4), x=32, y=9 


> the square lOot of 41+6 n^=<s/32+^=:4,^/2+3 

^ finding x-y from (2) it is sufficient to take the positnc value of 
N/d29, 08 uo assume x to be gi cater than y 

Exasifle 4 Find the equate root of 

Hero wo have the difference of tuo quadratic surds, and ue proceed 
os follons 

nQS - ^/55 =^/3{^aG - ^/16)=^/3(4 

=>/3 x^— wnting a coefficient 2 before n/IS, 
jMi 54*3 “2 n/o X 3 

=n/3X 5 , 

A 
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EXAMPLES XXXI e. 

Find the square toot of the following binomial sards 
1. 4+2^ 2. 6+2;^ 3. 4. 7-4^/3 

5. 9-2»yi8 6. 16+2*^ 7. l7+6^/8 8. 28 - 6^/8 

9 50+ 8J6 10. 38-12<s^ 11. 49 - 20^/6 12 

13. 24S+32-s/gO '*14. iJM-tJW 15 26+2\/m 

16. 12a+26-4»s/§flS 17. 9itt+8n+12\®i 

18. 8ie-l+2>J^-3x-2 19 2»»+2\/»»*-9»* 

Express m the simplest form 
20. ^/i5+.y8-^/80+^/^8+^/7-^/40 
'21. ^/l9+4^/2^+./r-^/I2-^/20-2»/a 

22 . - ^/ 8 + V 17 + 12^/2 - ^/28 - 6^/3 

23, Shew that oannot be expressed ui the form nnless 

a> - & 18 a perfect square 

Ibiational Equations. 

376 An Inational Equation is one which has one or more 
terms involving the unknown under a radical sign 

377 In the following example the postim valite o f the square 

root IS always taken Thus a term such as when 

means the positive value of J4, or +2 Also all the terms are sup- 
posed to be real, so that a term of the form Va»+7i only admits of 
values which make w+b p(»}ti\e 

The method of solution is illustrated in the following examples 

Exaufce 1 5olvs the equation 3 ^+kJ9x+13 -13=0 

Transpose so as to have a single surd tmm on one side , 
thus N/teTBslS-SAya; 

Squaring both sides, 9a:+ 13= 169 - 78^® + 9w , 
that is, 78^/T=1^6, 

^/®=2, and ®=4 

[Ferj^ccUton When ®=:4> tholeftside=3.2-><7~19=0] 


Note Unless and a/ 9® +13 are both regarded as positive, the 
equation is not satisfied by ®=4 
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Example 2 8dvt <s/x+7+a/x'^2=n/6x+13 

Scpianng both sides, 

»+7+x+2J-2V(x+7)(a;-*-2)=6a;+13 

Transposing, and dividing by 2, 

n/(x+7)(x+2)=2x+2 (1) 

Sqnanng both sides, 3 ^+ 9x+ 14=4a^+Sx-r4 , 
that IB, - X - 10=0, 

or (x-2)(3x+5)=0 

x=2, or “4 

^Fen)7ca<ion When x=2, LS =jJ9+*/4=5; R8=f^^=5 

Whenx=~|, LS=>y/7^+^^^ 

4 J_ ^ 

R S W- 10+ 13=1^ 

Thns the equation is satisfied by x=2, bnt not by x= - g J 

The latter value will be found on tnal to satisfy the given equation 
if the sign of the second radical is ohanged. 

Thus n^x+ 7— 's/x+^=»y6x+ 13 

After squanng and reduction, this leads to 

-n/{x+7){x+2)=2x+2 (2) 

B} companng the hnes marked (1) and (2) it uill be seen that in each 
cose the next step gives nso to the quadratic whose roots are 2 and 

378 From the above example \ie see that when each side is 
squared, the resulting rational equation is not an equiialen* one 
(Alt 255), and gives rise to an eAtraneous folution which will only 
satisfy the oiiginal equation in a modified form 

Moie generally in solving irrational equations we first get nd of 
suids by one or more preliminaiy steps The rational equation 
so obtained will contain all the roots of the orimnal equation tftheie 
are any , but it may happen that one 01 both of the roots of the 
rational equation will not satisfy the original equation if we adhere 
to the limitations mentioned in Art 377 

In eolvinq irrational equatxont eier?/ root mwtt be tested by sirbsti- 
tution 

[Examples x\xi f 1--25, page 344. may be tclen here ] 
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379 The following example deserves special attention 

IExaufu) Solve - 3n/2x® - 7x +7 =7x - 3 

Transposing, (2*^-7af)-3yi2iE*-7®+7= -3 

Pat y for the jw>8t<iw twine of tee radical, so teat ya +iy^b:'-7x+7 , 
then 2a?“7®+7aj^, and 2!i^-7*=^“7 

By sahstitatioa we obtain 

or y«-^-4a0 

The roots of this equation aie or -1 The latter value we 
reject, since y is positive 

Thus or 2ai*-7a+7=16, 

whence we obtain x=-|, or - 1 

These values should be checked by substitution 
It will be found on trial that tiie values of x derived from y=: -1 
satisfy tee equaUou obtained by changing the sign of the radical in the 
given equation 


EXAMPLES XXXI. £ 


Solve tee equations 
1 *^s+3=3 X is/iAc+l=7 

4. 6. 

7 1^/8*+ lOas* 8 *y»+5+n/xas7. 

10 *j4x+l-s^e^=sijx+^ 
\^3a;+4+is/ac-6=9 
n/x + 6 - Vjc -'ll =*/aj ~'i8 
>Jx+0.+*Jx-asi^a 


IX 

14. 

16. 

18 


3. 7n^S 5^*28 
6 8^/8ie»2^/i6^+B 
9 2jr-l*\/4x^ 


84 . 

26 . 

88 

SO. 


is/x-6+^a!+4as-== 

Vx+4 

6vte-ll _ 2yx+l 

8*^ * is/x+6' 

6^x-7 js_7<^x-26 

iJl+x-iJx-7 
aii*+6N/ad»-2x+'S=ll +2J; 

a^+18a8x+6is/a4-8x+9 

9x-3a;?+4»s^-3x+6ssll 

6 - 4N/l[»+^Kx+3)=a? +6x 


n, ^/l4+25i=:^/7+9^>^/^+S 

IX 24'6F^=6-5'SrT 

aAic - i s\/i8a; - 4 - ^/x +4 
's/x+o + n/x + 6 S5»i/a + j 

\^t+a+\/x+J»- 


15 

17. 

19 


is/r+a 


21. 

23 

25 

27 . 

29 , 

8L 

8X 


Sn/x~6 

i7x-2“3l7x“13 

^/9+to-^^= 

a+is^?+!?s 


n/94 2x 
6a’' 


4«r+l -•2<»/x®-6ar+2=a?-2x 

3x-*iAia?+6x+l=l-x®/*' 

(x+1}*=5(n/s?+&+2-1) 

S0-^=2a?-3Ay5a?+8x-M 



CHAPTER XXXn 


LoGASinms 

380 Suppose x and v are t\i o numbeis connected by the relation 
and that values of y are obtained b} ascribing dilTerent values 
to V Foi each value so obtained \ie ba\e an algebaical nmpe in 
reference to the corresponding value of r, for it is the r"* jwticr of S 
But with leference to any \alue of y we ha\e no convenient name at 
present for the corresponding value of a T\'e can onlv say that x m 
the index of the poirer to tchtch 3 must be raised in order to giie the 
value ofy 

For example 8=2®, 16=2^, 32=2®, 64=2®, and we want a 
name foi the indices 3, 4, 5, 6, with reference to the numbers 
8, 16, 32, 64, They are called logarithms 

Thus 3 is called the logaxitbm of 8 to the base 2, 

5 „ „ 32 ,, 2, 

and so on 


381 General Definition If a number N can be expiessed m 
the form a*, the index % is called the logarithm of the number N 
to the base a 

Examples (i) Since 81 =3*, the loganthm of 81 to base 3 is 4 , 

(ii) Since 10>=10, 105=100, 10»=1000, 

the nntnral mmibers 1, 2, 3, are respective!} the logarithms of 10, 
100, 1000, to base 10 

382 The logarithm of N to base a is usually written log„N, so 
that the same i elation between the number and its loganthm is 
expressed b} the two equations 

a'=N, a=logaN 

Thus since 7^=343, 3=log.343, 

and since 10’*=|^=0 001, -3=logij0 001 

Anv number might be taken as base, and the logarithms of all 

E isitivo numbers to any men base aie known os a System of 
Oganthms In all practical cilcnkitions the * 1 } stem in u^e k that 
which has 10 for its base Tlie advantages of this svstem w ill appear 
latci 

Logarithms to the ba<;e 10 are known as Common Logantnms ; 
this system was first intioduced in 1615 by Biiggs, a contemporaiy 
of Niipier the inventor of loganthms 
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383 Befoie proceeding to some general pioperties of loganthms 
vre \nll bnefly indicate bow a syetem of loganthms to base 8 may be 
derived from the graph of 

When 1, 2^ 3, 4, 5, oo, 

we have y=lj 2, 4, 8, 16, 82, oo 

By means of fractional indices we can use intermediate approxi- 
mate values 

Thus «aa| gives y^2^fsj2ssl41, very neaily, 

» y-8*-2V8-S88, „ 

n y“2 65, n 

and so on 

Taking 1 inch as unit for a and one-tenth of an inch as unit for y, 
the grajm will be as in Fig 81 on the opposite page. 

In this curve each abscissa is an index, and the corresponding 
ordinate is the value of 2 raised to that index. Oi in otbei words, 
ea(di altecissa is the logaiithm to base 2 of the number denoted by 
the corresponding ordinate 

We may now read off the loganthm to base 2 of any number 
between 1 and 35 

Thus at P, when ^=10, «b= 3 32, approximately , 
that IS, Iog3l0»3 32 

Again, at Q, when 75, ^ as 26 9, approximately , 

that IS, log269aa475 

384 The figure i<i limited by the size of the page, and we have 
only considered positive values of x Tbe pupil should draw his own 
diagram on a Uirar scale, and extend the curve to the left of OY 
It will then readily be seen that it extends to infinity m the negative 
direction, but never crosses the axis of x Hence the range ot 
logarUlma from - oo to -l-eo applies only ta posUive nwnhers 

The following points may be noticed 

(i) The loganthms of all numbers greater than 1 are positive 

(ii) The loganthm of 1 is 0 

(ill) The loganthm of all numbers less than 1 are negative 

886 The base 2 is not an essential part of the above graphical 
representation Hence we infer the possibibty of forming a system 
of logarithms for all positive numbers to any suitable base 
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applicable to all 

387 2%e logarithm of Its 0, and tho hganlJan of the base ts 1 

For 0^=1 for all values of a, therefore logalsaO, whatever the 
base may be Agaiu d^^a , thm^fore logAa^l 

388 To find the loqanthm of a product 

Let M and N be two numbers such that 
Then a;a=log«M, y®log«N 

The product MN “O?* X > 

whence, by definition, log# M N 

sslog.M+log«N 

Similarly log«MNP=»log«M+logBN+log#P ; 

and so on for any number of &ctors 
ESamhub loga4aa:log.(2x3x7)=log#2+log*3+loga7 

389 To fold the logarithm of a gwtmt, or afraotton 

As before suppose M =a*, N , 

so that «=log«M, y«log«N 

The fraction 

N a' 

M 

whence, by definition, 

sslogrfWI-logaN 

EXAMPtB loga(2f)aloga-V^=Iog«15-Iog,7 

s=log,{3 X 5) - log,7 =log„8+log,6 -log*7 


386 The following general propositions a 


360 Toimd the logarakm of a number teased to angpoioer, vtdegr<A 
or fractional 

Suppose so that ^^logaM, and suppose it is required to 

find me value of loga(lVP} 

"We have , 

whence, by defimtion, loga(M^)s37M; 

=plog,M 

Similarly loga(M'^)se^logaM 
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391 Tlie results we have proved may be summansed as follows 

(i) the logaiithm of a product is equal to the sum of the 

^ loganthias of its factors , 

(ii) the loganthm of a fraction is equal to the loganthm of 

the numerator minus the logarithm of the denominator , 

(ill) the logarithm of the^^ power of a number is equal to the 
loganthm of the number multiplied by p , 

, (iv) the logarithm of the root of a numbei is equal to the 
^ logaiiuim of the number dmded by r 

Tlius by the use of logarithms the operations of multiplication 
and division may be i enlaced by those of addition and subtrac- 
tion; the operations of mvolution and evolution by those of 
multiplication and division 

392 The following examples will serve to illustrate the laws of 
operation above established 

When any paiticular system is in use and no ambiguity is likely 
to aiise, the Buifi\ denoting the base may be omitted ll^us in the 
case of common toganihnu we usually wnte log 2, log 3, instead of 
log,o2, log,o3 


ExAMPIiE 1 


Express log 


ZU 

^64 


tn terms of and logS 


log = log 324 - log 64^ 


=log (81 4) ' 7 log 64 
=log (3^x2?)-^ log 2^ 

= log 3* + log 2® - 4 (6 log 2) 

=41og3+21og2-'|-log2 

=41og3+7log2 


Example 2 


26 119 

Mew that log =^ 4 log ^ slog 2 -log 3 


By Art 


SSS. Iogg+Iog^=.log02x^) 
=iog{; 


2x13x7x1 

3x17x7x13, 


D 



=:log2-log3 
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Read off the following equations m the loganthmio form (c,g xsiloga N) 
1. 2»=236 2 3s=243 3 6»=216 4. 8'a512 

Express the following equations in the index: form (e g o^ssN) 

5 loa729=s6 6 a:=logay 7. log, jO 0001= -4 8. i>=Iog»g. 

Egress in terms of logo, Iog5, and Iqge 

9. log^ 10. log^ IL 12. log^U^ 

c hi VC* 

X3. Express in terms of log2 and log 3 

(i)logl8; ( 11 ) log4S, (ill) logoi’; (iv) logii® ; 

and find then numeiical values, assuming 

log2=0 301, log3=0477 

14, Shew that log\/54xNi(3^=^lo£3+^ log2 

15 Shew that logy^->-IogH=bg5-loglS 

16 Shew that log{^^ -:jVy)ss21og7 

17 From the graph of y=2^ (Art 883), find 

(0 i°Gs7 } 00 log, 18 , (ill) logjlS, each to the nearest tentli 

Thence by Arts 3S8, 389, find ki&91, log,!^, logslOS 

Common Loganthms. 

393 Since 10'=10, 108=100, 10»=1000, 10i=10000, , 

we see that the numbers 

1, 2, 3, 4, 

aie the logarithms of 10, 100, 1000, 10000, , res-pectively 

Also since 10-i=l= 1, 10-^=^= 01, 10-8=^= 001, .. - 

we see that the logarithms of 1, -Ol, ool, 
aie respectively ~ 1 , _g, _ 3 ^ 

Hence the loraiithmi, of all numbers which aie eia<^ poicen of 10 
aie integers either positive or negatixe In the case of all other 
numbers, the logarithms will not he integral they may he w'holly 
fractional or paitly integral and jpaitly fractional 

The integral part of a logarithiu is called the diaxactensltic, and 
the fractional part when expre^ed as a positive decimal is called the 
mantissa. 
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394 The eharacterutics may ahoaye he im/ten doum by ttupection 

A number uhicli has one digit before the decimal pointy such as 
3 27, IS greatei than 10** and less than 10^, 

Its logaiitbm lies between 0 and 1, that is t/s hganthm » 
irAof^y fiacliond 

Tims the cbdractenbtic of the logarithm of any number less than 
10 ISO 

The following example should be studied very carefully 

Examfll Suppose ue knou that Iog3 27=0 5145 , then 
log 32 7=log(3 27 x 10)=log3 27+log 10=1+ 5145, 
log32700=log (3 27 X I0^)=log3 27 +log 10^=4+ 6145, 
log 0327=log(327xl0--)=log3-27+logl0“==-2+ 5145, 
log 000327=log(3 27xl0-<)=Iog(3‘27+logl0-^)=-4T 5145, 
and so on 

Fiom this example we infer that the logaiithms of all numbers 
which ha\e the same sequence of digits (le differing only in the 
position of the decimal point) can be written so that they have the 
same positne mantissa, but that the diai'actenstics aie different, and 
may be positue, negative, oi zeio 

Also we see that by introducing a suitable power of 10 the digits 
of all numbera can be expressed in one standard form in which the 
decimal pmnt always stands after the first significant digit When a 
number is wiitten in tlus foim the charactenstic is given at once 
bv the index of the pow'er of 10 

B) examining the cases gnen above wo may also deduce the 
following verbal roles for wnting down the characteiistics 

The charactenstic of the logarithm of a number greater than unity is 
positne, and is less by one than the number of diyits before the decimal 
fioint 

Example The chaiwctenstics of 

log 314, log 87 263, log278, log 3600 
are 2, 1, 0, 3, respectively 

The charactenstic of the loganthm of a number less than one is 

negative^ and » numeneally greater by one than the number of ciphers 
immediately after the decimal point 

Example The eharaotcnstics of 

log 4, log 3725, log 000135, log *08 
arc -1, -1, —4, —2, respeetivelw- 
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395 The logantlims of integers have been fonnd and tabulated 
for most practical purposes a s^'stem irMcih gives the Ic^nthras to 
four i^ces of decimals, commonl 7 called Fonr-figure Tables, will 
give lesults suffidently accarate 


396 Oommon Loganthms have two great advantages : 

(i) The charactenstta can he imtten dom hg inspsetion. 

Hence the dutractenstics need not be tabulated. 

(ii) The manUsm are the eame Jar the logarithm of aU nundmrs 
whvA have the same Significant digits 

Hence the Tables need only contain the mantissse of the logarithms 
of miners 

In order to secure these advantages we arrange our work so as 
ahcags to Jeep the mantis^ positive, and the minus sign is written 
over a negative ehaiwcteiistic and not before it, so as tcTindicate that 
the characteristic alone is negative. 

Tlm85 4771 which is the logarithm of *00003 IS eqnivalent to -5+ 4771, 
and must be distinguished from -5 4771, in which both the int^er 
and the deoimal are negative 


397 In the course of work we sometimes meet with a logarithm 
wholly negatue In such a case a rearrangement is necessaiy m 
order to write the loganthm with a positive mantissa. A result such 
as -35229 may be transformed by subtracting 1 from the integral 
part and addmg 1 to the decimd part 

Thus -3 5229* -3-l+(l - 5239) 

» -4+ 4771, or 44771 

In adjustmg the mantissa, so as to make it positive, we have to 
add unity to the negative decimal This is most ea^y done bv 
subtracting each digit from 9, except the last on the nghf^ whinh 
IS subtracted from 10 The negative diaractenstic is aiumencally 
greater by 1 than the mtegral part of the native loganthm. 

Thus we may write down at once 

-4 3347«5 6753, -0 4239=1 6761. 


Eicamfle 1. From the sum of 3*9605 and 1-2135 subfraet 


(1) 3 7234, 

3 9605 
1-2135 

(i) i 1740 (u) 1 1740 

37234 4 7234 

54506 24506 


(u) 4 7234 

Here after adding the decunsl 
figures we have 1 to cany. 
at the first stage the (duLTactenstio 
18 the algebraic sum of 2 aud 
which is written I. 


In (i) when we get to the mtegral part we have to subtract 3+1 
from • 1 , the result is -5, aud is written 5 
lu (u) we have to subtract -4+1 (or -3) from -1. The result is 3 
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ExA'MFiiE 2 (i) ilvUipUff r 8173 hi/ 3 (ii) Dnide 4 8134 hy 3 

(i) T 8173 On multipljing S by 3 ha\c to carty 2 to the 

3 product of - 1 and 3 

r 4519 Hence the charactcnstic is - 3 -<-2, or - 1 


(u) 4 8134=sb+2 8134, Here uo cannot divide 4 8134 

—2 93/8 uiitten so that its negative part 

18 n inaltiplL of the go cn do isor A similar artifice is al'naj s employ ed 
in diMding a logintiim uith a negatoe chaiactcnstio 


398 The logaiithm of 5 .lud its poueis can always be obtained 
fioin log 2 

Thus Iog5=log~=logl0-log2=:l -log2 

Examfll <?iien log2=0 3010, log7=0 8451, /nd the mmher of digits 
in 875“ 

log 875“= 10 log (7 X 125) = 10 (log 7 + 3 log 5) = 10 (log 7 + 3 - 3 log 2) 

= 10x2 9421=29 421, 

hence tlie number of digits in 875“ is 30 [Art 394] 


examples xxxn b 

1, Find b} inspeotion tlie oharactenstics of the loganthms of 
213, 4371, 5, 3 680, -275, '0008, 25 62 

2 The mantis of log 4562 is 6592, iinte down the loganthms of 

45 62, 004562, 451)2000, 4562. 

I 

3 The loganthm of 7 561 is 0 8786, wnte down the loganthms of 

756 1, 7 561 X 10*, 7 561 x 10-^, 07561 
Also write down the numbers whose loganthms are 

5 8786, 18786, 3 8786, 18786, 15-8786 
Find (to four decimal figures) the lalucs of 

4 r36Slx3 5 2 0068 x 7 6 4 9832x12 

7 2 4320->-l3()71 8 3 6783-4 7241 9 2 4S7lT4 3g70 

10 4 5703-5 11 ^(3 8123) 12 ^(21305) 

13 Gnen log2=0 3010, log 3=0 4771, find the number of digits in the 
20^'‘ power of 72 

14. Gncn log2=03010, shew that (qrV)^^ ^ ^ decimal beginning with 
25 ciphers ^ 

15 In Art 320 it is shewn that the sum of 

1 t 5 t^+;^t tonterms=2-2-"+i 

Gncn lng2=0301d, shew that when n=1000 the «am of the 
senes diReis from 2 bj a decimal beginning with 300 ciphers 

n ALO ^ 
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399 We shall now give an example to indicate bnefly how 
the graph of may be used to find logarithms to base 10 The 
full deteils 01 the work are left as an exercise for the pupil, who 
should draw a larger diagram and extend it furUier than is here 
possible 


ExAMPUt By repeated exxAvtxm findikevaim qf 10^, 10^, 10^, JO^ 

Evcdvate 10^ x 10^=10* lO^xlO’^slO* 10^x10**10’“', and ao on 

Use Ota vaiuee qf 10’^, lO*^, 10’*^, lO’^ to plot a portion qf the curve 
w=10* on a larye scale, and thence fnd the tmuee of logl fi®, log 2 24, 
logs, correct to three /daces qfdemme 

Also from the grajAJind the product of 166 and 2 24 

If wo take 10 inches and 1 inch as units for x and y respeotively, a 
diagonal scale will give vidues of x oorreot to three deumal plaros and 
values of y correct to two The graph is given m Fie 32 on the 
opposite page 


Expressing the mven fractional indices in 
decimal form, it will be found that the oorre 
spending values of x and y are approximatdy 
as m the annexed table 


Since a!*logy we have to find a; when y has 
the values 1 68, 2 24, 3 


^e values required are the absoissm o 
P,Q,R,viz 0 226,036,0477 


Again from the graph 

168*10'®', 224sl0>*, 

« 1 68 x 2 24=10'O»xl0'’=10‘'>B, 

and when *= 575, y=:8 76 


X 

y 

0 000 

100 

0 063 

115 

0125 

133 

0188 

154 

0 260 

178 

0313 

205 

0376 

237 

0438 

2 74 

0 600 

3‘16 1 

0583 

385 


168 x 2 25=3 76 

^ following way to find the logarithms tf 

some numbers which are not directly given witW the limits of the figure 

Thus suppose we want the value of log 196 
When y*l 96, ar= 29, so that logl 96= 29 
And 196=1 96 X 1(P , jpg 196*2 29 

^ notiMd that the curve bends veiy slowly, so tliat 
f points, a short distance apart, the intervening portion 

Tn a Straight line, fhe slops of which is constant 

^‘fleience between two oidinates is small 
ta ^ oitlier of them the difierence between then abscissre 
y nearly proportional to the difierence between the ordinates 
Hence taken any small change ts made in a member there ts an 
emeroximamy ptopwtun^ change tn the correrpondvsg Jaqanthm 
18 known as the Pimciple of Proportional Differences, and 
be referaed to again when we come to discuss the use of 
Logarithmic Tables 
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Use of Fomr-Figore Tables. 

401 Tojivd (he U^rUhm of a gvm. wmherfrm (he Tabka 


Exampi;b I Find log38, logSSO, log 0038 

The following is on extract from the Table on page 364 


No 

B 

B 

2 

8 

4 

1 

B 

B 

I 

B 

DiSereuces | 

1 

2 

S 

4 

6 

6 

7 8 9 


5441 

6458 

5465 

6478 

6490 

r!7!rl 

6514 

5627 

■ 

6651 

H 

B 


6 

6 

7 

0 1011 


5563 

6575 

5587 

5699 

6611 


5685 

5647 

6658 

5670 

n 

H 

It 

6 

0 

7 

sioii 

n 

5082 

Ph 


6717 

6789 

6740 

5758 

6708 

6775 

6786 

1 

i 

8 

6 

6 

7 

8 910 

mi 

5708 


EJa 

5888 

5813 

5865 

5866 

5877 

5888 

6899 

1 

2 

8 

6 

0 

7 

8 910 

|89 

0011 

5923 

5988 

5944 

6955 

6066 

6977 

6988 

6990 

6010 

1 

8 

8 

4 

5 

7 

8 0 10 


We firat find the number 38 in the left hand column Opposite to 
this we find the dints 5798 This, with the decimal point pr^xed, 
IS the mantissa for the loganthms of all numbers whose significant di gits 
are 38 Hence, prefixing the oharactenstios, we have 

log38=15798, log380 =2 6798, bg 0038 =3 5798 

Example 2 Find log 3 86, 0386, log 386000 

The same line as before will give the mantissa of the bganthms of all 
numbers which begin with 38. From this line we choose the mantissa 
which stands in the column headed 6 This gives 5866 os the mantissa 
for all numbers whose significant d^ts are 3M Hence, prefixing the 
oharactenstios, we hare 

logs 86= 5866, log 0386=S 5866, bg 386000=5 6866 

402 Similarly the logaiithm of any number consisting of not 
more than 3 significant digits can be obtained directly worn the 
Tabl w when the number has 4 significant digits, use is made of 
the crmiTple of Proportional Differences [Art 400] lie differences 
in the logarithms corresmnding to small differences in the numbers 
have been calcubted, and aie printed ready for use in the different 
wmnm at the right hand of the Irbies The way in whi^ these 
differences are used is shewn in the foUowmg example 

Example Find (i) log 3 884, (ii) log 003868 

the mantissa for the sequence of digits 

j Jhis to M corrected by the addition of the figures which stand 
underneath 4 and 8 respectively in the difference 

(i) log 3 86 =0 5866 (u) log 00886 =3 5866 

6iff for 4 5 diff for 8 9 

log 3 864=0 5871 log 008868=3 6876 

Note In printing the differences nomsignifioant ciphers are omitted 
Thus the differences used above are really (w5 and 0ti09 Tba acoouiits 
for the position of the digits 6 and 9 in making the neoessaty ' ooneotion * 
With a little practice the correction from the difference columns con be 
performed mentally 
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403 The number corresponding to a given logarithm is called 
its antiloganthm Thus in the last example 3 864 and 003868 are 
the numbers whose loganthms are 0 3871 and 3 5876 

Hence antilog05871=3864, antilogS 5875=: 003868 

404 To find the antiloganthm of a given logantkm 

In using the Tables of antilogarithms on pa^es 366, 367, it is 
inipoitant to remember that'ne are seeking num>m corresponding 
to given loganthms Thus in the left hand column we have the first 
two digits of the given maiUmoe, with the decimal point prefixed 
The chaiactenstica of the given loganthms will fix ue position of 
the decimal point in the numbers ttnt.en from the Tables 

Example Find the anttloganthnu of (i) 1 583 , (u) 2 8249 

The following is an extract from the Table on page 367 


Log 

0 

1 

8 

3 

B 

B 

B 

7 

8 

4 

Differences | 

a 

B 

B 

Q 

B 

B 

7 

8 

9 

65 

8548 

8550 

8565 

8573 

8581 

868<) 

3507 

8000 

8614 

8622 

1 

2 

2 

3 

4 

5 

6 

7 

7 

56 

tWTl 

8C80 

mi 


8004 

8b78 

8081 

8690 

8608 

8707 

1 

2 

8 

8 

4 

5 

6 

7 

8 

67 

3T15 

8724 

8733 

lSi] 

8760 

3758 

3707 

8770 

3764 

3T“8 

1 

2 

8 

□ 

□ 

6 

6 

7 

8 

68 

I'MiH 

8811 

3S10 

3823 

3337 

Em 

3855 

8864 

8373 

88b2 

1 

2 

3 

□ 

□ 


6 

7 

8 

59 

3810 

3800 

3908 

3017 

8Q2G 

8<i86 

II 

8054 

3‘iOS 

8072 

1 

2 

8 

y 

B 

B 

6 

7 

B 


(i) We first find 58 in the loft hand column, and pass along the 
horizontal line and take the number in the vertical column headed oy 3 
Thus 583 18 the mantissa of the logarithm of a number whose sigmficant 
digits arc 3828 Hence antilog 1 583=38 28 

Here corresponding to the first 

(ii) antilog 2 824 = 06668 3 digits of the mantissa we find 

diff for 9 14 the sequence of digits 6668, and the 

antilog2 8249 = 06682 deoimal point is inserted m the 

position corresponduig to the char* 
acteristic 2 To the number so found we add 14 from the difierence 
column headed 9 


406 Examples illustrating the use of Loganthnuc Tables 


Example 1 Find (he product of 12 and 5689 


log 72 3 =18391 

diff for 8 6 

log 568 =I 7543 
diff for 9 7 

]og 7 )ro(fuct=l 6146 


antilog 1614 =4111 
diff for 6 6 

antilog 1 6146=41 17 
Thus the product is 41 17 


Noti Accuracy bejond four significant figures can nextr be secured 
with four-figure loganthms Moreover wo cannot alwa}s rely on the 
accuncj of the lost fimirc In the present case, if the product of 72 38 
and 3689 is obtained oy contracted multiplication it wul be found that 
the result to four significant figures is 41 18 
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ExASiECE 2 Fvai tha value qf iofowt ngtafiecml dtgUB 

By Art 389 , log/ntcftoTtalognummttor-logilienomtnaj^ 
'lliiiDwator SouniUnfttor 


log 15 3 11847 

diff for 8 23 

log 0137= 2 1367 
lognumeratorssl 3237 


log27 6 =1 4409 
diff for ^4 6 

log 0038^ 3 5798 
logcZenomtnotoral 0213 


Thus 


13237 
subtract 1 0213 
log/foetionaO 3024 


15 38 X 0137 
27 64x 003^ 


aat)log0302 =2004 

diff for 4 2 

antilogO 3024=2 006 

2-006 


406 Care must be taken not to attempt a greater denee of 
accuracy than is obtainable from the Tables In some cases the first 
step of the trork mil be to adapt the data to the Tables 

Etaupi£ 1 Ftnd as cteewutdy as possible Jnm/our-fi/ure TciUes the 
produet qf 3784 8 and 40869 

Here the data must first be adapted to the Tables 

Now 3784 8 = 3785 correct to four significant figures, 
aud 40869=40870 „ „ 

log 3785=3 5781 Now antilog 1896 ::^1 647 

log 40870 =4 6115 required prodttot=l'547 J^IO® 

logproduet=8 l896 =164700000, 

the fourth significant digit being open to doubt , and this is the closest 
approxiination that can be obtained by the use of four figure Tables 

Norn When veiy large or very small approximate results are under 
consideration it is best to express them in the standard form suggested in 
Art 394 , namely, as the product of some power of 10 and a number 
with one integral digit 

Thus if the distance of the earth from the sun is 92,000,000 miles,' true 
to the nearest million, the approximate distance is conveniently repie 
sented by 9 2 x 10^ miles 

Example 2 Find the cube root of 027476 from (he Tciblee 
027476= 02748 correct to tour significant figures 

Let or ( 02748)^ , 

then log a;=-| log (02748) 

» 7(2 4391), from the Table of Logs 
=14797, 

x= 3018, from the Table of Antilpgs. 
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Example 3 Find (he valve of nmreat inttger 

4^35x2«)83 

Denote the expression hy x , then 

log oisSOog 275 - log 63) - J(log 35 + log 2 983) 


log275=2 4393 
log 63= 1 7993 

0 6400 
5 

32000 
subtract 0 5047 


log 35=1 5441 
log2 983=0 4748 


4 2 0187 


0 5047 


logx=2 6953=log495 8, from the Tables 
x=496, to the nearest integer 


Example 4 Find x to two p^acev of deemaU/rom the equation 

fix+l 3te-2=21 

*• 

Taking loganthms of both sides, ne haie 

(a:+l)log6+(5x-2)log3=log21 , 
x(log 6-^5 log 3) =log2l - log 6+21og3 ; 


log21 -log6T21og3 
log 6 +5 log 3 
_1 3^2 - 7782+ 9542 
7782+2 3855 
14982 


'3 1637 


=047 


047 

8 16,4 1 14988 
23S6 
111 


EXAMPLES 




c 


1, Bead off from the Tables the loganthms of 

2 3, 54 7, 6345, 6 345x10*, 032, -0326x10!: 

2 Read off from the Tables the antdogaritlims of 

3 723. 10 723, 4 723, 06451, 14325, 15 835, II 5623 


Find the lalues of the folloinng quantities, to four significant figures 


3 
6 

9 a auii 
"!n5S5JT 


14. 


24.32 x 7 681 
28x3 9 X 056 

2^ 

W34 

21 43x3 721 


4 

7 


10 

" 24 76 


8 532 


396-2 X 0017 
56 2x172 x 8 7 

30 56 
4105 


11 


12 


15 


24 37x5^ 

897 


16 


5 27 35 x 3106 
8 27x-034 x 90S 

2 391 „ 487 
30 72 6338* 

7 859 


46-28 


of 3-01 



260 
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EraiuBte the follomag e^qE^re^^ioas, to four significant figores 

17. (W. 1& (1'73)“- IS 20. 2L ?yi772. 

SoI'*e the foQonng eq^nations^ giting the Talnes of z comet to two 
def^al figures: 

22. 3s-i=403 23 2?*-’=10»'-s. U. 2*-’. 3®*-i-2a) 

25 3f)*-i=2C«*-^ 25 S*6**-*=80 27 7* 5^*=27*** 


Pind as aeeniatelj as the TaHes pemit the value of the foUoring 
expres^ons, ginng the resnlts m stanoard form [Art 406| Ez. !• Xole] 

23 11'. 29. 13® 30. 17* y 29® 31 (089)1 32. (2301)®. 

33 7J3y<Mm 2L (3 398)*t( 079A 85 (25-05)*® 

OB ^3-45 y 378 4 y 020537 « 38 54 y ‘5^053756 

87*32y 58443 TOTTiiToT 


33. 


Pind, to the nearest integer, the valnes of 


e) 


(330 yjV)' . 
<'22 / 70 ’ 



678/9-01 
mi ‘ 


407 It 18 sometimes neces&uj to tiansform logarithms from oni 
base to another. 

Suppose for example that the logarithms of all numbers to base a 
are raorm and tabulated and it is required to find the logarithms 
tol»se b 

let N be anj number vho«e logarithm to base b is required- 

Let :i;s=log(N, to that ?i*=N , 


that is. 


or 


( 1 ) 


log.(b‘>=log,N , 

^loga5=log,N • 

logiN ^ y logo N 

Not *Tnce N and b are given, log<rN and log^b are hnown from the 
Tahle^j and thu*: log^N maj lie fonnd. 

Henoe it appears that to taan<^orm logarithms from base e to 

Imto b vre have only to mnltiplv them all br : this is a constant 

* Iog,o 

quanfaty- and is ^ren by the Tables , it is known as tbe modvlvii^ 
CoTL Jx in equation (1) we put a for N, we obtain 

.. logiaylogffissl. 
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Applications of Logarithms 

408 If a sum of money represented by £P is put out at 
compound interest at r pei cent , the amonnt at the end of n years 
IS given by the formula 

If R IS the amuni of £1 in 1 yeai, R=l+^ 

jUv 

Hence A=PR" 

logA=log P+nlogR 

Thus any of the four quantities urolved in the formula may be 
found \vhcn the other thiee are knoun The Tables should be used 
in all Cfiscs vrhere r oi n is icquired, and then use \iiil also be found 
convenient in finding A or P vhenevei the numbei of years is large 


E\ample 1 In how many yean at compound interest mU £342 amount 
/o flOOOat 3 p 0 per annum? 

Lot n denote the number of jears , then 

1000=342(1 03)" 


Hence logl000=log342-*-«logl 03, " 


log 1000 -log 342 

KgToi 


_ 4660 
" 0128 

=36 4 



Thus the required time is about 36^ years 



logl000=:3-0000 * 
log 312 =3 5540 ' 

01C60 


Example 2 If a uater pipe is L yards lon£^_djnef^tn diameter, and 
one end is H feet higher than the others then x H - L gallons of water 
unll floto through the pipe in a minute Use this formida to find fioir many 
gallons per minute iiill flow through a pipe a mile long, 4} incAee in 
diameter, one end being 3S/ect higher than the other 

Let n bo the number of gallons required , then substituting d=4'2l>, 
H =38, L= 1760 in the formula, u c ha^ e * 


ii=\/(12 75)®x38-17G0 
logn=^ (olog 12 73-*-log38 -log 1760) 
=19309, 

x=85 29 from the Tables 


01ogl2 75*=5S275 
logSS= l WOS 

71073 

logl7t?0 gS-2l55 

111309 


Thus the pipe supphes a little more than So gallons per minntc 
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EXAMPLES ZXXn d 


1. Shew that the logantlim q{ any number to base a is found, by 
dividing its common logarttim by IngioO Henoe find logufi, logglS, 
log 320 to two decimal figures and oheok the results roughly by the gtaph 
on page 347 

2. Find the multipher which will conveit lo^nthms to base a 
into loganthms to base a* Hence find log]oo27 3, fog,(^4 068 from the 
Tables 

3. If Oi c are in G P prove that logaN, log&N, logeN are iniHP 

4 Ptnd, to the nearest pound, the amount at compound interest oi 
£3a0 in 25 years at 3 % per annum 

5 Pind, to the nearest pound, the sum to whieh £1000 will amount 
in 40 years at 4 % compound interest, payable half-yearly 

6. How many pounds must be put out at 4 % compound interest so 
as to amount to £1000 in 17 years * 

7. In how many years will £1130 amount to £3000 at 6 % compound 
inteorest* 


8. Given 1 metro =3 2808 feet, find to the nearest hundredth the 
number of square feet m a square metre 

9, One gallon of water weighs 10 lbs One litie of water wci^ 
1 kilogram One kilogram s 2 2(pK lbs rmtij/ Find the equivalent of 
1 gallon in litres 

10 Find, to the nearest integer, the 60^^ term of a G P' of which 
the first term is 6 and the seventh u 8 


11 If the population of a city was 466,000 on Jan 1, 1905, and 
627.000 on Jon 1, 1910, find what it was on Jan 1, 1908, obsuniing that 
the rate of increase is uniform from year to year 

12. In a certain research the value of was required , find its 

VC ’ 

value when Os: 153, Ra;2 835, t=632, 0=1007 


18. Knowng the number of pounds in a cubio inoh of a suhstanco, the 
^^0^^ u oubio omitimetTe can bo found by multiplying 

^ (254)? Express this multiplier as a decimal to 3 places If steel 

weighs 488 lbs per cubic foot, how many kilograms per cubic oontimotro 
does It weigh ^ ^ 


14. In the formula V= jjrrS, which gives the volume of a qihore whoso 
radius is r, find, as oeeuratoly as possible, 

(i) V, m cubic centimetres, when r=:27 3 cm , 

(n) r, m inches, when Vssl ouhio foot , 


15. A oubicnl block of metal, each edge of whick is 23 8 cm , is 
molted down inio a sphere Find the diameter of the roheire as oeou 
ratcly as possible 
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16 Find the weight, to the nearest kilogram, of an iron girder nhich 
IS 5 4 m long, 0 36 m v idc, and 0 m thick, having gii en that a cnhio 
centimetre of iron neighs 7 76 grams 

17 Steel vnro is made to hear a strain of 215,000 lbs per squaie inch 
of scetion Find, to the nearest cirt , the n eight that can be sn^ended 
from suoh a steel wire of diameter 0 104 of an inch 

The area of the section is 0 785 x n here d is the diameter 


18 The pressure of traboi on a given area at a gi\en depth ma^ he 
found from the formula 

P=0 4333xHxA, 


nhoie P denotes the pressure m pounds, H the depth in fut^ and A the 
area in squai e tncAcs 

Find, to the ne<irest pound, the pressure on the aurcular end of a 
cylinder, 9 inohes in diameter, submer^d at a depth of 10 feet , having 
giicn that the area of a circle, d inches m diameter, contains d^xO 7854 
sqnaie inches 


19 The ms serMcc pipe to a house 75 feet from the main is ^ in in 
diameter , for hou maiw burners, each taking 5 cnbie feet of gas per 
hour, u ill this scr\ o * [The number of cubic feet per hour delivered by a 


pipe on that mom is 1000 


f045i? 


-n-here d is the diameter of the pipe in 


inohes, and L is the length of the pipe in yards ] 


20 A cask is 4 ft 6 in deep, its greatest diameter is 2ift 3 in., and 
the diameter of each end is 2 ft CSelculate the number of gallons trhich 
it will hold {The volume of a cask of depth h feet, of uhich tiie gmtot 

and least diameters are D and d feet, is approMmately 0 7854 x A x 
cubic feet, and a cubic foot is 6 23 gallons ] 



21 The velocity’ of siater in a rectangular mill stream uhose brerdth 

IS A feet, and depth D feet, is feet per minute, uhen 

Calculate the amount of uater ulucb uonld pass along suoh a stream 
uhon A=4 and D=3 


22 A projectile, uliose weight is to pounds and diameter d inches, 
strikes a w rought iron plate when moving at the rate of v feet per second 
Assuming that the penetration p (in inclics) is gi\en by the formula 

-0 14(7, 

^ 608 3 V d 

6nd the penetration when (7=13 5, ir=125Q and i=2016 
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LOGABrrHMS 



17212G 
162024 
151923 
4 711 161922 
3 711 141821 
3 710 141720 

1 3 710 131620 
3 610 131619 
3 6 9 121S19 
3 6 0 121517 


20 3010 3032 3054 3075 

21 3222 3243 3263 3234 

22 3424 3444 3464 3483 

23 8617 3636 3655 3674 

24 3802 2820 3338 2bo6 

85 3979 3997 4014 4031 

26 4160 4166 4183 

27 4314 4830 4316 

“ 4472 4487 4502 

1 4624 4639 4654 

4771 4786 
4914 492S 
32 

83 9186 6198 

34 6315 6328 

S6 6441 5463 

36 6563 5575 

87 6682 5694 

6798 6809 

J 6911 6922 

6021 6031 
6128 6138 


6336 6345 
6436 6444 

6532 6642 
8637 
6730 
6821 


3 6 9 111417 
3 6 8 111417 
3 5 8 111416 192221 
3 5 8 101316 1S2I23 
3 6 8 101313 182023 
5 7 101216 172023 
5 7 91214 161921 
5 7 91114 16 1821 
4 7 91113 161S20 
4 6 81113 161719 

1 4 6 81113 151719 
1 4 6 81012 141618 
8 4 6 81012 141517 

181617 

121416 



659916609 6618 
6702 0712 
6794 6803 
6884 6893 
6972 6961 


6 7 8 
5 7 8 
5 6 8 

5 6 8 

6 6 7 „ 

2 4 5 6 7 810 

2 3 5 6 7 8 9 

2 3 5 6 7 8 9 

2 3 4 6 7 8 9 

2 3 4 6 6 8 9 

2 3 4 5 6 ^ 

2 3 4 6 0 
2 3 4 6 6 
2 3 4 5 6 

2 8 4 6 6 
2 3 4 6 6 
2 3 4 6 6 
2 3 4 4 6 
2 3 4 4 6 


Log ir=0 49716 Log f =1 8951. 

































LOGARrTHMSL 



6998 7007 7016 7024 7033 7042 7050 7059 7067 1 
70S4 7093 7101 7110 7118 7126 7133 7143 7152 1 


71C8 7177 7183 7193 7202 7210 7218 
7231 7239 7267 7275 7284 7292 7300 
732417332 7340 7348 7356 7364 7372 7380 


7210 7218 722b 7235 1 

7292 7300 7308 7316 I 

7372 7380 7388 7396 1 

7451 7459 7466 7474 1 

7SI2& 7536 7543 7551 1 

7604 7612 7619 7627 1 

7679 7686 7694 7701 1 

7752 7760 7767 7774 1 

7823 7832 7839 7846 1 

7696 7903 7910 7917 1 

7966 7973 7980 7987 1 

8014 8021 8028 8033 8041 8048 8055 1 

8082 8089 8096 8102 8109 8116 8122 1 

8149 8156 8162 8169 8176 8182 8189 1 

8215 8222 8228 8235 8241 8248 8254 1 

8280 82S7 8293 8299 8306 8312 8319 1 

8344 8351 8357 8368 8370 8876 8382 1 

8407 8414 8420 8426 8432 8439 8445 1 


7427 7435 7443 
7505 761317620 
7682 7689 
7657 7664 
7731 7738 

7803 7810 
7875 7882 
7945 7952 
8014 8021 
8082 


7404 7412 7419 
7482 7490 7497 
7559 7666 7574 
7634 7642 7649 
7709 7716 7723 

7782 7789 7796 
7853 7860 7868 
7924 7931 7938 
7993 8000 8007 
8062 8069 8075 

8129 8136 8142 
8195 8202 8209 
6261 8267 8274 
8325 8331 8338 
8388 8396 8401 

8451 8457 8463 
8513 5319 8325 
8378 8579 85S5 
8633 8G39 8645 
8692 8698 8704 

8761 8766 8762 
8808 8814 8820 
8865 8871 8876 
8921 8927 8<I32 
8976 8982 8987 8993 0990 

9031 9036 9042 9047 9053 
9085 9090 *1096 9101 910b 9112 
9138 9143 9149 9134 9159 9163 
9191 9196 9201 9206 9212 9217 


8470 8476 8482 
8531 8537 8543 
8591 8597 8603 
8651 8657 8663 
8710 8716 8722 

8768 8774 8779 
8823 8831 8837 
8882 8887 
8938 8943 
8993 8998 


8488 8494 


8606 1 


8535 8561 8367 
8615 8621 8627 1 
8675 S681 868b 1 
8733 8739 8745 1 

8791 8797 8802 1 
8848 8854 8S59 1 
6'K)4 6910 8915 1 
8960 8963 8971 1 
9015 9020 9023 1 

9069 9074 9079 1 
9122 9128 9133 1 
9175 9180 9186 1 
9227 9232 9238 1 


4 5 6 7 8 9 


23845678 
2 3 3 4 6 6 S 8 
22345677 
22345667 
22345667 

22346567 

22845567 

22346667 

12344567 

12344667 

12344566 

12344366 

12334566 

12334566 

12334656 

12334656 

12334656 

12334556 

12334456 

12234466 

1 2 2 3 4 
12 3 3 4 
1 2 2 3 4] 

1 2 2 3 4 
1 2 2 3 4 


9243 9218 9233 9238 9263 9269 9274 9279 9284 9289 1 

9294 9299 9304 9309 9315 9320 9323 9330 9335 9340 1 

86 119315 9330 9355 9360 9365 9370 9375 9380 9383 9390 1 

87 I 9395 9400 9403 9410 9415 9420 9425 9430 9433 9440 

9445 9430 9455 <460 9463 9469 9474 9479 9484 9489 

9494 9499 9304 9309 9513 9518 9323 9328 9333 9538 


9342 9547 9552 9557 
<3390 0393 ObOO 9605 
9638 9643 9617 9652 
9689 9b94 9(199 
9736 0741 9745 

9782 9786 9791 
9827 9832 9936 
9872 9877 9881 
9917 9921 9926 
9961 9965 9969 


9562 9566 
9609 9614 
9657 9661 
9703 9708 
9750 9734 

9795 9800 
9841 9845 
9S<5b 9890 
gnso 9934 
9074 9978 


9371 9376 9531 9586 
0619 9624 9^ 9633 
9666 9671 9675 9680 
9713 9717 9722 9727 
9759 9763 9768 9773 

9903 9809 9814 9818 
9850 9S.54 9859 986310 
9894 9S90 9903 9908 
9939 9943 9948 9952 
9983 9987 9991 9996 


234455 
234456 
11223445 5{ 

112233466 
112233465 
112233446 
112233446 
112233446 

112233445 
112233446 
112233445 
112233446 
92S9 112233446 

9340 11223 3 446 
9390 1 I 2 2 3 3 4 4 6 

9440 0 1 1 2 2 3 

9489 0 1 1 2 2 3 

9538 0 1 1 2 2 3 

9586 0 1 1 2 2 3 

9633 0 1 1 2 2 3 

9680 0 1 1 2 2 3 

9727 0 1 1 2 2 3 

9773 0 1 1 2 2 3 

9818 0 1 1 2 2 3 

9863 0 1 1 2 2 3 

9908 0 1 1 2 2 3 

9952 0 1 1 2 2 3 


1 


2 2 3 3 


Log 6221 


Log 1=1 7190 
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e 

m 

1 

2 

3 

4 

5 

6 

D 






1 

5 

6 

7 8 sl 

0 

3162 

3170 

3177 

3184 

3192 

3199 

3206 


3221 

322S 

1 

1 

2 

3 

4 

4 


1 

3236 

3243 

3251 


3266 

3273 

3281 


3296 

3304 

1 

2 

2 

3 

4 

5 

iHi 

12 

33U 

3319 

3327 

3J34 

3342 


3337 

3365 

3373 

3381 

1 

2 

2 

3 

4 

5 

5 6 7 

» 

3388 

3396 

3404 

3412 


3428 

3436 

3443 

3151 

3159 

1 

2 

2 

3 

4 

6 

6 6 7 

4 

3467 

3476 

3483 

3491 

3499 


3316 

3324 

3532 

3510 

1 

2 

2 

3 

4 

0 

6 6 7 

15 

3548 

3356 

3365 

3573 

3381 

3589 

^97 

3606 

3614 

3622 

1 

2 

2 

3 

4 

5 

6 7 7 

i6 

3631 

3639 

3648 

3656 

3664 

3()73 

3631 

3690 

3698 

3707 

1 

2 

i 

3 

4 

0 

6 7 8 


3716 

3724 

3733 

3741 

3750 

3758 

3767 

3776 

3784 

3793 

1 

2 

3 

3 

4 

5 

6 7 8 



3811 

3819 

3828 

3837 

3846 

3555 

8864 

3873 

3832 

1 

2 

3 

4 

4 

5 

6 7 8 


3890 

3899 

3903 

3917 

3926 

3936 

3945 

3954 

3963 

3972 

1 

2 

3 

4 

6 

6 

6 7 8 

10 

3981 

3990 

3999 


4018 

4027 

4036 

4046 

4033 

4064 

1 

2 

3 

4 

5 

6 

6 7 8 

il 

4074 

4083 

4093 

4102 

4111 

4121 

4130 

4140 

4150 

4159 

1 

2 

3 

4 

5 

6 

7 8 9 

>2 

4169 

4178 

4188 

4198 

4207 

4217 

4227 


4246 

4236 

1 

2 

3 

4 

5 

6 

7 8 9 


4266 

4276 

4285 

4293 

43(3 

4315 

4323 

4333 

4345 

4335 

1 

2 

3 

4 

5 

6 

7 8 9 

i4 

4363 

4375 

4365 

4395 

4406 

4416 

4428 

4436 

4146 

4437 

1 

2 

3 

4 

5 

6 

7 8 9 

i6 

4467 

4477 

4487 

4498 

4509 

4519 

4529 

4539 


4560 

1 

2 

3 

4 

5 

6 

7 S 9 

)6 

4571 

4581 

4592 

4603 

4613 

4624 

4634 

4643 

4656 

4687 

1 

2 

3 

4 

5 

6 

7 910 

57 

4677 

4688 

4699 

4710 

4721 

4732 

4742 

4753 

4764 

4775 

1 

2 

3 

4 

5 

7 

8 910 

)S 

4786 

4797 

4808 

4819 

4831 

4842 

4853 

4864 

4875 

4887 

1 

2 

3 

4 

6 

7 

8 910 

59 

4898 

4909 

4920 

4932 

4943 

4933 

4966 

4977 

4989 


1 

2 

3 

5 

6 

7 

8 910 

ro 

5012 

3023 

5035 

5047 

5058 

5070 


5993 

5l(» 

5117 

1 

2 

4 

5 

6 

7 

8 911 

ri 

3129 

5140 

5152 

5164 

5176 

5188 

6200 

^12 

5224 

5236 

1 

2 

4 

6 

6 

7 

81011 

ra 

5248 

5260 

5272 

5284 

5297 

5309 

6321 



5338 

1 

2 

4 

5 

6 

7 

91011 

73 

6370 

5383 

5393 

5408 

3420 

5433 

5445 

5458 

5470 

5483 

1 

3 

4 

5 

6 

8 

91011 

74 

6495 


K21 

5534 

5546 

5559 

6372 

5585 

6598 

PTiJIi] 

1 

3 

4 

5 

6 

8 

91012 

76 

6623 

5636 

6649 

5663 

5675 

56S9 

5702 

5715 

6728 

5741 

1 

3 

4 

5 

7 

8 

91012 

76 

5764 

6768 

5781 

5794 

6S0S 

5821 

5834 

5S4S 


5875 

1 

3 

4 

5 

7 

8 

91112 

77 

5888 

6902 

3916 

5929 

6943 

5937 

5970 

5984 

5998 

[ii'ltj 

1 

3 

4 

5 

7 

8 

101112 

78 

6026 

6039 

6053 


6031 

6095 

OlOO 

6124 

6138 

6152 

1 

3 

4 

6 

7 

8 

TO 11 13 

79 

6166 

6180 

6194 

6209 

6223 

6237 

6232 

6266 

6281 

6295 

1 

3 

4 

6 

7 

9 

101113 

30 

6310 

6324 


6333 

6368 


6397 

6412 

6437 

6142 

1 

3 

4 

6 

7 

9 

101213 

81 

6457 

6471 

6486 

6501 

6516 

6331 

6346 

mi 

(>577 

6392 

2 

3 

J 

6 

8 

9 

111214 

82 

6607 

6622 

6637 

ItitjiVj 

6668 

66'<3 

6699 

6714 

[«Ii] 

6745 

o 

3 

5 

6 

8 

9 

111214 

S3 

6761 

6776 

6792 


6823 

6839 

6855 

6871 

6837 


2 

3 

5 

6 

8 

9 

111314 

84 

6918 

6934 

6930 

6966 

6982 

6998 

7016 


7047 


2 

3 

5 

6 

810 

11 13 15 

86 

7079 

7096 

7112 

7129 

7145 

7161 

7178 

7194 

7211 

S 

2 

3 

5 

7 

810 

121315 

86 

7244 

7261 

7278 

7295 

7311 

7328 

7345 

7362 

7379 


2 

3 

5 

7 

810 

121515 

87 

7413 

7430 

7447 

7464 

74S2 

7499 

7316 

7334 

7551 

7568 

2 

3 

5 

7 

910 

121416 

88 

7586 

7603 

7631 

7638 

7656 

7674 

7691 


7727 

774t 

2 

4 

5 

7 

911 

121416 

89 

7762 

7760 

7798 

7816 

7834 

7832 

7870 

7889 


7923 

2 

4 

5 

7 

9U 

131416 

90 

7943 

7963 

7980 

7998 

8017 

8035 

8054 

Rjyg 

Ba 


2 

4 

6 

7 

911 

131517 

91 

8128 

8147 

8166 

8185 

8204 


8241 


8279 

8299 

2 

'4 

6 

8 

911 

131517 

92 

8318 

8337 

S356 

8375 

8393 

8414 

8433 

8453 

8472 

8492 

o 

4 

6 

81012 

141517 

93 

8511 

8531 

8551 

8370 

8390 

8610 

8630 


8670 

Elii!] 

2 

4 

6 

81012 

141618 

94 

8710 

8730 

8750 

8770 

8790 

8810 

8831 

6851 

8S72 

8892 

2 

4 

6 

81012 

141618 

96 

8913 


8954 

8974 

8993 

9016 

9036 


9078 

9099 

2 

4 

G 

81012 

151719 

96 

9120 

9141 

9163 

9183 

9204 

9226 

9247 

9263 


9311 

n 

4 

6 

81113 

15 17 19 

97 

9333 

9^ 

9376 

9997 

9419 

9441 

9462 

9484 

9306 

9328 

2 

4 

7 

91113 

151720 

98 

9550 

9572 

9594 

9616 

9633 

9661 

9683 


9727 

9750 

o 

4 

7 

91113 

161820 

99 

9772 

9795 

9817 

9840 

n 

9SS6 


9'«1 

9934 

9977 

I 

5 

I 

91114 

161820 
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mSGELLAKEOUS EXAMPLES MI 


3G9 


e 


13 

14. 


16. 


Pind the factors of 


(i) (a®+l)^-y‘-a?, (u) 12x?+19aa;-18a^ 


Simplify 

I 


a(&+c) &(c+a) c(a4-h) 

(a - b){a-ey{b-c){b^ay{t - o)(c-6)' 


Solve the equations 

(i) (a#>-3x-6)(a?-3a:,+3)+7=0, 
( 11 ) >/i?+aB+7=12*®+6ar-119 


16. Simplify 
tional indices 


^x^+2x^-Z 

Zx^+2^-B 


and express it m a form free from &ao- 


17. Find the sum of n terms of the progression 

3+2i+2T[lj+ 

18 Wnte down the sum of an infinite G P , the first term being & 
and the common ratio r If a and b ore proper factions, and if a>h, 
shew that if 

(l+ffl+tt®+ )®=(l+5+6®+ ), 

then 

a or 


and 


, b Ifl 



each senes being continued to infinity t 


D 

j, I, ez»=£d£±w±£j. 

C C*u C 0 

20 Express n>(n+l)^-6ii(n+l)(2n<i-l}+36n(n+l) as a continued* 
product , and find ^e simplest form of 

'6ji?+13jcy-t6y=+y-x 

when 2x+3y=l 

21. Insert 7 anthmetio means between - 3 and 17 

22 Enunciate the Remainder Theorem H 3 is one root of 

a:*-49x+os=0, 

find the other roots 

23. Sum to 2it terms each of the senes * 

(1)1-3+9-27+ ; (ii)A-3+6-7+ - ; 

and wnte down the lost term of each senes 
n.AL0 2 a 
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klMBU 


24, i has an old motor-car and travels 16 miles an hoar, stopping 
6 minutes at the end of each hour to overhaul hie oar £ on a new oar 
travels contmuously at 32 miles an hour, and starts 1 hont after A 
Pmd graphically when B overtakes A • 


E 

25, If xy=3(z-3) and prove that iRs3(s-3) 


26 Eind, without unnecessary ooloulation, the coefficient of if m tht 
8 ; 5 *+ 2 ! i ?- 7*-8 and 2**-4!i?-10*+6 


27. FindtheHOF of it'+i?+l and 


28 Eednce to their simplest forms 

2"+*-2x2« , , (a+6)i rs-rs , , (a-hl^ 4'a*+2at+h^ 

(1 ■ . (11 HI -Hrr r 

^ (#4)1 Jo»-i»x(o+hp 

29 If a, hi e, d an four consecutive terms m A F , shew that 
a>-3!)‘+3c>-d*=0 [See Art 320, Ex 2, Note ] 

30 A tourist starts for a wslk at noon and allosn himself seven hours 
to reach a certain town After walking two thirds of the distance at 
3; miles an hour, he rests for an hour and a quarter, and then finds that 
he must srolk 4 miles an hour if he is to reach the town by 7 o’doek 
What was the length of the walk * 


F 

I 

31 Theoxpreasion*‘-K«?+5i*+h*+6whendividedliyiu-21saTes 
the nmainder 16, and when divided by ®+l leaves the lemauider 10 
Fmd the values of a and 6 


32 Withfixamanbaysequalamountsof opereent Btoekata,and 

j pec cent stock at h , wliat is the income so dmvod ’ 

r 

S3. Iftken*^tetmofaeenrais3n+2,fiudtbesnmof»tenns 


35 Oiven loa,o2ax, logi,3=y, find the logarithms of 76, 0 0018 
in terms of sandy 

^36. Shew by drawing graphs that the values of * and y wliidi satis^ 
3j!+y=2, 7x+4y=3, 


2a!-tfiy+3=0, 5*+2y-3a0 
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6 


37 If 2y-^^=.4, and find the value of 

0 o • x—y 


38 Reduce 


7^ 


to nmplest form vnth rational dcnomi- 


( 5 +^^)(^^- 2 ) 

• natoi, and calculate its mine civen iJ7=2 646 , 

39 Solve the equations 

(.) (■^-P)(l->?)=4<Ax. (n) 


40 Three numbers are in H F If their snm is 37| and the sum of 
tiieir reciprocals is j, what are they * 

41 A line 12 inches long is divided into two ports, so that the square 
on one part is equal to three times the rectangle contained the whole 
line ana the other part find to the nearest nundredth of an inch the 
lengths of the two segments 

Explain the negative solution 

42 Find the ma^mum value of 5 - ^ - 3a^ u hen z is real 


H 

43 Find, from the Tables, the values of (i) (ii) (9S7 6)^ 

44. If for all values of n the sum of n terms of an A F is n-n-Sn, find 
the n® term 

45 What IS the pnee of gold per ounce if a rise of 3d reduces by 5 
the number of ounces that can be bought for £57ffi * 

46 Find the square root of 

(i) 2a-z+2Vo®-ox-"6a^, (n) 

47 Solve the equations 

, . z+a . o-z 3a+l , ^ o i .1 

3z-l'*’l+3z“9?-r 2^z+g=Naz+l 

48 A hare runs ton times as fast as a tortoise which it is pursuipg 
The hare at A is 100 vords behind the tortoise at B , when the hare is at 
B the tortoise has advanced to C, and when the hare is at C the tortoise 
has advanced to D, and so on an endless number of times Find by 
adding up the pieces AB, BC, CD, etc , how far the hare will have gone 
when It overtakes the tortoise Find the answer also solving an 
equation, and shew that the two results agree 
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m 


Ratio Aim Pboportion. 


409 Tee ralao of one quantity to another of ths acme hind u 
lie multiple orT^ion that the ^t is of the second vjhen loth an 
x^jressed in term of the same unit 

Thus the tatio of il 5s to dE2 13s 3s||, 
and the ratio o£ 1 ft 3 in to 1 yd. 

Every ratio is an cAatraet number, whole or fractional, since it is 
the quotient of one number by anotW 

410 The ratio of two quantities a and b is usually wntten a b 

Thus I and a • b have the same meanmg The quantity a is called 

the first term or antecedent of the ratio, and b the second term or 
consequent. 

41 1 The properties of ratios are the same as those of fractions 
Thus smce a ratio remains unaltered in value when each of 

its terms is multiplied or divided by the same quantity 

Again, to compare two ratios a b and c d, we have only to express 
the equivalent fractions with a common denominator, and compare 
tiie numerators 


412 Two or more ratios are said to be compounded when the 
antecedents are multiplied together to form a new antecedent, and 
the consequents to form a new consequent That the compounded 
ratio IS the product of the fractions which represent the ratios 


Thus the rabo compounded of 2 3, 9a 165, iab 3d 


2 


9a iab a* 


ac td 2d 


413 When a ratio is compounded with itsdf the result is called . 
its duplicate ratio. * 

Thusa^ IS the duplicate ratio of a h 
Similarly td h* is the triplicate ratio of a 5 
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ft 

41 4 Tvro qaantitres whose ratio cannot be expressed as the ratio 
of two integers are said to be fncommensuiable. 

For example, smce no exact nnmencal equi\alent can be found foe 
the ratio of ^/2 to 1 cannot be expressed as the ratio qf two 
integers In other words ^/2 cannot be expressed as an exact multtph 
nfumty Hence the ongm of the terms “irrational,” “incommen* 
surable” as applied to all sui'd quantities 

Exa'^iplu 1 find, the ratio ofx to j 

y 

We have 2(i>?-j^)s=yl7*“8y), 

that is, 2**-7ay+^*=s0, 

whence or 2 

Thus the required ratio is 3 2, or 2 1 

Exaxipli; 2 A'e age ts to SCa m the ratio of 5 S In 9 years’ (me the 
fotio < 2 /* Msir agee vnlt be 8 11. Ftnd their agea 

l^et ^’b and ffe ages be 5a; years and 8 x years respectiTely , 

Henoo the ages ate 15 yean and 24 3 ears 

* EXAMPLES XXXm a 

1 , Express the follon mg ratios m their simplest fractional form 
( 1 ) £2 4s £3 17s , (n) 510 metres 1 105 kilometres ; 

(ill) 46**y*a* 69iVs*» 5tt®6+I0o®li® 3oT6®+6ah*. 

2 Find the ratio compounded of the three ratios 

3a% 45^, 2c3 Sa>, 16h^ 6 ac 

3 Dinde 13 tons 10 owt into parts having the ratio of 7 11. 

4 Find the ratio compounded of the duplicate ratio of 3 7 and the 
ratio of 35 27 

5 If a 5=3 4, find the values of 

* ( 1 ) 2a-6 3a -25, (u) a»-a6-25® o®-45® 

Find the ratio olx y from the foFotnng equations 

6 . 4(2r-y)=3(2y+x) 7. 3x®-7aqr-’-2y==0 

8 . g~3y _ 0g-5y g 2ng+hv_3by 

2 y “ 5x ' 2ax-by ax 

10 . Wlrnt number must be added to each term of the ratio 5 : 7 that 
it may become 10 U* 
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U. H a (slO 3, find the Taltte ol 2a~6& a-3& 

12l 3Vo men’s ages ore ra the ratio of 2 3 In 7 yesis’ tune they 
will be in the ratio of 3 4 Find their ages 

13, Find two nnmbeis in the ratio of 4 7, and difieni^ by 39 

14, 'tfffl n IS tjlie duphoate ratio of m+a; n+a;, shewthata?'=flm 

i 

V, 15 Ifa-ai 5- a; IB the duplicate ratio of a h, shew tliat 2a; u the 
''harnionio mean botwcen a and o 

16, If a and h are unequal, and shew that the 

ratio of a to & 18 the duplicate ratio of o to d 


41 5 The ratio a 5 is said to be of gmteir vn^iudity if a>h, 

„ „ equally if a-h, 

„ „ less inequality if a<h 

a 

416 A ratio of gtecUer tneqwhty is dmmsh^ and a ratio of loss 
inequahty ts vnaea^ hy adding the same posttm guanitty to both its 
term 

ct % 

Let ^ be the ratio, and let be a new ratio formed by adding 

X to both its teims 


Now 


® x{a-h) 

1} h4x~’h(b^x)r 6 ( 6 +^ 7 ) ’ 


and a -5 IS positive or negative according as a is* greater or less 
than b 


Hence if a>5, 


tf a+v 

J>5+i’ 


and if a<h, 


a tf+r 

6^5+? 


which proves the proposition 

Thus if to each term of the ratio 7 6 we add 6, the new ratio becomes 
12 10, or 6 5, which is clearly less than 7 5 

Again if to each term of the ratio 3 4 we odd 2, the new ratio becomes 
5 6 which IS greater than 3 4 

Both cases of the above theorem may be included m a single 
statement which is easily remembered 

Any ratio (or fraction) is made more nearly oqual to uwty by addng 
die same posUtve quantity to each of if s prms 


417 The following theorem may be proved as in the last article 


A reUto ^greater weqiudify ts 
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418 Jfthc team p p ate all equals then eadi of these ratios 
M eqwd to aU idues of p, q, r, n 

Let I stand for the ^alue of the equal ratios ^ 

then a*^64, c=<f4, €=ji, , 

Trhence pa"=pb''l”f qi^—gd"!^, rd'—rf"!*^ . , 

p a"+gfl"+fe"+ jp5"il‘"+yrf"iL-”+f/"l"+ 
j)6"+g’d“+i/^+ ” ja5"+yd"+^+ 

/ Dfl"+ 9 c" + re"+ \«_i c _ fl _ 

\jo6"+g2"+f^+ / 357 

By gi\ ing different values to 1 , , n many particular cases of 

this generat proposition may be drauced 

Thus, nhen ns=l, and p=g=r= , 

a result which may be quoted verbally as follows 

When a senes of fractions are eoml, each of them is equal to the sum 
of all the numerators divided hy the sum of all the denominators 


Ekasiple 1 If ^=g=|> 

Let l.=x=^—%i then asbl, e=d!l, asfl 

0 Of J # 


W2a<b?4-3aV-5e<f nc 
\ 2b®+3b®P-5P “bd 




_a c oc 
’~b^3~bd 


Example 2. If 
lAetp that 





cm-bn ol-an bl-am 
ax-by+oz=0 

Denote each of the given ratios by il ; then 

x=i{em-bn)l, y^(cl-an)l, zs(M^am)l; 
ax-byj-es=:h{a(em-f/n)-b(cl-an)’*'e(bl-an)} 
=LxO 
=0 
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419 Tha fmbm, heimen, the gmtest and least 

j a A A 

of the fractions ^ . when these jractme are megud and <dl 

the denomfudm are pmttne 

/ 

Suppose I IS the greatest of the ^actiops, and let 
then g<i, 

e<c^, e<fk, ; 

a+fl+«+ <fel+di+/fe+. 

• <i(3+rf+/+.)5 

fl+c+e+ 

3+rf+/+ 


SiTnilarlj it may be shewn that — is greater the 

least of the fractions tj a ^ 
oaf 

As a particular case consider the two unequal fractions ~ 

Then Sif lies between 2 and ~ ^ 

6+y b y 

^ between | and 1, which is the result obtained , 

inArt 416 * 

[Etaw^ mill b 1-12, fo^e 378, may be taken here ] 

420 To find the latios of x j z from die eqvattons * 

’ o,»+6,y+CiS»0, . (1) 

a^+h^+o^saO (S) 

By writing these equations in the form * 




we can solve for ^ and obfain 




that 11 ^ 


Z Ojij— 
JO 


JL 



biOs-bfPi 0^6, -oj^ 



CROSS MUmPIiICATION 
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xmn] 

Hence from Imro equataens of tihe form aod (2) we may ^nie 
down tiie xalaoS x y tm terms of the coemci^iits % the following 
rule 

Write down the coefficients oi a, y, s in ofder, beginning with 

those of y , repeat these last, as m the sdieme below 

» ♦ 

^ ^ Og 

Multiply the coefficients across in the way indicated by the arrows, 
remembering that any product formed by de»ef^^ ispoM^iie, and 
any formed % asemdtng is negaiwe Then the three results 

hiCa-b^, CtOg-CjOj. 

are the denominators for sr, y, z respectirely 
This 18 called the Bnle of Gross Multinlic^fa on.^..^ 

421 If we put sal, m the* equations of Art 420, we have 

«!*+%+ 

<i,a?+6,y-^<^a0, 

and (3) becomes ^ — 5-— =* — ^ , 

biCi-b/ii CjOj-CjOj OtOg-rfjOi 
OiOj-ajOi Oib^-ffdh 

, Hence any two linear simultaneous equations u> two unknowns 
may be solved by the rule of ci(»s multiplicatiOQ 

ExAurxn Fmd tht ratios of x j i from iht epiattom 
4xs:7y+fe, 2x+y=2.^ 

By tran^ositioD, we have ^~7jf~Sz=iO, 

2af+y-8=0 

Write down the ooeffiaents acoordmg to the rule , thus 
-7 -6 4 -7 

1-12 Ij 
whence we obtam the products 

(-7)x(-l)-(-6)xl, f-6)x2-(-l)x4, 4xl-(-7)x2, 

OP 12, -6, 18 


that IS, 


12 ~- 6 ~ 18 " 

X y z 
5“-i“3 
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EXAMPLES 


1 1 


Lb. 


1 If prove that each of these ratios is equal to 


,,^6a-7c+3e. /..i j4o*-6aos+6ey 

' ' 56-7(i+y’ ' T46»-6i(te+^i 


2 If 


f-qt+v? qu. 




(i) as+y+assO, (u) (b+e)a;+(c+a)y+(a+b)a =0 

A E f prove that eaoh ratio is equal to 
oaf 


h\ f/4tt<?-3ce'+2aa ‘f 


6oVe- (?*('/+ 7oe^ 
6W/-tfy^+7«P* 


5. E PK>^® that N/6ai*+8y*+78*s=6y 

6 . The sides of a triangle aro as 1 I 7 if* and the penmeter is 
221 yards Bnd the sides 


7. E 


X 


shew that 


ZsB+my+n 2 =: 0 , and mx+»y+fo -0 

8 . E as— T . 7 ,- 35 ■ shew that 

oz-(^ cie+az ay+ba; 

ap+&q-er= 0 , and xp-yq+xrstQ 

'' 9. E j-g-Jii * 0 ''^ that the square root of 

a<&-2c ^+3oW .. ace 

r 10 Prove that the ratio la+m-hne Ib+md+if is equal to eaoh of 
the ratios o h, c d, e f if these are all equal , and that it will bo 
intermediate in value between the greatest and least of these ratios if 
th^ are not all equal 

^ these fraotions be 

> ey-oi hy-ax ar+s 

equal to ^ unless b+c =:0 

12. E ewh of these ratios is equal 

to - ; hence shew that either anssy, or z^x+p 

y 
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Find the ratios 6Lx y % from the following egnations 

13. aa!+^+cz=0, 14. 4fl:-2y-78=0, ’15. 3a!-2y=3z, 

fa;+my+ns=0 x+y-4z-(i 10y-6z=a; 

Solve the following equations by cross multiphcatian 

16 2a;+y-10=0, 5a:-3y=l, 18 px-gyssr, 

7x+8y-63=0 x+'2y~\2 rx-pg=q. 

[/n Excmplea 19, 20, from the first two equations oibtam — =-^=— , 
piA each, ratio equal to L, and find h hy suhstiivtmg m ihe third equation ] 

19 2x-*-Sy-1t=0, 20 3»-4y+78!=0, 

5x~2y-9z=0, 2x-y-2z=0, 

3ar*-V+;?=9 3iB»-y»+s>=18 

21 If aa;+ey+&z=0, ex+byTas=0, bx+ay+a=0, 
shew that a’+h’+e^=3a&c. 


422 Froportiion A statement expressing the equality of t\io 
ratios is called a proportion , the four quantities compared aie the 
terms of the propoibon , the first and last terms are called the 
extremes, ana second and thud are called the means 

Thus a, h, c, d are in proportion if or a ftse d 

The proporbon a b=c d is sometimes written a bed 
' Obviously a and b must be of one kind also c and d must be of one 
kind 

423 If then ad^bc 

0 a 

Hence, when four numbers are in proportion, the product of the 
extremes ts equal to the product of the means Hence when any thiee 
terms of a proportion are given, the fourth may be found 

Conversely, if there are any four quantities, a, 6, d, such that 
ad<=bG, then a,b,c,d are propoi tionals , a and d bemg the extremes, 
b and o the means , or vice versa 


424 Quantities are said to be m contmned proportion when 
the first IS to the second, as the second is to the thir^ as the third 
IB to the fourth , and so on 


Thus a, b, c, d, 


are in contmned proportion when 


b~e~d~' 


'426 If three quantities a, 5, c, of the same kind, are in continued 
proportion, then a b==b e , whence l^=ac [Art 423 ] 

In this case b is said to be a mean proportional between a and e ; 
and e is said to be a third proportional to a and b 
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426 If ^ y are said to be too mean 

pn^portmaii between a and b 

The values of x and y can be found in terms of A and h , for since 
we have three equal fractions, their product is equal to the cube 
of each. 


Thus 


that IS, 


a a® 


a?s=o*6, and y*sasWa , 
and 


427 If four ouantities a^h^Cid form a proportion, man^ other 
proportions may be deduced from them Some of these which are 
given below are frequently referred to by the annexed Latin names 
oorrowed from geometry 

I, If 9, bsc d, then, b a^d *0 


Por|=2» therefore that is, 

hence h n^d c 

II If a, base d, then a cab d 

’Eorad^be, therefore that is, 

hence u cab d 

Note This alteination is only admissiblB when all the four quantities 
0, h, c, d ore of the same hind « 

III ^ a bac d, then a+b bac+d d [Gmpomdo] 

5*^5 » therefore |+irsf+i , that is, , 

Jience afj b^c+d d 

'lY If a. bac d,M«»8-b b=c-d d 


For|a^, therefore tbacis,^ 


a-i c-< 


d ’ 

hence ct—b b^o—d d 

y If a, b=c d, t^sA a+b a-bac+d c-d 

Pot V m, n>d hj IV, 

* g+& _ C+(f 

a^~o-d* 
a+b a-~b^o+d e^d 

This resnit is sometimes referred to as Ornnponxedo at 2hvidend(h 


hence by division 
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428 Miscdlaneous Examples on Batio and Froporbon A 
Jarge number of examples are readily solved by the ‘/C meUbod’ of 
Art 418 Others depend upon suitable applications of the results 
proved in Art 427 


Exasiple 1 FindathrdprapoHiiml to 3(a-{-b)‘ and 6(a^-l]^} 
Let X be the required third proportional , then 
3(aJ-6)« 6(oa-iS)=6{o=-6®) x 
^ 3x(a+5)®=36(o«-h*)8, 

trhence x=12(a-&)‘ * 

% 

Exasifke 2 y a b=x y, shao that 

pa®+qas+rx® ph®+qhy+iy“=a*+x* b’+y* 



Again, 


then a=bl, x=:yl, 

pa^Tqax-hrsfi _pf^+qhyl-+ry^ 
j^-qby+r^~ pb'+qbyj-rj^ ~ 

6®+yS 

pa*+qax~ra? _ a-+'ii^ 


T!i_ o « I j X--X+2 4x*-5\+6 

Example 3 Solve (he equation • 


We have 


either x=0, or 


5x^6 

CCb»«l>OBen(fo, Art 427,111] 

1 J 

TrhenoBX=>2 


x-2 fi®-6 

Thus the roots are 0, - Z 

Examfi^ 4 ^h®Tbi-*-x® a®+ay+y*=:b®-hx+i^ a®-ay+y*, 


preie that either 
or 

We have 
Also 


either 


X a=b y, 

X b=y a 

y+te+3^ _ o®-*-ay+y® 

6®-lKB+ar*“a®-oy+y*' 


[Af^eiTiand 


or 


[Chnipwiendo et dmdendo ] 

6a!(a®+^)=ay(5®+a^, 
bta® T hay® - oyt* - aya?= 0, 
by{xy-ab)-ax(xif-ab)=0 , 

(iy - oa;) (ay - ah) 5=0 
by-ax=0f vhence x h=y a, 
xy-ab=0; irhence x a=h y 
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ahem^uU 


a 

X y _ z 

2b+2o-a“2o+2a-b“2a+2b-o 


Multiply the numerators and denominat»is of the three given ratios 1^ 
- 1, 2, and 2 lespeotivelj Thm, by addition of the new numerators 
and denominators, 

6Mh nttio= 

-a+2&+2c , , 

”2&+2c-o’ 

Similarly each of the given ravim may be shewn equal to 

— j 9* 

2c+2o-6 2a+2b-e’ 

whioh gives the required result 


1 1 


BTATWTT.TM 
Find a fourth proportioDal to 

1. a?&,Wc,<iW 2. 12*»,9aa?,8o>r 8. 21 6 ft ,28 8ft,721b8i 

Find a mean pnqKirtional between 
4 S!p*«,4q» 6. 27oW!»,75a% 6. 2^/^8, 3«»/l^ 

Find a third proportional to 

7. 8 €6,084 9 6^/8, ^/IS 

Fmd the missing terms m eaoh of the following proportions 
10. 44 16=:9-24ton8 [ ] U. 946 miles [ ]=£13b £4 


Solve the equations 

12 2®+! x+6=:6a;''7 3*+6 13, w y=:^4=a+y^3»+l 

If a, 6, e are three pnqiortionals, shew that 
14. a a+b—a-b o-c 15 o*+J* 6*+c*=<*6 

16 JBO+nft inb+fics=ina-7ib mb-nc 

17. o*-o6+J* a*+o6+J»=B«-6c+c* 5*+6c+i? 

18 (a6+6c)*=(flS+J»)(ft*+c*) 

^ 19 (6*+ic+<?)(ac-6c+c^}=J*+(i(jS+c* 

,20, If 6+e IB a mean proportiODal between a+b and c+a, shew that 

b+c c+o=c-a a-b 


a. ® 
y 
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Jta 

&=e d, prove that 




22 

ab+cd ab~'ed=^+(? a®- 




23 

iJW+W 




24. 

i+l'i^s.4 i 

25 

a 

o+b_ c 

m n m n 

a-o 

6 “c-d 

26 

(tt-c)6® a®-5®-a6 
{6-d)fld“c=-d=-cd 

27. 

.a6»- 

^=^+1 
c®d ad^^^ 


28’' K (o-6-3(,-3rf)(2o-26-CTd)=(2o+a-c-rf)(a-6-3f+3d), 
prove that a, h, e ore proportionals 

29 ‘'If Qi C| d 01*6 m continued proportion, prove that 

(i) a 6 ®+c*+tP, 

(ii) h-rc IS a mean proportional between a-h and c+d 

^30 If 12 x=x y^y :=■£ 18, calcnlatetheialneof xtotwoplocea 
of decimals, and show that 

X* y* + 2 ^ = (a^ + + s?) (a® - y® ■*■ £*) 

31 '' n a-rx a-xis theduphcateratioof a+h a-h, then 
x-6 a-x=b(a+6) a(tt“b) 

32. ' If a yT2x, then x y=a+2b b-2a 

33. If a and b are nneqnal, and prove that the 

nitio of a 6 18 the duplicate ratio of e d 


Solve the following equations as concisely as possible 

a?j-a,-2 x+2 . 3x-7 x+S 


34 


36 


x--x-‘2 x-2 

-" s ^-2 4 <v/S -9 
^ 6 x +2 


35 


37. 


x®-dxJ-7 x--X'-3 

XT‘s/l2a-T »Ja+l 
x-fJ12a- 


3S if»«::*=!±»zr=*+£:L» 


X _ y _ g 
F+c C'^o“a-^p 


39 If xi-y 2a-b=y-rz 36-c=z+x 3c-a, proie that 
x+y -2 a+&+c=ax+by+cz a®+6®T(? 


40 If 


■e+v _ v+s s+x 
2b+6 26-*-c"2c+a 


, pro\e that 


x+y+s _ (6+c;)x+(c+a)y-»-{a+6)£ 
a+6+c 2(aF+6c+ctt) ’ 
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4L If ■ ^ ^ TiroTe 

" a(6J.c-a) 6{c+o-6) c{«+b-c)’ 

(j^+z-»){6+c-a)a(2!J-*-.y){c+tt-b)zs(«+y-«)(a+6-c) 

42 Divide €0 into tiro parts 80 that iheir product shall be to tbe SUB 
of their squares as 2 to 5 

. 43. The incomes of A and D are m the ratio of 3 to 2^ and their 
.expenditures are in the ratio of 5 to 3 Each saves £1000 a year, Snd 
their incomes 

44. Emd the ratio of the value of a gold can to a silier com vhen 
12 wld coins together with 10 silver coins are worth twice as mn(A as 
3 g^ coins together with 65 silver coins 

45 I^nd font proportionals such that the sum of the extremes is 18^ 
the sum of the means 11, and the sum of the squares of all four numbera 
IS 170 


46. Two chests A and B were Oiled with coffee and ohicoiy mixed m 
J m the ratio of 5 3, and in D m the ratio of 7 . 3 What quantity must 
be taken from each to form a mixture which shall contain 6 lbs of coffee 
and 3 lbs ofohicoiy* . 

* 47 One vessel contains water and another s^ts * half the water is 
mured mto the spints, and an equal quantity a the mixture is poured 
back into the water If the first vessel then contains water and spmts 
m the ratio of 9 4, compare the quantities of water and spirits at firat 

48 In ft certain country the consumption of tea is ibrre times the 

consumption of coffee If a per cent more tea and b per cent more 
coffee were oonsnmed, the iggregnte amount <y> T> wn nBH would be Be per 
cent more , but if b per cent more tea and a per cent more coffee were 
consnmedi the aggregate amount consumed would be 3c per cent more 
find the ratio of a b » 

49 Two vats contain mixtures of ^int and water Dl the first vat 
there are 8 parts of imint to 3 of water; and in the second there are 
5 parts of tpint to 1 of water A 3o gallon cask is filled finm these vats 
so as to contain a mixture of 4 ports of ^int to 1 of water. How many 
gallons are taken from the vat* 

50 An alloy of zme, tm, and copper contains 90 wr cent of coppe^ 
7 of zmo, and 3 of tin. A second aOoy of (x^per and tin only is muted 
with the first, and the mixture contains 85 per cent of copper, 5 of'&nCi 
Mid 10 of tin. S^nd the percentages in the second alloy 
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429 Direct Vaxietion One qnantity y is said to vary ' 
iirectly as another t, when the two quantities are so related that 
my change in the value of x produces a proportionate change m the 

I ralue of y 

For instance suppose a train travels uniformly over a certain distance 
in a certain time In douJtift the time doable the distance would ^ 
covered, if we hahe the time we must Tiaht the distance, and so on , 
In fact, if we multiply the time by any number (whole or fractional), we 
must also multiply the distance by the same number 

Li this case the distance covered is said to he directly proporbonal to, 
or to vary direoOy as, the time 

430 The symbol ec is used to denote variation , so that yxx> 
IS read “y varies aax” 

Note The word “directly” is often omitted in oases of direct pro- 
portion, hut it will be convenient to retam it for the present 

431 In the illustration of Art 429, if y repiesents the number 
of miles covoied in a time represented by x hours, the ratio ^ is the 

same m all cases so long as the speed of the tram is the same 

And, more generally, when y vanes directly as j;, 

IS always the same , 
that is, y and x aie connected by an equation of the form 

|=i, or y=kxt 
wheie f. IS a eonstcmt qaantity 

The symbol L is called the vanation Constant, and its value can 
be found when we know one pair of corresponding values of the 
connected vaiiables 

E\amfi£ y tanes dtreOly as x, and x=60 when y=28, Jind the 
relation betioeen y and x Also find the valve of y when 

Since yecx, y^lx, where k is constant 

When a;=60, y=28 , 28=1 x 60 , ubenoe k=-^ 

Hence x and y are connected by the relation y= 

From this equation, when x=^, ue obtain y=| 

H ALGt, 2 b 


any value of y 
the corresponding value of x 
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432 Two quantities whiok are so related tkt when one is 
increased or diminished, the other is also increased or dimimaha d, 
are not necessanlj proportional 

For instance when we increase the «de of a square, we inoiease the 
am, but the side and area of a square are not proj^rtumal, for on 
the side, we multiply the area by 4 , and on treUiny ^e side, 
we multiply the area by 9 

Agam, a body diomied from rest fatls 16 feet roughly in the first 
seoM, but not 32 feet in the first 2 seconds, nor & feet in fhe 
first 3 seconds, for, the speed is oontmually increasing llms the 
distance traversMl does not vary directly as the time 

Hxamn area o/ a circle vanes directfy os (he sqtmnqf its radnu 

If Ik am u 18'86 eg fi when the rodtiie itilfl.Mlkamqf a 
orcfeo/nKlttieiyi 9fli 

Let A be the area (in square feet) of a circle of radius r feet; then 
where I is constant 

Kow it 18 given that A=13 86 when rs2 1 
^ 138e=ix(21)», whence 

that IS, Aa^ir’ 

Hence, when r3l|, Ab^x(1|)», 

A_88y r*_T7_fl5 

r>'Ti-x=»f 

Thus the required areaa9 ^ sq ft 

I 483 An Muation of the form yajb is represented graphically 
|by a Hmgk me thnagh tk ongvn Hence lie oidinate of every 
Ipomt on such a line is directly proportional to the abscissa 

Oonveisely, if corresponding values of two vanables r and v are 
plotted as aoecissiB and ordinates, and the resultmg points are round 
to he on a straight line through the oiigin, we infer t^ y vanes 
directly as* 

434 Invene VanatiOB One qnanbty y is said to vaiy in* , 
TBttely as another *, when y vanes direct as the reciprocal of x 

Thus if y vanes inversely as x, yai where L is constant 

X 

lor mstfflw in iavening a certain distance, the jwo(er the speed, 
the less wiU be the time required To douhJe the speed would Mve the 
bme, and to halve the speed would douhle the time, and soon Infect, 
u we ^e speed by any number (whole or fractional), we must 
aunos the time by the same number 

In this case thetimeissaidtobelnvasdyproportionsito, ortovaiy 
mvasefy as, the speed. 
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435 Wlien we have hence, wAea the product of two 
vanaUe quantities is constant^ each vanes moersdy as the other 

For instance in rectangles of constant area, the bases vary inversely 
as the corresponding heights 

Again, if a fixed snin is to be spent in buying tea, the quantity bought 
will vary inversely as the price per pound 

For suppose the fixed sum is represented by h shilhngs , 
then xlbs at y shilhngs per lb cost shillings , 

hence xy=l^ 'where h is constant ; 

that is, X vanes inversely as y 

ExAUKS 1 If y le equal to the sum of two quantities one qf which 
vanes directly as X, and the other mierselyasx, and f y=5 when x=l, 
and y=lfi 7 uihen x=:6, fnd the relation helwexn x and y Find the 
value ofy when x=3 

Assume y=:feB+— , irhere il and m are constant We have first to 

X 

find the values of I and m 

Since a;=l, 'when y=5, 'wehaie 5=il+ni, 

ffl 

and since ar=6, 'wh«m y=12^, we have I2j=6l+'g' 

From these equations we obtain kss2, mssB ; 

X and y are connected by the relation yss2x+~ 

• ® 

Substitutiug a;=3, we get y=7 

Note Two constants are here necessary, or we cannot assume that 
the rate of >ariation is the same m each of the two quantities whose 
sum IS equal to y The two pairs of simultaneous lulues furaished ly 
the question give tm equations to find k and m 

1 B 

SvAaiFLE 2 If A kB, and C « then wtU AC oc 

For, by supposition, AsmB, 0=“^ 'nhere m and n are constants 

B B 

Therefore AC=:fRn -g- ; and as mn is constant, AC k 


436 An equation of the form xy^sl represents a rectangular 
hyperbola [Art 271] Hence if we plot coiTesponding values of 
two variables v and y which are inversely proportional, tne resulting 
points 'Will he on a rectangular hyperbola But since y vanes 

direcdy as ^ it 'wiU sometimes be simpler to plot values of y and - , 


then if the resulting points are found to he on a straight line through 
the origin, we infer that y 'varies inversely as x 
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437 SRnmaiy of foregoing resnlts. 

(i) y IS yroporiumail io av y mms as Xf vhen the 

ratio ylx w constant , that is when y^kx 

(ii) y is tnversdy pr(^portu>n<d U> x, or y vanes inversely as x, 

when the ratio y^p or the product xy^ is constant; 

that is when xy^^k 

In what follows we shall nsnallj omit the word “directly” in 
cases of direct variation 

EXAMPLES XXXIT. a. 

1 Bead off an equation to express each of the following statements : 

(i) y vanes inversely as » (n) p vanes as 1 ; 

V 

( 111 ) Avanesasi^, (iv) V isproportianaltod’, 

(v) ecr«», (vii) a®flr6* 

2 If y^ki?, and yasSl when find the value of I, and the 
value of (i) y when (ii) x when ys36 

3 If y«-i and y=12 when x=l 8, find m Also find the value 
of y when a;=:3 75 

4 If x vanes as the square of y, and if a;=:144 when y-8, find 
the vanaiioa cmulant, and the value of y when aisSfii 

5. II ee q and when pssSyt find the values of p oorresponding 
to g=:9, 24, ^ 

6 The area of a oirolo vanes as the square of its radius , if the 
area is 38§ sq ft when the radius is 3 ft 6 in , find the area when 
the radius 18 5 ft 3 in 

7. Suppose a body falling from rest drops s feet in the first t seoends 
It has be^ found tmt s vanes we Ji the body falls 257 6 ft m the 
first 4 seconds, find the equation between s and t Bind to the near^ 
foot how far the body falls (ij in the 1*^ second, (ii) in the first 3 seconds 

8 If 8 represents the breaking strain (in tons) of a steel wire, ai^ 

C Its oircumferenoe (in inches), it is known that 8 vanes os CP It 
SssA 9 when find 8 when C has the values -y, 2 

9 Prom the following simultaneous values of x and y, 

»»15, 2, 25, 3, 3 5, 
y» 9, 16, 25, 36, 49, 
shew that y vanes as a^. 
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10 The volume of a given quantity of gas at a constant tempeiatute 
IS mversely proportional to the pressure on it At a pressure of 20 lbs 
per square foot a certain quantity of gas occupies 4 5 cubio feeti 
Express m cubic feet the vmume of the same quantity of gas at a 
pressure of 28 8 lbs per square foot 


11, From the following simultaneons values of z and y, 
x=12, 15, 16, 18, 2, 24, 
y:=20, 16, 15, 13, 12, 10, 

find whether y vanes as a;, or as af, or inversely as z Find the 
vanation constant 


*12 The volume of a sphere vanes as the cube of its radius Three f 
metal ^heres of radii 3, 4, 5 mches are mdted down into a single } 
sphere Find its radius 

13 If y IS equal to the sum of two quantities one of which vanes 
directly as x, and the other inversely as z, and if y=4 when xd, 
and y=5 when x=2, find the 'ralue of y when x=4 

14 If y=i+v, where t vanes as x and v vanes as ijx, find the 
relation between x and y, given that x=4 when ^=5, and x=9 when 
y=10 

15 The time of swing of a simple pendulum vanes as the square 
root of the length of the pendulum If a pendulum I metre m length 
swinffl once in a second, find the lengtli (m centimetres) of the pendulum 
whum swmgs 75 times in 1 minute 

16 A quantity x vanes as the sum of two other quantities, one of 
which vanes directly as y^ and the other inversdy as z If x=:16 
when y=2 and e=l, and if x=5 when ysl and 2=2, find the value 
of X when l^=»/3 and 2=4 

17. n y 18 eauol to the sum of two quantities one of which vanes 
directly as x and the other inversely as x, and if y=na+& when x=a, 
and y=a+nb when x=b, find two vunes of x which make y=nab+l 


438 Sometimes a quantity depends on the vanation of two or 
more other quantities which may vary independently of each other 

For example in Geometry if A is the area of a triangle of 
height A on a base b, we know that 

A varies as A, when b is constant, 
and A vanes as b, when A is constant 

But we know that A is given by the formula A=^A& , and since -A 
IS constant, this is the same thing as saying that A vanes as the 
product A& when both A and b vary 

This is a particular case of a general proposition which we shall 
now prove 
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439 ^zvan««<3»yi9^zu£<m<&mf,an(!Zxvams£U'zt0A«nyM 
ccmstant, thm mU x vary as pndwi yz wlm hath y <md z vary 

Ihe variation of x depends partly on that of y and partly on that 
of z Sappose these latter vanations to take place separately, each 
in its turn producing its ovn effect on x AlIbo let a, c denote 
certain* simultaneous values of x^ y, z 


(t) Let she constant xrhile y changes to b , then x must undergo a 
pasrlial change, dependent only on y, and vnll assume some 
medtate value a. vrhere ^ 


(ii) Let y be constant, that is, let it retain its value 3, vrhile s 
changes to c , then x must complete its change and pass from its 
intermediate value d to its final value a, vrhere 

^*tt***« • ••• •eeteeeteeeeeeoeeee eex •* \^§ 

a c 


Prom (1) and (2), 



d 

a 



that IS, 


f^yf 

a^lie’ 


or 





or ar vanes as ys 

muBtratiQn. The amount of work done by a gwen number 
men vanes directly as the number of days they work, and the 
amount of work done tn a ytren tvme vanes directly as the number 
of men , therefore when the number of men and the number of days 
are both vanable, the amount of work will vary as the product of 
the number of men and the number of days 


440 Joint Yaxiation, One quantity is said to TOty jointly as 
a number of others when it varies directly as their product 

Thus X vanes jomtly as y and t when x^hyz, where h is constant 
For instance, the interest on a sum of money vanes jointly as the pnn 
cipal, the tune, and the rate per cent 

Again, X IS said to vary directly as y and inversely as z when v 
vanes as yx- 


Ex^ran 1 2%e whm of a circular eylmder vartes as the sMorsif 

the nzatus of the hose when the height ts the same, and as the hes^ vmen 
the oaee u the some The tolume ts 88 aUnc feet when At height is 7 futf 
and t^ radttis if the base ts 2 feU , what wtU he the h^ghi <f a eybnder 
on a base of radtue 9 feet, when the vdume is 396 aAw feeti 

If the vdsane ts 385/ee« whm the height is 10 feet, find the raSius of the 
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Le6 the radius of the base aod the height be represented by r feet and 
h feet respeotiTely Then if the volume is V onbio feet, we have 

where I is constant 

Substituting the gi\en values of V, r, and A, we have 
88=lx2^x7; whence 
y=^t^h 

idso whenV=396, r=9, 

3g6=^x81xA, whence A=l^ 

Hence the required height is l|- feet 
Agam, if V=385, when A=10, 

383=^xr3xl0, whence 3=^, 

01 r=| 

Hence the required radius is 3^ feet 


Example 2 If tl vartss as j dtredly, and a« % mvmdy, and x=:14 
when y=10, z=14 , fnd z when x=49, ys45 

We have x^hxK where I is constant 
z’ 

Substituting the given values of z, y, and z, We have 
14 ssix~, whence 

« z 

Hence when x=49, y=45, we have 


Example 3 The electnctd restsianee of a tnre ts proportional directfjr 
to its length and woersdy to die square of ^ dtavuter Compare the 
resutanee of two vnres of the same materud, one of which hasea dtamefer 
of 25 mm and fs 6 m Ibuq, wAi7e the other has a diameter of 3 5 nun 
BRdte9m long 

Let R rraresent the resistance of a wire I metres long and d itiilli . 
metrfis m diameter 


Then R=^, 


where il is constant 

i 


Besistanoe of !•* wire {R})=Ax 


8 6x4 


99 


Qad iPi_]Ly 9 _ 9x4 . 

R. R=4 ™ 


Hope It is not here necessary to find I, nor to express I and d in 
terms of the same unit 
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441. If a variable quantity ^ u partly constant and partly 
proportional to another variable x, the relation between x and y 
IS of the form vhere a and h are constants The values 

of a and 3 can be determined when two pairs of simultaneons 
values of x and y are known The venations of x and y can also be 
conveniently shewn by the linear graph of ysor+h 

ExAMns In a et/rtam maehm a font of P potnufo will Bmport a 
load of W pounds, and d ts known P ts pamy coouiant and pardy 
proportional to VI If P=15 whtn Ws48, and Ps;27 when WssQo, 
draw a gra^di to shew the value <f P for any toad between 40 lbs aid 
100 Ibe Find the valve (i) tf P to%en W=60i (u) yfV! when PsSS 

The vanable part of P may be represented by aW, and the constant 
part by 6 Thus P and W satisfy ^e linear equation PaaW+bj where 
a and o are constants Henoe the graph is a straight lm& 



Fra SS 

Plot the values of W horizontally, beginning at 40, and the values of P 
verlaoally, begumiog at 10, taking ^ amts to the inoh in eaob case 

When Psl6, W3i48, at the point A, 

„ P=27, W*96, „ „ B 

Tbns two pomts are deterniined, mid AB is the required graph 

By measurement we find that when W=60, PslS, at the point Q, 

and when P=:23, Ws80, „ „ ♦B 

SXAHIEFI^ 32X1?. b. 

4 

{Jomt Fanatton) 

1, Ghiven that y vanes jointly as x and and y~6, when 
z=s9, zss3, find (i) the value of y when x=8, zs=2, (ii) the value of x 
when ya9, 

2 If A vanes directly as B and inversely as 0, and A*! when 
Bssfi, Cs=9, find the relation between A, B, and C Henoe noA the 
value of A when B=6, C=| 
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3. It IS kno\m that the volume of a urytamid vanes as the height 
when the base is the same, and as the area of the base \(hen the height is 
the same When the height is 26 cm and the area of the base is 
46 sq cm the volume is 3^ cu cm , vrhat is the volume of a pyramid 
when the height is 14 cm and the area of the base 60 sq cm * 

4 The pressure of wmd on a plane surface vanes joiutly as the 
area of the surface, and the square of the wmd’s vdooity The pressure 
on a square foot is 1 lb when Uie wmd’s velocity is 15 miles per hour, 
find the velocity of the wmd when tiie pressure cm a square yard is 
16 lbs 

• 

5 If A vanes directly as the square root of B and mversely as the 
cube of C, and if A=24, when 8=^ and C=t, find B when A=3 
and C=2 

Shew also that B vanes jomtly as and fi? 

6 A boy estimates that the numbn of distmotions he wms m an 
exammation ^anes directly as the number of subjects he takes up, and 
inversely as the number of competitors If he wms 3 distinctions when 
there are 20 competitors tabng 6 subjects, how many additional subjects 
must he take up to wm 5 distmotions when the number of compebtors 
is 16* 

7 The time of goiug from one pla(% to another vanes directly as the 
distance and mversdy as the velooily Two trams descnbe distances 
whicdi ate m the ratio of 3 to 7> and the times are m the rabo of 5 to 0 
Fmd the rabo of the vdocibes 

8 If the cost of diggmg a trench is proporbonal to the quantity of 
earth taken out and the depth to which it is sunk, and if the cost of 
diggmg a trench 3 ft broaa by 8 ft deep is 9d per yard, find to the 
nearest penny the cost of diggmg a trench 120 yds long, 5 ft broad, and 
10 ft deep 

9 The weight of a circular disc vanes as the square of the radius 
when the thiclmess remams the same, it also vanes as the thickness 
when the radius remams the same Two discs ha^e their thicknesses m 
the ratio of 25 32 , find the rabo of their radii if the weight of the first 
IS twice that of the second 


[Miscellaneous ) 

10 If y IS equal to the sum ot two quanbbes, one of which is constant 
and the o^er vanes as x, and if y=17 when sbs-I, and y=^ when x=2, 
find the relabon between x and y Hence find values of y correqiondmg 
to x=^ 3, 5 

11 The expenses of a ball ate partly constant (for hire of room, 
decorabons, etc ), and wrtly proporbonal to the number of guests For 
80 guests the cost is £64, and for 120 guests £88 Fmd the cost for 
200 guests Also draw a graph to shew the cost for any number of 
guests, from 50 to 300 
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12. For pnnting a oiroular, a printer’s eatamate u la 9(2 for 60 oomeB 
or 2 a 8(2 per 100 Presuming eaoh of those estimates to consist of 
0 ) a oharp for sotting up the type, independent of the number of copies 
pnnted, (n) a charge for printing aad’paper, pn^ortional to the number 
of copies pnnted, find what his estimate for prmtiitg 1000 copies would be 

13. ii a certain machine P is the force in lbB,-wt required to support 
a load of W lbs ‘Wt ’ The foUowmg values of P and W were obtam^ 
expenmentally 

P=71, 80, 9 6 , 12 , 18, 168, 17, 

‘ Ws=106, 12 , 16, 184, 20 3 , 24 6 , 27 

Shw by a graph that P and W are oonneoted by a relation of the form 
P=oW + 0 , and find the values of a and b Find the foroo necessary to 
snppiirt a load of 1 owt 

14. If at+y or a; - y, prove that a^+y® «t ay , and if a; or y, prove that 
ar-y*ocaiy. 


15. li when y eti? and , and d end 

assS when - 1 , find a; when 2*2 


16. If a vanes os and if s*31 6 when 2*2 93, find i when «*8 4 . 

[Ditthganlhims'] 


17 If the receipts on a railway vary as the excess of speed above 
20 miles an hour, while the eimenses vary as the square of that exeess, 
find the speed at whiob the pronts wdl be greatest, if at 40 miles on hour 
the expenses are just covered 


o proportional to and if D*1810, e *10 when 
H=:fl 20 , find H when D=2100 and »* 13 [Use luganOim ] 


1 ^ 4. man q^ds on chantable objects an annual amount prcmortional 
89 ™re of his inocme, and spends £35 more when his income is 
% 1 «UQ per annum than when it is £900 per nnniim Fmd his charitable 
expenditure in eaoh ease 


20. The tractive force of a locomotive vanes as the pressure on the 
oumlar piston and the length of the stroke directly, and as the height 
of toe onving wheel inver^y Compare the trootive force exerted by 
two engin^, m both of whioli the pressure of stuam is 160 11m to the 
muara inch, but ^o diameters of the pistons are 18 and 20 inches, the 
lengus of stroke %wd 24 inches, and the heights of the dnving wheels 


The ex^sB of publishing a hook depends partly on the cost of 
setting up the type, which is constant, and parthr (m the cost (rf pi:mting, 
, , ySw®® number of oopios pnnted, if ^ ocpies are sold, a 

toss of 10 % IB ineutred, and if 9N copies are sold, a gam of 12 % is maiie. 

OOW ynittVV AMIIAa mtlaf. ka mU mmmmA. i.* ^ ' 


CHAPTER XXXV 

^ The Theory of Quadratio Equations and Fdnotions 

442. As m Chap xxt we shall here regard the equation 

fla;®+&!;+c=0 

as the standaxd foim of a quadratic equation 
Here a, b, e are supposed to be known quantities 

In like manner <ui?+hx-\-c will be regarded as the standard form 
of a quadratic e-cpression or function 

In each case the term c, which does not mvolve t, is spoken of as 
the constant or absolute term. 

443 Eviry quadraiui h<u two roots and no more 

(i) It has been shewn in Art S83 that&estandard equation is 
satisfied by 

Thus there are two roots 

(ii) To shew that there cannot be more than tm roots 

If possible, let the equation at;^+&r+c=0 hare three different , 
loots a, y Then since eadi of these values must satisfy the * 
equation, we have 

aa*+6a+c=0, (1) 

oj0*+6j3+c=O, . (2) 

ay®+6y+c=0 (3) 

From (1) and (2), bj subtraction, 

a(a®- j8®)+6(a- j8)=0 

Divide out bj a- jS uhich, by hypothesis, is not zeio , then 

a(a+/S)+6=0 (4) 

Similarly from (2) and (3), we have 

a(fi+y)+b=0 , (5) 

by subtractmg (5) from (i), 

a(a-y)=0 

But this result is impossible, smce a is not zero, and c is not equal 
to y 

Hence there cannot be three different roots 
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444 The terms wmal, tmpostiUe or imagimxiriff to denote ex 
pressions -srliicli involve tbe sqnaire root of a negative quantity, have 
already lieen explained and illustrated in Arts 184, 280, 284^ Ex. 2, 
285 (u) These articles should here be carefully revised. It is 
importent to clearly distinguish between tbe terms red and ratmd, 
imaginary and mdunud Thus or 5, 8^ , -f are rational and 
real , ^/7 is irrational but real , 'while is irrational and also 
imaginary 

445 Qhairacter of the roots. The roots of the standard 

equation are 

-h-»Jb*-4ac 

. 2a * 2a 

In every case the character of the roots will depend upon the 
value of the quantity under the radical 

(i) If IS a peifed s^ruars, the roots are ratumal andioiejfuaJ, 

(ti) If }^^4ae IS tero, each root of the equation reduces to 
Thus the roots aie ratimd and equd, ^ 

(ill) If V^-‘4ae wpoative but not aperfeet sguare, the roots, though 
reeo, are trra^md and unequal 

(iv) If 4ac 18 negative^ the roots are vnagirmy and unequal 

It will be convenient to refer to l^—iae as the diiMmniiTi«.Tit, and 
, to denote it shortly by the symbol A, as in Art 286 Tbe pupil 
should be able to write down the discriminant readily for any 
quadratic equation 

Exauplx 1 Skew (JuU the equaJtvm 2x^-6x+7s0 cannot he eaiiefied 
ly any real indues of x 

Here a=2, 6= -6, c=7, so that 

A»ft*-4a<;*(-6)»-4 2. 7= -20 

Therefore the roots are imaginary 

Note If the equation is solved graphically as in Art 286 (u), it will 
06 found that the graph does not out the axis of x Thus there are no 
real values of a which make 23? -6* +7 equal to »ro 

, Exaupix 2 For what valve of k will ike equatum 3:^- 63:+k=0 have 
equal roots f 

The roots will be equal if AsQ, 
that 18 , if (-C)«-4 3 IsiO, 

whence h-Z 
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Example 3 Slwa that the roots of the equation 
X*- 2px+p* - q®+2q[t - r®=0 

areraitonal 

The roots will be rational if A is a pwfeot square 
Here A=(-^)*-4(ji?-g*+2qr-r®) 

=4(g® - 25 r +f®)=4(q - r)* 
Hence the roots are rational 


446 Let the roots of ajfl+hx+c=0 be represented by a and 0^ 

,, . ~-h+*Jl^~4ae « -h~>Jb^-4ac 

Bothat o= 2^ , 0^ ^ , 

, , o -6+^/6^-4ac-6-^/6*-4ac 

then we have a+p= 


2a a 


2a 


4a* 

(-5)a-(y-4gc) 

4a^ 

_4aee 

~4a*~a 

These results may be quoted thus 

, ^ ooefflamt ofx 

mm ofioots^ ^ — - 4 - « 

coeffieient of ^ 

absolute term 


' ooeffunent of ^ 

If we hrst divide by a, so that the coefficient of x* ta 

**+-j:+-=0, 
a a 

and in this case 

s»m ofroots^eoefficisTU ofx with its sign 
product ofrootsssabsolute term 


we have 


Example Had the relations beiioem the coefficients qf the equation 

ax*+bx+o=0 

ta order that the roots shall be (i) egucU in magnxtade and ojyjostte in sign, 
(ii) reeqprocals 

(i) The roots will be equal m magnitude and opposite in sign if their 
sum IS zero , therefore “;-=0, or 6=0 

Ch 

(ii) The roots will be reuprocals when their product is umty , therefore 
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447 'When one root of a quadratic is obvious by inspection, the 
other root may often be readily obtained by making use of the 


SxAUBLE. Solve (he eqmlicn IhnU-fx*) (1 -f iii>)(x-t' m)sO. 

Thu IS a quodratio, and it u clearly satisfied by sssm 
Also, siDoe the equation may be ‘wntten 

2ina?- (1 +fli*)ar+ ib( 1 ~ »^)s0, 

the product of the roots is and since one root is m, the other 


2m 

448 Since 

the equatiop 

may be vrntten 
or 


--»o+)S, and 

a!®+-af+~s=0 
a ct 


**-(a+i8)df+aj8»0, 

... .. . ( 1 ) 

Hence, any quadratic may aieo be expressed in the form 

«*-(«tw()froote)«+(prorf«ciqffoote)aO (2) 

449 Fonnation of eqaanonB with given loots. It is now 
easy to form an equation whose roots are known 

ExAMPiin 1 Form S^e sqwUion vihose roole are 3 and o 

The equation IS (s-Sllic-SlsO, , [Art 448,(1}] 

or 

Exauplb 2 Farm (he egusUton vihoee roots on a and **1 

The equation IS (ai'’a)^«+|^sO, 

that 18 , (®-a)(&e+6)=0, 

or ibfi~8ax+be:-ab=0 

Examtub 3 Form the equatm whose roots are 3+^/5 cmdZ-iJ5 

When the roots are irrational it is eamw to nse formula (2) of Art 448. 

8tm of roofo-6, produel o/roois^i , 
the equation is a^->&i+4s0. 

The method of Examples 1 and 2 may be applied to equations 
with three or more given roots 

ExaufIiB 4 Jbm the equatm whose roots are 0, ±2, 3. 

The equation has to be satisfied by 

XsO, ZssQ, Zss^2, ssS; 
thorefmeitis a;(«'-2)(a;+2){ai>3)sB0, 

that IS, ir(a?~4)(»-3)s0, 

or !i:*“3a**-4J^+12*sstti 
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PSOFEETIES OF A QUADBATIO FUNCnON 


The expressim a«®+6a;+fl=a|aS+^ar+^j- 


where a, are the roots of t&e equation as^+&r+c=0 
Hence the factors of thq estpretsion can be written down at once 
when the roots of the equation are known 
Hence also each of the conclusions of Art 445, with regard to 
the character of the roots of a3fi+bx+c=0 has a corresponding 
interpretation when apphed to the Jaetors of the quadratic funiAton 
«a^+w+c 

Thus the quadiatic function aa?-i-hx-¥o can be resolved into two 
rational factors a hen Ifi-Aae is a perfect square [Art 445, (i)] 

The function is a perfect square with regard to x 

when assjS, that is, when &^-4ac=0 [Art 445, (u)] 

In all other cases the &ctora of aa^+&r+e are irrational, being 
real or imaginaiy according as is positive or nc^tive 

[Art 445, ^m) and (iv) ] 


EXAHFLES XXXV a. 


Bj using the Discnminant, find the nature of the roots of the following 
equations 

1. 240*0 2 3a^+8sl4a? 3 a?-4a;+l=0 

4 4a!®-28»+49 5. 2a^+7=3a? 6 (3®+l)®*6a;+6 

7 In each of the following quadiatio fonotionB, find whether the 
factors are rational or irratiQiiak real or nnreaL 

(i) a^+5*+10, (u) pr*-5a:-10, 

(m) 16a?“llaa?-14a®, (iv) a?-18(W+88^ 

8, "Sac what values of m ^nll the following equations have equal roots ! 
(i) 43^+2®+ni=0, (u) »»V+2(in+l)®+4=0 

9 Shew that the equation 3jR®^-(2ni+3n)x+2R=0 has rational 
roots 


10. If the equation 6a^+Jb;+§=0 has equal roots, find h 

Find the value of a a hioh makes Qa^-ax-z+l a perfect square 

12 For what values of m can a^4-(ia+l}®+16 be expressed as the 
product of two rational factors * 

Form the equations whose roots are 

13 4, -5 14 -7, -13 15 

16 e+<t,c-d. 17 18 

W- ^ -T 20 4+^/3, ZL 

22 0, ±5, 3 23 -3+^/2, -3-^/2 24 


-6a, 7a 
3, -5, 2. 
3 ±^^ 
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f 

25 With as litUe vrork as possible, find the roots of the fblloimg 


(i) [p-g)7?+{q-i)x+{r-p)s:0 , (u) (a+5lT?+ca=o+5+c5 

(m) cafi - hx=c{ac - h) , (iv) 5a?T lS9a!=s 194 


26, Wnte down the Disonnunant of eaoh of the equations 
(i) o(a?-l)=(6-<!)«} (ii) 

Henoe shew that in each case the roots are real if a, 5, e are any 
real quantities 


27. Prove that if the roots of aa^-)-25a;+es0 are imaginary the 
eu^+2(a4-5)a;+a+25+e~0 

are also ima^naiy 


451 In examples dealing with the roots of quadratics the roots 
ehoidd not be amideied s\nmy It will usnally be found fai simpler 
to work from the sum and product of the roots, usmg the results 
of Alt 446 

Example 1 a and pore tihe note of x‘-px+qs0, find the valve of 
(i) a?+fP, (ii) a*+/S® 

We have a+/5sj», apsq 

a*+ (tt+ 

Again, «>+jS»=(ttJ-jS){aS+jSS-o|S) 

=p{{a+py~ZaP} 

=p(p®-3g) 

Example 2 If a and p coe the lools oj the equation lii,*TOff+n*(^ 

find equation whoee toots ate - and ^ 

p a 

For the new equation we hai e 

sum of rootss:|+-=^^, 

Pa ajS 

product of root8=3 x^=:l 
P a 

by Art 448 the required equation is 

or aP3^-{a^+fifi)x+ap=0 

Now, as in Ex 1, o=+/P=^-^, alsoBj8=j. 

. the new equation IS 

V P I 

XU «fa^-(m^-2nf)ji;+n2s:0 
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Examf1£ 3 Fvnd the return amnectmg the eoeffieients of the potion 
px^+qx+r=0, when one root is thiee tmee ihe other 

Lee a, da represent the roots , 

then sum of root8=4a= product of roots=3a?=- 


P 


0 * 

From the first result , from the second 

iop~ 

i$=4' " *8*="**'’ 

which IS the required condition 


462 The following example gives a result of great importance. 


Example To find the condition (hat tiie guadratiea 
ax®+bx+o=0, lx®+mx+n=0 
may have one root ta coiiifRon 

Suppose a IS a ^ alue of x which satisfies both equations , then 

aa^+ia+e=0, 

/a‘®+ma+n=0, 

by cross multiphoation (Art 420}i 

tt* tt _ 1 

hn-em~d-an~em-bl 


Since these tliree latios are equal, the square of the middle one la 
equal to the product of the other two , 

that IB 


1 


{d-on)®~6B-cJn am-bl 
On dividmg 1^ a®, we ha\e 

{d-anlP=[ln~cm){am-bl), 
uhich IS the required condition 


Note This is also the condition that the two quadratic fmctione 
ajfi+bx+c, l3i?+mx-t-n may have a common linear factor 


EXAMPLES XXXV. b 

1 Without actual solutioiTfind the sum of the squares and the sum. 
of the cubes of the roots of tlie following equations 

(i) a^+7a;+8=0, (ii) 2a? -3*+ 1=0, (in) 5a?+a:TlO=0 

2 If a, |3 are the roots of pst?-^qx+r=0, find the \alues of 

( 1 ) a®+^, ( 11 ) a®+i8», (in) (a-/5)®, (n) aSjS+ajS® 

3 If a, /3 are the roots of aa?-5a;+c=0, find the values of 

( 1 ) a<+/5*, (II) aS^-raiS®, (ill) (iv) 

4 If a, /3 are the roots of aa.®-l-te+c=0, form the equation whose 
roots are a-/3, j3-a 

E ALO 2o 
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5. 7ind the oondition that one root of the equation oa^-te-esO 
may be doable the other 

6 If a, /3 are the roots of form the equation -whose 

roots are a+^, 2a+^ 

7. If ai], aig denote the roots of oo^+bx+esO, find the values of the 
following egressions m terms of a, 5, c 

(i) (a»i+b)(oa; 3 +b), (ii) (tei+c)(ba%i+c), 

(ill) [axi+b)’^+{aa! 2 +b)~* , (iv) (a*j+b)“*+(a!ft.+b)“* 

[N<Ae (hat from the mm of the roote we have aa^+bs ' oxg ] 

8. If «, V are the roots of form the equation whose 

roots aie mu+nv, mv+nu 

9. If one root of a;‘+(3jl+2)'e+i(^-2lb-5a:0 is three timestheother, 
find it 


10, If the equations it^+jpx+ 9 = 0 ) have a common 

root, prove that (q-I)’s(m-j7)(ph-mq) 

U, If a, /3 aVe the roots of o?-ax+bsiO and i?, f^iao the roots of 
a^>Ax+BaO, shew that 3b}, B=:b* 

12 If the roots of the equation oa^+bx+esO are lu the ratio of 
m n, prove that (m’+n*)acs}nn(b‘~2ac) 

13 Find the equation whose roots ate the oabes of the roots of the 
equation 6a^-7x+3s0 

14 Prove that the roots of oa^+bx+CKO will both be negatne if 
^ a, b, c all have the same sign , and that the roots will both be positii’e 
' if a and c have like signs opposite to that of b 

463 Vanations m Sign and Value of Quadratic Functiosa 
As different values aie ascnbed to x, the resulting values of the 
function a^+bv+c will not necessarily always l^ve the same sign 
It will be found that the vanations in sign depend upon the natuia 
of the roots oi the equation (uH+bx+c=0 

Graphical illuBtrations of this principle have already been gi-van Fof 
examine, in Ait 285 (i) we l^ve the graph of ys:4a^-10x+5 It i> 
there shewn that the egmtwa 4x^~l0x+5=0 has real roots, awros 
mately equal to 0 69 and 1 81 , and that the funUwtt (represented^ the 
' ordinate y) is positive for all rmd values of x except such as he betwew 
those roots The value of the fnnotion is zero when xsO 69 or 1 81, and 
changes its sign os x passes through these values 

Again, m Art 285 (ii) the equation a^-3x+3s0 has no real toots, and 
here it is seen that the function a^-3x+3 never becomes zero, and never 
changes its sign 

These are particular cases of the general proposition given in (he 
next article. 
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454 To discuss the changes in sign of the quadraito function 

ax*+bx+(^ 

fo) lecd values of z 

Let a, P be the roots of the equation aii^+&r+e=0 
Then €ufi+bx-{-e=a(v-a){x-p) 

(i) Suppose the roots are seal and diffeient Also let a represent 
the greater root 

Then if is greater than a, the factors v-a, are both 
positive If ^ IS less than both the above factors are negative 
In each case the product (x-aXs-p) is positive, and the function 
aafi+bx+o has the same sign as a 
But if V lies between a and the product (r-a)(a - p) is negative, 
and the sign of cufi+bx+c is opposite to that of a *■ 

(u) Suppose the roots are equal Then since so, 
aa^+bx+e=a(x-df, 

and {v-af is positive for real values of x , hence has the 

same sign as a 


(lu) Suppose the roots are imaginary 
Then 

_6 
2a 

A * ^ 6 \" 

But since A is negative, is positive , also ^ positive 

for real values of x Hence aaP+bx+c has the same sign as a 

The thiee cases maj be included m one statement 

For read values of x the function ax-^+bx+c always has the same 
sign as a except when the roots of the equation ax^-fbx+csO are real 
and unequal, and x lies hetwem them. 






456 Although the conclusions of the precedmg article may be 
applied to any quadratic function, it is more instructive to deal with 
eaw special case separately, without quoting the general proposition. 


Example 1 Find the sign of 2x^+5x-f-4 for real idves of z. 
2a^ + 5x + 4 = 2 (a® + + 2) 

=!!rx=+f»-0'+2-if] 

which IB always positive when x has any real value 
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Exausls 2 If yiw real, hd>v>ean, uihal voluea of x wttt (he /unction 
Zk?- llz-f-14 bepostiivef 


We have 2a?-ll*+14=s(^-7)(ite-2)s!2('c-7)(a!-2) 

I{a;>3|, thefaotor 8 »-> 7 , « -2 are both positive If sc<2, both the 
above factors ace negative In each cose the product is positive and the 
given function is positive But if a; bes between 2 and 3^, the factors 
a >*-2 have opposite signsi and the function is negative 


Hence the function is positive for aU values of x except such as he 

■ “ “ ii 


fixAMPLB 3 When ta (he /unction 10-x-3i? powtire and wAen 
vegaitvet 

10-aj-3aj»a -(3a?+«-10)= -(3»-6)(«+2) 

= -3(*-|)(«+2) 

Hence the function will be positive or negative Mi co r tlm g as the fiiotors 
a: 1 > a ;+2 have opposite signs or hke w grn> 

bhe factors ace both positive , 

ifa;<~ 2 , „ „ negative 

But if X hes between - 2 and §■! the factors have opposite signs 

Hence the function is positive when x hes between -2 and 4, and is 
negative for values of x outside these limits 

Nora If any difSoulty is found m considenng oases hko x<- 2 , it 
may be convenient here to refer to Art 30 It is there eirolained that 
-o IS Ihan ^h when -a-( rh), or -a+b is negative, tmit is, whm 
the absolute value of a is greater than that of 6 

Thus -3<-2, -4<-3, and so on 


4B6 For different values of x the quadratic function ax*+ii*+« 
will of ^urae vaiy tn value as well as tn sign We «hnll give no 
formal discussion of such vanations, for it is better to examine lha 
possible values of any given function independently of general 
r6Siilts 

BjcampXiB Ifxts re/dffvd whether S+x -2x* m capidie oB lahies 

Fat34'X-2i^s/., then2a^-x+(h-3)s;0 

^ 2 (k'- 3 ) must be positive or zero, that is, 

/a - oA must not be negative, and this condition is satisfied by ^ values 
of i from -00 to 

Thus the funotion is capable of bB values between these hmits, and its 
maximum value is 3 f 

The mwmum value may also be found as explained on p 245, or 
grajdacallyasonp 244 r <■ 
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457 It IS not necessary to giro graphical illustranons m detail 
of the foregoing examples It be sufficient to direct the reader's 
attention to S70 and 285, \rhich furnish all that is necessary 
m the trar of explanation. 

For instance, taking Art 455, Ex 2, it \nll be found that the graph of 
2;=2z^-lla;+14 is sinulor to that on Art 2S5 Uie graph outs the axis 
of X irhere x=2 and x=33- When x lies between these ralues the ordi* 
nate y is negative, and for all other values of x the ordinate is positive 

[Alramji^es ssxv c. 1-11 may be talen here ] 


458 The following examples illustrate useful applications of the 
properties of the Discmninant. 

ExiaoLE 1 X ts rea7, prote (hat (he aepreteuM can hate 

an ttumeneal ralues eaxe^ such as Ite betteeen -Sand 2 


Let 


a:®+2e+7_, 
2 *+$ * 


then a?+2a;+7=i{2»T3) 

that IS, a!>+2a;(l-i)+(7-3ife)=0 


This qnadiatio in x will have real roots if 

4(1 -i)®- 4(7 -31) IS positive or zero, 
that IS, i“+l, - 6 IS positive or zero, 

or (it-r3)(il -2} IS positive or zero 

Hence the two factors must not have opposite signs 
Now if il> 2, both factors are positive, 
and if X< -3, „ „ negative 

But if I> - 3, and <2, the factors have opposite signs 

Hence L must not lie between -3 and 2, but may have any other 
value. 


Example 2. Shew that 
ralues, x w real 

Let 


x®+x-l 

:^-*-3x+2 


%8 capable of amemmg all real 


sfi+x-l 

a?-Sa;+2 


=Li 


then a?+a;-l=i(a?+3a?+2); 

that IS, a^(l,-I]+x(31-l)-^(21-{'l)sO 

This quadratic in x will have real roots if 

(3l-l)®-4(lr-l)(2lr-f-l) IS positive or zero, 

that IS, if f?- +5 is positive or zero 

Now jp-2l-*-5=(I*-l)®-*-4, which is always positive for any real 
value of i 
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ETiUVrPLT!8 XXXV. C. 

For \(hat real values of x are the foIlowiDg funotions negative* 
1. t=+«- 12 2 2®a-13a;+20 8. 3!B®+26t+16 


For what real values of a; are the following functions positive* 
4 O+JB'-a? 5 S+llu-ia^ 6. 72~7x-2aP 


7 When a is real, find the signs of 

(i) 2*®-0aj+ll, (ii) 12e-3a^-15 

8 If » IB real, shew that 7+10j;-6a^ oon he made to assume all 
values between - oo and 12 


9. ApifiyArt 454 to determme the signs of 
(i)2*®-«-15, {n) ab+{a^b)x-a?, (in) 4a:*-8»+l. 

10 Find the maximum value of 44'3iv-'i^, and the minimum value 
of ^-4a;+16 Verify the values mphioolly From the graphs find 
when these funotions are positive ana when negative 

U Shew that a quadratio funot»on will always have the same sign if 
Its Disonmmant is negative or zero 

12 Shew that if x is real, - j | cannot he between 3 and 8. 


13. If X IB teal, piove that 
except suoh as lie between 2 and 0 


can have all numerical values 


14. Determine the limits of value between which tiie following 
functions must he for real values of x 


(») 


a^+lOg+65 
2v+4 ’ 


(u) 

' ' a!®-a+l’ 


(m) 


a^“3a.+l 

2!«i»-3x+2 


15. Determme the signs of the following funotions for real values of x. 


{») 


x^-Ox+Il 

Z?+4x+3’ 


(H) 


23^^+Sx+3 
x^-2x+6 ’ 


(m) 


6x“14-a^ 

a?-10»+30 


16. Shew that if x is real, ('l^•|■a5)(2^>a+5}~* cannot he between 
-6 and a 


giving a suitable real value to x. 


can bo mode to assume any real value by 


18 Find the maximum and mimmum values of the function 
when X is real. 


5x*“X+6 

a?+x+T’ 


19 Shew that -LziS^ u a minimum value of the function oa?+ bx+e 
4a 

when a is positive, and a maximum when a is native 



CHAPTER XXXTI 

A Chapter por Revision 
Miscellaneous Theoreiis and Examples 

469 The present chapter will be found useful for reviBion 
pm poses It contains haider applications of certain principles and 
processes which have hitherto only been treated m an elementary 
way It also includes some Miscellaneous Theorems and Examples 
of special importance at this stage 

460 In Arts 90-92 it has been shewn that elementary processes 
can often be much shortened and simdihed by an mtelligent use 
of compmvnd terms and coefficients We here give some further 
examples * 

ExAinnuE 1 Dtinde a*+b*+tf-3abo hy a+b+c 
o+(6+c) I o* -3a6c+(6*+c*) | o*-a(5+c)+(6*-5c+(?) 

-a°(&+e)-3a&6 

-o^(6+c)-o(y‘'f26e-*-^) 

a(l»*- 6c+i?)+(6*+c*) 
o{y~ 6e+t.*)+(6*+t?) 

Note The work has been arranged according to desoendmg powers 
of a, the divisor being considered as an expression of two terms, one 
simple and one compound The above compact arrangement should be 
compared with that m Art 175 

Example 2 fAe HCF of 2x’-(a+6c)x-+3(ao->-b)x-9bo and 
3x* + (a - 9o) x^ - (3ao + 2b) X + 6bo 

2a:*-(a+6c)ar’+3(ac+6)*-96o 3*®+ (o- 9c)a^- (3ae+ 2b)x+ 65c 

2 

6a^+{2o-18c)a?- (6ac+ 45}x+125e 
6a*-{3g+18c)a^+ (9ae+ 96)g-276e 

Soa^- (15ac+135)x+395c ( 

Non the remamder =5aa^ - ISacx - 135x + 395e 
=5ax(x - 3c) - 135(x - 3c) 

=:(5ax-135)(x-3c) 

Also this expression contains the H.CF of the given expressions 
[Art 212] By the Bemamder Theorem x -3e is a factor of each, while 
the factor 5ax - 135 clearly is not a factor of either of them. 

Hence the H.0F isx-3a 
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461 Huder Factors and Identities. 

Exaufce 1. Fwd H 0 F. of the easpretstom 

a(a-l)x9+(2a»-l)x+a(a+l), (E,) 

(a®-3a+2)j^+(2a*-4«+l)x+a{a“l), (Egl 

Here Ei=::[(a-l]x+a][aa;+{afl)] 
and E 3 =(a » 1) (a - 2)9^+ (2ci^- 4a+ l)a;+a(a- 1) 

*:[(«- l)i:+a][(a-2)a!+(a-l)] 

Hence the H G F s(a- l)«+a 

Note Here m each ease it is my to detect the requisite coefficients 
of X, and also the constant terms in the factors It only remains to 
arrange them so as to give the coefficient of the middle teim ootreotly 

[^amplei zxxvi a 1-14) poffe 410, my be ialm Ac; e ] 

Example 2 By means o/fadonjind tile quotient toAen 
6x(x-ll}(x*-x-166) 
w dtvided by 132x 

=5(«~13) 

Example 3 lind theprodua of 

{3+x-2x®)*'-(3-x+2x»)*, (EJ 

(8+x+2x»)2-{3-x-2a^)* 

Here Ei=(3+x-2a?+3-x+2*®)(3+»-2a?-3+*-2a?) 
s=6(2x-4x»)=12x(l-2a) 

And E2=(3+x+2a!®+3-x-2x*)(3+x+2a^-3+x+2*®) 

• =6{2x+4x*)=:12x(l+aB) 

the produotsil2x(l -2x) x 12x(l +2x)al44«?(l -4a?) 
{ExmplM XXXVI a 16-33, jwgre 411, my be taken here ] 

462 The following examples shew the advantage of a suitable 
arrangement of terms in factonzing a certain dass of expressiona 
We shall use the symbol of tdeniim syuofity [Art 100 ] 

Example 1 Fmd the factors qf 

a“(h+o)+b»(o+a)+o®(a+b)+2sbo . |E) 

Arrange the expression aooordmg to powers of a , thus 
Esa®(b+e)+a(b®+c?+25e}+bc{b+c} 
sa?(6+c)+a(6+c)*+M6+c) 
s(6+c)[a.®+o(t+c)+6c3 
s(6+c){o+6)(«+c) 
s(6+c)(c+o)(o+6), 

arranging the letters so as to prraerve (^ohc order [Art 243] 
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Example 2 tht /actors of 

a*(b-o)+b*{ 0 “a)+o*(a-b) (E) 

Arrange the terms according to powers of a , thus 
Eso»(6-c)-a(6»-c?»)+6c(6S-(?) 

={b-c) [a* - o (6® + be + c®) + 5c (6 + c)] 

Now arrange the expression m square brackets according to powers 
of 5 , then 

E = (5 - c) [5® (c - a) + 5c(e - a) - a (^ - a®)] 

= (5 - c) (c - a) (5® + 6c - a (c + a)] 

=(6-c)(c-o)[c(6-b)+(6®-o®)] 

=(b-c)(c-o)(6-o)(c+6+a) 

= -(b-e)(c-a)(a-b)(a+6+c), when written i^hoally 

Note By first arrangin^n powers of a, we detect the factor b-e, 
which does not contain a ^e next step reveals the factor c-a, which 
does not contain b, and so on 

463 From Example 1, Axt 460, we infer that 

fl* + 6® + c* - 3abc s (a + 6 + c)(a* + 6® + (? *- 6c - ca - o5) 

This important identity enables us to factonre any expression which 
consists of the sum of the cubes of three quantities amimshed by three 
times the continued product of the quantities 

Smce «*+ 5*+ c* - 6c - cfl - ab = J(6 - c)®+|(c - a)®+ |(o - 6)*, 
wo have a®+6®+c®-3a6c=i(a+6+c)[(6-c)®+(c-B)*+(«-b)*], 
a fonn which will often be found useful 

If a+6+c=0, then o*+6*+c®-3a6c=0, 

chat IS, a®+6®+^=3a6c 

Example 1 Beadte into /actors 

(i) a®+b*-6*+3abo, (ii) 8x®-l-y*-6xy 
(i) a''+6*-c®+3obcso*+6*+(-c)®-3ob(-c) 

s(o+b-c)(a*+6®+c®+bc+ca-ab) 

(11) 8i» - 1 - »» - 6»y s (2»)»+ ( - 1)»+ ( - y)» - 3(2®)( - 1)( -y) 

= (2® - 1 - y){4a^*+ 1 +y®+2a:+2aiy - y) 

Example 2 ^fjrxsb+c-a, y=o+a-b, z^a+h-o, prove (hat 
X* + y* + 2? - 3xyz =4 (a* + b® + c* - 3abo) 

We have T+y+s=a+6+c 

Also y-z=2(c-b), so that (y-z)®=4(c-b)® 

Similarly (z-»)*=4(o-c)®, and (®-y)®=4{5-o)® 

Hence 

, a®+y®+2^-3aiyz=^(»+y+z){(y-z)®+(z-»)®+(®-y)®} 

= 4[^{a+6+c){{c- 6 )»-«-(o-c)®t( 6 - o)*}] 
=4(a®+6*+c® -3o6c) 
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Bxampu; 3 If (x+a)®+(v+b)®=s4(aat+l^), md x, y, z we reol 
prow tktu x-e, amy=h 

By transposition, vn have and sinoe the square of 

a real quanti^ cannot bo negative, tins condition con only be satisfied if 
a; - a and y~o are both zero Hence vaa and ysb 

Note It is important to notice the difibrenoo between the conclusions 
to be drawn from the two statements 

(aj-ft)*+(y-J)*=0, (1) 

and (T-a)(y-5)=0 (2) 

From (1) we infer that &o^ z-a^O avdp-bstO smulUmtAuiy, while 
from (2) we infer that ttOur x - a—0 or y - b=0 

Example 4 If Bsaaf b+c, prow (hat 
s(a-b)(s-o)+8(8-o){8-a)+8(8-a)(B-b)-(s-a)(S“b)(B-o)aabo 

The first sideaele - e)[a - ft +a - o]-*- (« - o) (e ~ ft)[a - (a - c)] 
s:a(a-c)(28-«-ft)+c(a-o){a-6) 

=c[a* - ca+a® - (a+ft)8+aft] 

se[2^-a(a+ft+e)+aft] 

ssabe, for a(a+ft-i-e)sa 2s=:2^ 

Note Here 2a is a convenient abbreviation of a+ft+e, and the 
reduction is mnch simplified by working m terms of a instew of sub 
sbtnting its valne at once 

Factors and Identities will be further illustrated, in connection 
with the Bemainder Theorem, m Arts 469-472 

EXAMPLES XXXVI, a, 

Divide 

1, a^+(a+ft+c)a^+(ftc+ca+aft}«4aftc by a^+(a+6)»+oft 

2. s^-{p-q)3^-{pq+2^x+2p^ by a?-(p-2g)a!-l?pg, 

3 a;*+(a-3)**+(ft-3o+2)3?-{3ft-2a)x+2ft by a^+ax+ft 
4, a*-ft*-c*-3oftc by o-(ft+c) 

6 o®a:*+(2oc-6*)a?+<? by oa^+ftx+c 

6. !B*-(3jBn+n*)ay*+m(m*-ft*)y* by »+(j»+»)y 
Wnte down the product of 

7. {«-2)a+(o+l) and ax-(a-l) 

8. (j»+3)»+{m“l)y and (m-3)»+(m+l)y 

9. Multiply »*-*(a+ft)+oft by «-(a-ft) 

FindtheHOF of 

10 a?-3aa?+(2o®+J^)»-2a6* and 3»*-3fla?-(2a®+6®)»+2«6®« 

11. (m®-m-6)ai?-4(2»»-l)«-(TO®-f»-2) 

and (in®-3m)®*-(6iB-3)«-(w®-l) 

12. 2*^-(4o-3)a!*+6(ft--a)»+9ft and 2;i?+(2a+3)a?+(3«»-4ft)x-6h 
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EiiuitheHCF andLOM of 

13 a:*-pa^*+(g-l)a^+jM!-g and '»*-ga*+(p-l}a?+g«-p 

14 p{p+l)‘e®+«-p(p-l) and p{p+2)a?+ai-;^+l 

By the use of factors, find tlio prodnot of 
16 5a^+5®y-9y® and 6a?-5a^-9y® 

16 a*+2a?y+2ry®+p* and 'B*-2!BV+2a^^-y* 

17 a^-4a^+8z~8 and a^+4a?+8ar+8 

18 (l-*-a:+2a?)®-(l-a:-2a^)® and {l+»-2!i?)*-(l-aj+2a^)® 

19 (m®+6ni-2)®-(m®-6»i+2)® and (2m®+3m+l)®-(2ni®-3}»-l)® 

20 Dnide (4a:+3y-22)®-(3a;-2y+3s)® by x+5y-5z 

21 Dmde the product of a^+7x+10 and a:+3 a^+5r+6 

22 Shew that (3a®~7a+2)^-{a®-8a-f8)® is diMsible by 2a-3 and by 

a+2 

23 Shew that the aum of the cubes of 2sn?-5m-8 and fn®+6m-5 is 

divisible by the product of 3m+7 and m-2 

24. ^d the continued product of 

a?+2a;+2, a?-2a!+2, a?+2, a?-Z, 
and express x*+4y* as the product of two quadratic factors 
Besolve into two or more factors 
25 a5(a?+l)-a!(o®+li®) 26 3a?-2B5‘-»(6-6a) 

27 ni*-n*-{‘i?“jnn)(j»-n) 28 o(6®+d*-o®)+6(o®+(?-6*) 

29 yts(a!«-l)+a^(y«-«‘) SO (2B*+3ya)a!+(2a?+3a9)y 

31, a(a-3)»-(a+6)a:“o{o+2) 32 «(a+l)»®+(o+6)a:-5(6-l) 

33. Resolve into four factors 

(i) {(i«-2o^-6*)S-4o«6«, ( 11 ) 4(o6+cd)3-(o»+J8-c?-(P)S 
By a suitable arrangement of terms, as m Art 462, find the factors of 
34 Jc(6-c)+co(c-a)+ah(o-6) 35 o(6®-c®)+6(tf*-a®}+c(a®-y}. 

36 6c(&+e)+ca(c+a)+ab(a+&}+2ahc 
37. a®(6-c)+i^(a-c)+<?(o+6)-2a6c 

38 6c(6®-c=)+ca(<?-o=)+o6(oS-6») 

39 Fro^ethat 

o(6*-(?)+6(<?-o*)+e(o*-6*)s(a-6)(6-c)(c-o)(o+6+c) 

Wnte down che factors of 

40 c^+6®+8^-6a6c. 41 o*-276*+c^+9o6c 

42 l+27i:»-8y»+18ay 43 *»-8y»-27-18ay 

44 Prove that (6-c)*+(e-a)*+(a-&)*s3(6-c)(c-o)(a-5) 

45 If a+b+e=:0, shew that 

(2ffl - J)»+ (26 - c)»+ (2c - o)*=3(2a - 6)(26 - c)(2c - a). 

46 When a=0 3, 6 =0 09, c=0 39, find the value of 

o (e^ + 6c) + 6 (i^ + oc) ~ c (^ - o6) 

t 
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Prove the foUoTnng identities 

47. («d+6e)*+(oc-M)*s(t»®+J*)(c»+d^ 

48. (a+h)(a® - oh +6®) - (a+c) (o®- ac+(?) s (6 - c) (6®+6c + c*) 

49. (0*+ Jy)®+(oy- 6a!)®+cV+<V= 

60, (B+6+c)®-o(5+e-o)-b(a+c-6)-c(tt+6-c)s2(a?+y*+^). 

51, a'*( 6 -"C)’i-&*(C“ff)+<?(<i’- 6 )+( 6 '-c){C“ 0 ){ft— 6 )s 0 
52 aa(J»-c»)+i^(c»-a*)+<?(a?-J®) 

s(a-b)(&>c)(e- a)(a5+be+ca) 
s Or® (6 - c)* + i* (c - a)* + c® (a - &)* 
s -[cW{(»'-6)+6®c®(6-c)+(Ai*(fi-a)] 

If a+&+esO| prove that 

63. o®+li®+c®a2(o*+o5+5*)5::2(J®+6c+c*)s2(a*+oc+c?) 

64. a{a+l){a+e)s:h{h-i-a)[h+e)sie{c+a){c+h) 

56. o(6-'C)®+6(c-ffl)*+c(ffl— 5)®+9tt6fl*0 

56. U a+l+c=s, prove that 

(3 - 3a)»'+ (« - 36)* + (e - 3c)» * S {« - 3o) (« - 36) (8 - 3c) 

57. n A=h+c-2a, Bs:c+a-26, Csa+6-2e, find the value of 

A»+B»+C«>3ABC 
If 28sa+6+c, shew that 

58. 8{8-e»)+8{8-C) + {8-6)(8-C)-f(8-a)(8-6)a5(tt+c) 

69. a^+8|8-o) + 8(8-6)+8(«-c)aa^ 

80 («-o)*+(«-6)®4-(8-c)*+8*ao*+6®+C® 

81. 168{8 -o){« - 6)(a - c)a26^a+2c*o*+2o®6» - o* - 6« - c* 

62 If a*'l-d*a2(a6+6c+eG2*-6^-(^, and all the letters denote real 
quantities, prove that aa6=e=:d 

83. Shew that the equation (o*+li®+<^(a^+y*+l)a(a»+6w+c)® is 
equivalent to (6x-av)*+(cx~a)®+(^-6)*aO Hence snew that 
x=iafe, y=hfe are the only possible rm solutions 

464 We collect here for reference a list of useful identities, 
most of whidi have been embodied in the foregoing examples 

, (i) bc(b--c)+ca(c-a)+ab(a-b) s-(b-c)(C“a)(a-b). 

j (ii) a»(b-c)+b»(c-a)+c*(a-b) s-(b-c)(c-a)(a-b) 

(ill) a(b*-c*)+b(c*-a*)+c(a*-b*) s(b-c)(c-a)(a-b) 

; (iv) aj(b-c)+b*(c-a)+<^(a'-b)s-(b-c)(c-a)(a-b)(a+l)+c), 

I (v) a*+b*+c»-3abcs(a+b+c)(a»+b*+c*-bc-ca-ab) 

s J(a+b+o)[(b— c)*+(c—a)®+(a”b)®], 

' (vi) (b“c)®+(c-a)*+(a-b)*s3(h-c)(c-a)(a-b). 

I (vu) bc(b+c)+ca(c+a)+ab(a+b)+ 2 abcs(b+c)(c+a)(a+b). 
j(vm) a®(fa+c)+V(c+a)+c*(a+b)+ 2 abc s(b+c)(c+a)(a+b) 
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466. The follo^nog example illustrates the advantage of arrang- 
ing expressions mth regard to (^dic order [Art 243 J 

Examfes And <Ae %alut of 

(a-b)(a-o)(x-a) (b-o){l>-a)(x-b)^(o-a)(o-b)(x-o) 
Wntmg the factors cyclically, we have 

the LCD =(a-6)(6-c)(c-o)(P!-a)(a;-6)(»-c) 
Thenumerator= -a(6-c) (a; -&){»- c)“ - 

= -o(6-c){i?-(6+c)x+ic}- 

a 

The ccefiScientof x^s= -a(&-e)-&(e-a)-c(a-b)=0; 
the coefficienc of v s=o(6®-(?)+6((?-o®)+c(o®-'6**) 

=[b-e)(e-a)(a-b) , [Art 464(ui)j 

the other terms = -abe(b-e)~ abe(e -a}- abe(a - &)=0 

(b-c){e-a){a-b]x 

' (6 - c)(c- a){B - &)(x- a) (x - b) (x- c) 


(x~a)(x-&){x-c) 


BYATVTPT.BH V YX V r . Ij. 

^ (a-b)(a-c)“^ {C“a)(c-t)“^' 

find the value of 

(i) aA+&B+cC, (u) (m) bcA+eaB-|-aM}. 


Find the value of 

o a(6+c) 6(c+a) c{a+&) 

^ (a-6)(c-o)‘^(6-tf)(o-6)'*'{c-o)(6-c) 

3 1 - , 1 , 1 

• a{a-b){a-eyb{lb-c){b-aye{c-a)[c-b) 

A B* . 6* c? 

* {o-6)(o-c)'*'{6-t)(6-a)'*’(c-o)(c-6) 

6 c(g+d) ca{b+d) a&(cTd) 

(o- 6 )(a-c)^( 6 -c)( 6 -a)^(c-B)(c- 6 ) 
fi 1 , 1 , 1 

"• [a-b){a-c){x-ay{b-e){b~a)[x-by{c-a){c-b){!e-cy 


{a-b)[a-c){x+a) (&-c)(6-B)(x+b) {c-o)(c-6)(x+c) 

o o*(6-c)+J»(c-b)+c*{o-6) „ B«(b-c)»+6»(c-B)*+<?(B-6)» 

® o»(6-c)+B*(c-b)+(?(b- 6) (B-&)(&-e)(e-a) ' 
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466 Apidications of fha Bemamder Theorem. So far this 
tiieorem has only been prored in a particular case [Art 179] We 
shall no\p give a general proof 

A ratuml integral function of xhaa been defined m Ait 177 , it 
18 alumys assum^ that such functions are arranged in descending 
powers of x 


467 If any laiianaX xnUgioi fmdtm, f(x) ^ dmded by x-n 
until the remainder doet not contain x, the remainder le f (a) 

On division by x-a, let Q be the quotient and R the remainder, 
then 

/(«)=Q(r-o)+R 

Since R does not contain x it will remain the same whaievei value 
we «ve to a;, put x^a^ then the term Q(a-a) becomes zero, and 
we nave 

/{a)»R 

CoR. The remainder is zero when the given function is exactly 
divisible by x-a In this case R=/(a)=0 , hence 

Jf a rational integral fnnctm. of x becomee equal to 0 uhen a is 
imtien for x, it contam x - a os a factor 


488 We can now give Kneral proofs of the statements made m 
Art 176 We suppose n to ue positive and int^pral 

I When aT-yf is divided by x-y^ the remamder wif-if 

This 18 always zero , hence a?" -y" is always divisible by x-y 

IT When a"+y" is divided by x+y, the remainder is (-y)’'+y". 

(i) If fl IS odd, the roniaindei = ^y"+^s=Q 

(ii) If » IS even, the remainders»y'*+y*s=S|^ 

Hence af'+f' is divisible by x+y only when n is odd 

In the same way it may be proved that is divisible by x^y 

when n is even , and that n never divisible by x—y 

469 Synunetrical and Alternating Functions. A funcMon is 
said to be symmetrical with lespect to any set of letteie it contains 
if its valoe remains unaltered when any two of these letters are 


Thus x+y+ 2 , 6c+co+«h, 2(a*+jf*+4?)+3!tyz are ^mmetnoal func- 
tions of the first, second and third degrees respectively Agai^ 
o{9?+jf)+bxy 18 qmuuetnosl with respect to x and y, but not with 
respect to a and h 


It IB obnons that the sum, difference, and prodnot of my two 
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470 A function is said to be altematuig with reroect to any 
set of letters it contains, if its sign but not its value is altered nhen 
any two of those letters are mtei changed Thus 

o-(5-c)+^(c“®)+<^(®"-i)> (6-c)(c-a)(a--6), 
are alternating functions 

It IS eiident that the product of a ^mmetncal function and an 
alternating function must be an alternating function Hence if one 
alternating function is divided by another, the quotient must be 
symmetrical For example, 

(a3_5S)_(a-B)=a2+c&+B! 


471 Symmetiical and alternating functions involving the sum of 
a number of quantities may be concisely denoted b} wntmg down 
one of the terms and pieiixing the symbol S , thus Sa stands for 
the sum of all the terms of fihich a is the type , stands for the 
sum of all the terms of Tthich ab is the type , and so on For in- 
stance, if the funct'on contains three letters a, 6, e, 

-a=a+6+c, Sah=a&+&fi+ca, 

2a3(6 - c ) = aHb - c)+6=(c - o)+<?(o - 6) 

472 Symmetiical and alternating functions mvolnng the product 
of a number of quantities may be concisely denoted by \intmg down 
one of the /actors and prefixing the symbol 11 Thus 11(6 -c) stands 
for the product of all the factors of which &— c is the type 

Thus 3(6— c)*= 311(6 -c) is a short say of writing 

(6 - o)® + (c - a/ + (a - 6)® 3 3 (6 - c) (c - a) (o - 6) 

The symbols 3 and n are the Greek letters “Sigma ’ and “Fi,’ 
corresponding to the English S and P 

Evamflb 1 J^ndt6eyoc/ors </a®(b-o)+h*(o-a)+(?(a-b) (E) 

On tiial E vanidies -when &=e , therefore 6-c is a factor Similarly 
c- a, a - 6 may be sheim to be factors 

Thus E IS divisible ly (a-6){6-c}(e-a) This is an altematmg 
function of three dimensions, nhile E is an alternating fonction of four 
dimensions Hence the remaimng factor is s} mmetncal and of the first 
degree, and must therefore be of uie form M(a+6‘'-c), where M is some 
numencal quantity 

Hcnte o* (6 - c) + 6® (c - a) J- c? (o - 5) s M (6 - c) (c - a) (a - 5) (o + 6 + c) 

Since M is independent of a, 6, c, its value can be found ly givmg 
particular values to a, 6, c. Let asl, 6s=2, c=0 , then 

1 x2+8x(-l)+0=Mx2x{-l)x(-l)x3, whence M=-l 
a*(6-c)+6*(c-a)+^(a-6)s-(6-c)(c-a)(o-6)(a+6+c) 

Note Care must be taken not to select values n hioh reduce each side 
to zero 
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Ezasipie 2 Pr<m the id&Utty 

6'‘(b-o)J-l)*(c-a)'‘'C*{a-b)s-(b-c){o-a)(a-b)(a®+li*-*-o?+bcTca+ab) 

Denote the expression on the left bj E , then as before we find that E 
IS divisible by (b-elfc-alfa-B) Tbs prodnet is alternating and of the 
third degree, while E is ^tematmg and of the fifth degree Hence the 
remaining ^tor mnst be sjmmetncal and of tilie second degree Now 
the only complete symmetrical function of the second degree in a, b, c 
IS of the form 

A (o* 6* B { 6 c — ctt + 06 ), 

where A and B are independent of a, h, e 
Hence ec*(6-c)+6*(c-a)-^c^{a-6) 

= (6 - c) (c - a) (o - 6 ){ A(a® + 6 ^ + (?) + B ( 6 c CO + 06 ) } 

To find A and B we shall reqmre two equations 
Putting assl, 6s; -1, cs:0, we obtain 
ly(-l)+lx(-l)-rO*(-l)y(-l)x2{2A-B}, or 2A-Bs;-1 
Agam, putting asl, 6=:2| c=0, we obtam 
ly2+16x(-l)+0»2y(-l)x{-lH5A+2B}, or 5A+2B=-7. 
Prom these equations we find As; Bs - 1 
Hence o*(6-e)-'6*(c-o)+c‘(a-6) 

= - (6- c){c- a){o - 6)(a®+6*+d®+6c+c«+o6) 

EZAHPLSS XXXVL c 

1 If a?-4a?-ox-^3 is divisible by *-3, find the value of a 

2 . If x~2 IS a factor of 2a?+exlx~l)-2, findc 

3 Pind values of a and 6 for which 2^4- Tz^-roar-f 6 is exactly dn isible 
by *+2 and z+ 4 . 

4. li x-S IS a common factor of 

a^-( 2 aTl)a;T 26 and a^“(6+2)X'>-5o, 
find the values of a and 6 

5 , Shew that 0-6, b-c, e-o are factors of 

(1) a*c-o®6+o6®-6^-6(?~a^, (u) 

6. Write down the following eiqir^anB in fnll, and find their factors 

(i)2a«(6-0, ( 11 ) 2;o»(6-c), (m) Sa^(6-c)* 

Prove the following identities 

7, aj*(y®-**)T!/®(i?-a?)+^(a?-p*)s(«-y)(y-s)(a-a:)(y2+«+a^) 

8. (o+ 6 )®-a?- 6 ®s 5 !i 6 (a+ 6 )(a?-»-a 64 -l^) 

9, £tc(6-t-e)->-2(z6esn{6'C} 10, V(6-]-e)->'3a6cs(Za)(26e) 

IL (x+y+*P-a?- 2 /*-i^>s 5 (y->-*)(a-i.»)(as-i-p)(fl*x^ 4 ,««+pg+z»+*v). 



ZXXVI] 


ONDETERMINED COEFFICIENTS 


417 


Prove that 

12 (a+6+c)‘-(6+c)*-(<!+o)^-(o+5)*+o*+6<+c*sl2o6c(a+&+cI 
14. ttc+ca+o6)*-&»fi?-(Ai*-oW«3o&c(&+c)(c+ft)(o+6) 

14 Find the Talne of 

i,\ Sa?>(&-c) Stt°(h-cy [raiwWfew,x,y,i, 

2(6-c)» ’ ^ ‘ n(6-c) * ‘ ^ 2(y-*)“ tenp mirfied 1 


Undetermined Ooeffidents. 

473 If a rational vnUgral fwiuii(m of n dmennons in x vanishes 
for more than n different values of x, the coifficient of eadi power of x 
IS zero 

Suppose that /(r)=Ax”+ Bx"“* +0®"“*+ + K is a function which 
vanishes when sc is equal to each of the n unequal values a,, 

Og, On Then by the Remainder Theorem se-Oi^ dr-a,, r-a, 
must each be a factor of f{x) Now these factors are all different, 
and the highest power of x in their product is r" 

/(dr)=A(d;-aj)(r-(rj)(i?-a8) (df-a„) 

Suppose c IS another value of x which makes J{x) vanish , then 
since /(c) =0, we have 

A(o-ai)(c-ci 2 )(c.- 03 ) (c-a„)=0, 

AbO, since none of the other factois is zero 

\ 

Hence f{v) reduces to +K, wbch, by hypothesis, 

vanishes for mote than n-1 values of x, and theiefoie B=sO 
Similarly each of the coefficients may be shewn to be zero 

474 If two rational mtegral functions of n dmensioiis in x are 
equed for more than n values o/x, they aie equal for every lalue of \. 

If A.i"+Ba?"-^+C«"-+ +K=aa"+&i:"'*+cw""-+ +1 

for moie than n values of x, then 

(A - a) r" + (B - 6) v"-* +(C - c) t"--+ +(K - 1) 

vanishes for moie than » values of x, and therefoie by the pre- 
ceding aiticle, 

A— flf— 0, B~hs*0, C— c=0| ] 

that is, A=o, B=6, C=c, K=X 

Thus the functions are identical, and therefore equal for eieiy 
value of X Hence the following conclusion 

If two rational intend fuwdions of x are idenXKxdly equal, use may* 
equate the (^efficients of liLe pow&s of x 

This IS known as the Principle of Undeteimined Coefficients. 

A ALG 2l) 
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475 . T!«i«iptAg js the Use at Undetermined CoeffieientB. 

ExAHPis L Find valm of n^h, and o sack thaC 3^-6x-ie me^ 5e 
e^io a(x-l)(x+l)+b5c(x+lHo(x-3)vx+2) 
for ad values oi -x. 

Let s[?-6si«“I5so(a-l){ic+I)+S!if(3r+l)+c(«®”8)(®+^} 
tiiatis, a^-te-15sa(*^-l)+6{a?+«)+c{a^-®“6) 
s(a+6+c)®*+®(6“C) - (jt+6c). 


Sqnatmg ooeffioients of like powetS) we have 

a+h-^c-l, |6-c)=!~ 6, a+6cssl6j 
whence a®3, 5** -4» css2 

Since (1) 18 trae for all values of x, vre may also find a, e by mving 
different nnmenoal vduee to ® in this identity. Thu method u iheim 
in the next example 


EXillFLE 2 

A,B,0 


«x«-lli-l - A B 0 
•' ti-ani-v'x-s^x-r tn;? 


Clearing of fractions, we have 

4a?-5fl;-l sA(r- l)»+B(®-2)(ff-l)+C{«-2), 

A, B, C may now be found by equating coefficients ; but the following 
method u simpler 

Pat®s:l, then 4- 5-l=(-l)0r or 0#s2. 

Put ®s:2, then 16-10- 1=A, or AssS 

To find B, equate the coefficients of siA , then 4s; A+ B. 

Hence 4s6+B, or Bs-1 


Thus 


4a^-5T-l _ 5 1 2 

{x-i){x~l^~z~2'x-'i{x-iy 


Example 3 jf-eprew 6x*-lljy+3y*+19x-lly+10 «e theproduet 
tm/aetors of the firH degru 

Since 6a?-lla!y+3y*s:(3a:-y)f2r-3y), we may assume 

04? - Iby + 3y*+ 19® - lly + lOs (8® -y + o)( 2!1- 3y+6) 

The terms of two dimensions are the same on each side , hence wntipg 
down only the linear and constant terms, wo have 

19» - lly + 10sa(2®- 3y) +&(3®-y)+at 
s(2a+3&)»-(3a+6)y+aJ 

Hence 2a+3&s;19, Sa+hsll, absslO 

Unless these three e^ations are satisfied hy the same values of a and t 
there are no factors Ran the first two equabmis give as2, 5^6, and 
these values satisfy the third 

Thus the required factors are 3®-y42 and 2K-3y+5 

IJSxamples xxsn d. 1-14, jMc^s 420^ mey ho talen here ] 



XXXVl] 


UNBETEEBMINED COEFFICIEJSTS 


419 


476 Involntioii and Evolutioii by Undeteniimed Goefficieiits. 

Ex:ampi£ 1 To find iht eaqmdedform of (x-l-y+z)^ 

The expression must be a homogeneous symmetnncal expression of tihree 
dimensions Hence ive may assume 

(x+ff+z)^ssfi+j/>+^+A{aPff+zif+ifz+yz^-r3?x-i-za?)+Ba^ 

where A and B are independent of x, y, s 

Pat z=0 , then Aaooeffioient of a?jf in (x-f y)*, t^a>t is, A=3 

Fatx=ys:zsl, then 27 =3 +(3x6) -<-6, Urhenoe BisC 

Thus {x+y+z)*sa?+y*+ 2 ?+S{a^-‘-a 3 A+y“s+y^**-s*»*raa^+ 6 a 5 B 

ExAMPtB 2 If 27x*+108x*+90x*~80x*-60x*+48x-8 ts a perfect 
cube, find its cube nxtf 

The cube root must be an expression of the second degree, and its first 
and lost terms are dearly 3a^ and -2 Hence we may assume 

(3jj»+oa!-2)*=27a^+108t?+90t:*-80a?-60»»+48x-8 G) 

To find a it will be sufficient to expand the expression on the left as 
far as the term containing afl 

Now {3a^+(aa!-2)P=(3a^)*T3{3a?)®((M:-2)+ 

=27a^T27o»*+torm8 in x*, a?, 

Hence, equating coefficients of in (1), 27as;108, or assi 

Thus the cube root is 3a^+4a;-2 

To make the solution complete, 3z‘+4x-2 should be cubed (usmg 
Detached Ooefficienia) and the result compared with the given expression 

# 

E\Aain<E 3 If x*+px>+qx>+rx +8 is a perfetd square for all talues 
qf X, piove that and rq,-^^ =48 

The st^uore root must dearly be of the form a^+ Ax+ B 

Assume^ x*+pa:*+qa?+rr+ss(a^+Ax+B)*, 
then, on expanding the expression on the nght, 

X* +pa? + ga? + rr + s s X* + 2 Ax* + a^(A® + 2 B) + 2ABx T B®. 

By equatuig the coefficients of like powers of x, we have 

(i) 2 As;p, (ii) A®+2B=g, (m) 2AB:»r, (iv) B®=s ^ 

The necessary relations between p, q, t, and s will be obtained by 
eliminating A and 6 from these equatrons 

From (i), (ill), and (iv), B*=s , 

that IS, . 
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477 The following examples deserve special attention 

EXA3ifi£l. /jra, J3, 7arefAerooteqfdi«egtuittonz’4-px’+qx-fr-(^ 

a+)J+7s=-p, ojS-r^+TBsq, e^y=£-r 

Wehaie (»-o)(®-j5)(®-7)=»^+pa?+ga?+r (1) 

Bat the prodact of the {actors on the left u 

a?-(a+P+7)fli®+(a/5+j37+7tt)»-a/J7j 

by eqnatmg the coefficients of like powers in (1), we obtain the 
require result 

Note It easily follows that if the equation is given fm the form 
Aa?--Ba^+CajTD=0, then 

B CD 

o+p-«-7=-j,. a8+j37+7a=p apys->-^ 

Exaiipi£ 2 Find the eimofthe cubes of AerootBqf^+(pi+Ts:Q 
Let a, 7 be the roots, then, since the coefficient of is zero, 
a+P+yszQ} also aj^=-r 

But a?+/S*+7^=3aj37, when o+j8-‘-7as0 [Art 4631 

Hence o’+)5*+7*= -3r 


EXAMPLES XXXVI. d. 

L If 2(x®-t.3ar)s A{a7»Tl)TBa!{»-l)+C, find A, B, and C 

% Eqnress 4fl?+»-l in the form A+B(a+1)+Ca;(*+1) 

3 If 3a?+53c+7sZ(x+l){a;-2)+j»{«->'l)+ji, for all values of », find 
!, m, and n 

A I'lnd values of A, B, and C so that 

A(ti - lp+ B(ft - 1)(«+1)+ C(»+ 1)» 
may be equal to 4 r'*, for all values of n 

Find the values of A, B, C which m akB the following statements 
identically true * 

S.* a+lO _ A . B „ 2 a;-l _ A B 

(a!'^2)(«-2} »-2 a+2 (*+2 )Ixt1)"'®+2'^»+1 

7 J®-13 _ A . B o 41Z-40 _ A . Bz+C 

® (2x+l)(*-5p^&+I 
g 5 z»t9x-32 ABC 

(*“ l)(»+2)(x-3) “z- 1’^*4.2\-3 
in * » ii^**'5 x 4'14 _ A ^ Bz4'C 
(»-2)(‘i?-x+l)“‘x~2'^a?+x+l 

11. Express 3i^-x->-2 as an integral function of x+L 
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Find the bnear footers of the following expressions 

12 a?+2a?y-8^+4»-2y+d 13 2fl?-9a?y-5^+22aJT20 

14, For nhat value of h can 52^4-132^-^-7:i:Tl3^+it be resohed 
into two linear footots* 

15 Find the square roots of the foUoti mg expressions 

(ij 4+12a:-7a?-12*»+34a!*-24**+9s^, 

(ii) 16ai»-16ii®+8a?-36a:*-4'i?A21a?-l(te+25 

16 Find the oube root of 

27aj« - 27a* + 171®* - 109*» 4- 342*® - 108® + 216 

17 For what value of A will 

25a* - 30oa^ + 49a.%i? - 24o^ + A 
be a peifeot square ’ 

18 Find I and m so that 9a*-6a^+13:^+f®+m may be a perfect 

square 

19 If :^+p3?+gx+r is divisible by ai®+ax+&, prove that 

g~i=a(ji-o) and r=sb(p*-tt) 

20 If 4a*+ 12a^+ PaV+6*y*+y* w «- perfect square, find P 

21 If 'e*-aa*+ha^-ca+l is a perfect square for all values of a prove 

that asc and h=-r+2 
i 

22 If a, 5, 7 are the roots of the equation jia^+ga®+r®+s=0, express 

(i) o®+/S*+7®, (ii) tt*+/J'+7*-3oj37, m terms of p, g, r, and a 

(Mtscellaneoua ) 

23 Pro\e thmdentities 

(i) 2(6c+co+a6)®-a®(6+c)®-6*(c+oF-«?(a+b)®=2afrc(a+6+c) , 

(ii) (o®+6®+c*)*+2{5c+ca+ah)*-3(o®+y*+c®)(fo+fl*+a6)® 

s (a* + 5* + <? - 3a6c)® 

24. If p, g, r are positive quantities, and the equations 

«*+/«?+ ga?+nc+ 1=0, ®*+ra?+ga?+pi;+l=0, 
have a common root, prove that p+r=g+2 

25 If o, b, c are the roots of *i^+p3?+g®+t =0, and a denotes their 

26 Express (o-d)®(6-c)+(b-d)®{c-a)+{c-d)®(o-6) as a oontmued 

product 

27 Shew that in^4-ba^+c®4-d is a perfeot oube if b9=27a\Z, ^=27ad® 
28. If ®*+p®+f and 3x®+p have a oommon footor, then 
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478 We ^all now discuss certain senes winch are closely allied 
to anthmetic and geometric promessions though not falling exactly 
under the rules of either. A few ea^ cases of such senes have 
already been mven in Chapter xxix The formula} on prges 304, 
313, 315 should here be carefully revised 

479 If we multiply together corresponding terms of an anth* 
metic and geometnc senes, such as 

a+(a+d)+(<r+2(i)+ +{a+(»-l)rf}, 

1+ f + + + r”-\ 

we obtain a new senes 

a+(a+d)/*+(a+2d)f®+ . +{«+(» 

which IS known as an AnthmetLco^ometric Senes A senes of 
this kind may be summed by the same device as that used in finding 
the sum of a GF 


480 To jmdJthe oum ofn terms of the senes 

a+(a+d)r+(A+2d)H+ +(a+n-ld)r“"*. 

Let Sasa+(a+rf)r+(a+2cf)r^+ +(a+a-ld)r""‘ ; 

rSa ar+ (a+(f)»^+ +(a+ n - +(a+a - 

By subtraction, we have 

(l-r)S=»a+(dr+(/r®+ W)f" 

,dr(l-r»-*) . — r,. 

«=a+ — 

r:; — 


Cos Wnte S in the form 

a , dr dr" (a+»-i(f)f" 

l-r‘^(r^"(l-r)* ’ 

then if r<l, we can make r" as small as we please by making a 
sufficiently great If the term (a— 1)(^ can also be made so small 

that it may be neglected, then in that case we obtain 

as the sum to infinity 
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481 The foimola for 8 in the last article should not be quoted 
Each example should be dealt vnth mdependentlj 

ExAUFis 1 Sum the senes 1 ■^2x+3x‘+4x*t to n terns 


Let S=l+2»+3*®+ 

then a:S=: xJ-2x'*+ 

By subtraction, (l-!c)8=(l+a->-a?+ 

1 -*" _ 

■ -lafif 




8= 


l~x 

l-as* 


nx” 

l-x 


Example 2 ^ x < 1, sum the senes l-3x-i-5\^-7x*+ to vnjimty 
Let 8=l-3a:+3a?-7't^-^ to infinity, 

then -aS= -a;+3a?-6a^+ „ 

By subtraction, (l+a;)8=l-2a;+2a^-2x’- „ 

=l-2x(l-af+a?-a^+ 

—1 2j; 1-a; 

“ "l+a;”!-*-** 
l-a 


) 


8= 


( 1 +®)® 


ff.\ AMPT.T. 3 


Sum thefonounng senes to i^fimty 

i+i+S+l+l+ 

Here the coefficients 1, 5, 12, 35, are not m A P , but theur 

differences 4, 7, 10, 13, form an A P , hence the senes may be summed 
by a double apphoation of the foregoing method 

5 12.22.35 


Let 


then 


By subtraction, 


S=l+?!+?rr+^+^+ 

Ig- 1+5. 12.^. 

gS- 3+^+-^+3r+ 

?S-1x^+7+10.,13. 


Multiply again by i, then 


?s- 1 + 1 + 1 + 154 . 

9 ®"* 3 3= 3»'^3*‘*’ 


=l+(l+l+^+l^+ 


)• 


§«=l+pi= 

^ 3 

8-^5-5i 


5. 

2* 


That IS, 
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482 In Art 319 we found a formula for the sum of the first 
n natural numbers If we denote this sum by 2», we have 

S»=l+2+3+4+ 

In the same way and ^ may be used to denote the sum of 
the squaies and the sum of the cubes of the first n natuial numbers 

Thus 2«*«l*+2*+3®+4»+ +«», 

S»a*l3+28+33+4*+ +«® 

483 Tojiiid the turn 0 / l^+9^+3^+4^+ +ft® 

We have identically 

»*-(»- l)*=3na-3n+l , 

and by wnting n - 1 m the place of n, 

(«-l)»-(»-2)a=3(»-l)*-3(»-l)+l , 
eimilarly (tt-2)®-(«-3)*=s3(n“2)®-3(n-2)+l ; 

3’-2»=3 3*-3 3+1, 

2»-‘l®=3 2®-3 2+1, 

13-08=3 is_3 1+1 

In adding these results we note that all the terms on the left 
disappear except n® , on the right we consider the sums of the thiee 
columns separately 

Hence n3=3(13+2*+3*+ +n®)-3(l+2+3+ +«)+» 

82n>=ii»-*+^^=n(»+l)(ii-l+|) 

6 

Examplb Samthewrus 1 4+2 7+3 10+ ton^erms 

Here the n® term of 1, 2, 8, is n, the a*** term of 4, 7, 10 .is 
3n+l , hence the term of the given sm'iessR(3n+ l)=3tt3+n 

By wnting n=: 1, 2, 3, in succession, we obtain 

3(l®+2>+3*+ +n»)+(l+2+3+ +») 

.. the required sum sSSn’+Sn 

=2&±i|^+5&il!=«(»+l)* 

A is 

The above summation may be shortly outhned as follows 
tenusSn’+n , sum to n tenna=3Zn®+2n. 
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484- To find the sum of l®+2*+3®+4®+ +«s 

We have «:*-(n-l)*=4»’-6»®+4»— 1 , 

(»- 2)* - (» - 3)*=4(»- 2)®- 6(»i - 2)®+4(?i - 2 )- 1 ; 

3<-24=4 3®-6 3®+4 3-1, 

2<-l^=4 23-6 2-*+4 2-1, 
l4-0«=4 13-6 l®+4 1-1 
Hence, bj addition, 

7i*=4Sn3-62I»3+42n-» , 

4SM3=«*+»+ji(ft+ l)(2n+ 1) - 2n (n+1) 
=«(n+l)(n*-n+l+2n+l-2) 
=n(n+l)(n*+n), 

| n(«+l) j3 

Thus the sum of the cubes of the fii^t n natural numbers u equal to 
the square of the sum of these numbers 

FAAM PT.-B Sum to n term the senes whose term w n3(2n - 3) 

Tho n**" tenn=s2R3-3»® 
the requiied sam=2BR’ - SBn® 

n»(n+l)3 n(n+l)(2»+l) 

~ 2 ~ 2 
n(n+l)(»3-n'-l) 

2 


EXAMPLES ZXZVn a 

Find the term and tho sam to n terms of the following senea 
Cheek eaoh result by patting n=2 

l.’^l+3a:+5ar*+7a*+ 2*^ 1+2 3+3 33+4 3»+ 


8. ‘^l+4a!-r 7*3+10**+ 


4. 1+3 2+5 23t7 2»+ 


Sum the foUotnng senes to infimty / 
5.‘'l+2a;+34;?+ {*<!) 

7 l-i+^-4+ 


5"^ 5^ 5* 
6r+llr3+16r»+ (r<l) 

2 3 . 


n 


6 1+ 5a +00® ■•■130*+ (a<l) 
2^j[ 4 

® 3“F 3*"3«'*' 
fe l3+2!fx+3V+ (ar<l) 
5"+*-4n-6 / 
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Write down the term, and thence find the sum to n terms of the 
following senes y ' 

12 l«+3*+5®+7®+ y 13. 1 2+2 3+3 4+ 

14. 1 3-^2 5+3 7+ 16. 1.4+4 7+7 10+ 

16. 1 2 3J-2 3 4+3 4 S+ . 17. 1 4 7+2 6 8+3 6 9+ 

Sam to n terms the senes whose terms are 

18 n(tt+3) 19. 6»®+2n 20. 6»*-2«. 

21 4n»-3n* 22 n*-3« 23 2n(B+l)(2»+l) 
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486 The progressions famuJi an endless vaiietv of problems 
All of these can be ■diewn to depend ultimately on the fundamental 
properties of the three piogressions as given in Chap zxix A 
shorter and neater solution, however, can often be obtained by using 
some of the properties enumerated in the following articles 


486 Three quantities a, h, c are in anthmetic, geometnc^ or 
harmonic progression according as 


0 ) 


a-b a 
b-c a ’ 


(n) 


a-b a 

b:re^r 


(m) 


g-»6 _g 

l-e~c 


For (i) readily gives 6-a=c- b j 
(u) „ „ , 

From (iiiX or 


0 , 6, c are m A P 
0, 6, c „ d IR 

g-6 _ 6-c 
ab ST' 


that 18 , 


bach* 


Of b,c are in H P 


487 The following points should also be noticed * 

(i) If a senes of terms m A.F are all increased or all decreased 
f the same quantity, the rwultmg terms form another AP with 
le same common difference as before 


(ii) If a senes of terms m A P are all multiplied or all divided by 
the same quantity the resulting terms form another A.P , but with a 
new common difference 


These two results follow at once from the de fini tion of anthmetic 
progression 


(ill) If a senes of quantiti^ a, 6, c, . are in 6 P they are also 
in contmued proportion 


For 




where r is tiie common ratio of the GF. 
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488 If A G, H are the anthmetic^ geometric, and harmonic 
means between a and 6, we have 

A=2±5. Q=^®, 

whi(^ IS positive if a and h are positive Hence iJie onthmetM mean 
of any twojJosUm quanitites u greater than their geometric mean 

Again, since AH=Q^ (Art 327), and A>G, it follows that H<G; 
hence A, G, H are in descending order of magnitude 


EsAaiPLii 1 JF/* a, b, 0 , d, e, f are ta G F , prove that 

/b-dV_a-o 
\o-e/ d-f 


Wehaie 


o_5_c__d__e 
b~e~d~e~~J 
_ a~e _ h-d _ c-e 
~h-d~e-e~d-/’ 

fb-dY_a-e h~d e-e _a-c 
\e-e/ “’6-d c-e d-f^d-f 


Ezauflb 2. I/g,q,raremQ'P , f%enq-p, Zq, q-raremHF» 
W.tavo 

2q-{g-r) g+r 

But since 2=2 each rBtio=2^=2ll2 
g 1 g+r g-r 

{g-p)-2g _ g-p 
2g-(g-r) g-r’ 

that IS, g-p, 2g, g-r are m H F [Art 486 (iii) ] 

Evamfle 3 If are >n H F , prme (hat a, b, o are 

tdso in H F 

tt +6 
e 


We have 


5+c 

c+a 

a ’ 



l+£±5 


tt+O+C 

6+c+o 

a ' 


1 

1 

5’ 

P 




^mAF, 


are m A F , 
c 

c+o+b . n 

are m A F , 

c 


1 

c 


aremA.F. ; 


that IS, a, h, c are m H F 



428 




[CIUP 


EXAMPLES XXXVn. b. 


[Mtsc^amm Examples m the Engtmms ) 


Sum the following senes 
^ S+2^iJ I 3— 


to infinity 


2 ^^^2W»+1). toVtenia 


3 JSp times the term of an A F is equal to g times the ^ tenoi 

prove ttot the (p+g)*** term moat be zero 

4 If », y, s are in 6 F , prove that '«^®(af'^+jr*+«”*)=3?+^+!? 

5. Prove that the ratio of the sum of x anthmetio means to the sum 
of y anthmetio means between any tuo numbers is x y 

A In an A F shew that the sum of any two terms equidistant from the 
begmning and end is constant, and that m a 6 F the product of 
two such terms is constant 

7, If p 18 the product of n terms m G P of which a is the first and 
' I the last term, prove thatpsfaf)^ 
v A n a, h, c are in A P ,p, g, rin H F , and qp, hg, ci in 6 F , then 

r p c a 

9. The difference between two numbers is 6 and the sum of the five 
anthmetio means between them is 20 , what aie the numbers v 

10. Shew that 1+1+^+^+ tonterm8=|-j 

/ll, If tt®, h®, c® aie in A P , prove that 6+c, c+o, a+b are m H F. 

12. Prove that 

(i) fl®(b+c), 6®(c+o), o*(a+5) are in A F , if a, b, c are in AF , 
/(ll) a(b+c), &(c+a), c(a-i-b} oreinAPfifa, b, careinHF 

13. Sum to n terms 

(J) »+y, x®+ay+y* x®y+xy®+y», , 

( 11 ) 1 + 11 + 111+1111 + 

lA A man has charge of 23 machines, each of which when started 

antomatioally, and produces 6 5 yds of matmial per hour The 
first machine starts at 9 am , and the others at intervals^ 
5 minutes Find, to the nearest yard, the length produoed aj 
1pm 

15, A man pays the pnnoipal of a debt by annual instalments £120 the 
first year, then each year 10 % more than the year before How 
muob will he pay m 10 years ^ lOse loyanfhm ] 

lA If P, Q, R are the g^, and terms of an A F , then 
P(Q-R)+g(R“P)+MP-Q)«0 
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17 If a, 2 are the first and last terms of tn o senes, each of n terms, one 
•m A.F and the other m G F , and if j}, P are two corresponding 
terms in the two series, pro\o that P*-“=a*^ 

18. H S], < 2 * ^ Bams respectively of n terms of*2R anth- 

metio progressions which have the same first term and common 
differences (Z, 2d, Sd, 2nd, shew that 

(Sj + S4+^+ 4'S2 b) “ ■I’Bsii— i)~'J®"{® “ 

19 The onthmptic mean hetw een two numbers is 27, and their harmomo 
mean is 12 , find the geometno mean 

20. Tvio men, A and S, 163 miles distant from each other, set out to 

meet each other, A travels one mile the first day, two the second, 
thiee tiie third, and so on , B travels 20 miles the first day, 18 the 
second, 16 the third, and so on How soon will they meet ^ 

Give a meaning for each answer to this question 

21. A number of persons were engaged to do a piece of work which 

would have occupied them 24 hours if they had all begun at the 
same time but instead of dgmg so they began at equal intervals, 
and then continued to work tiU the whole was finimed, the pay- 
ment bemg proportional to the wrork dime 1^ each If the Imt 
comer received eleven times as much as the last, find the time 
occupied 

22. Sum the following senes, each to n terms 

(i) 1 2 4+2 3 5+3 4 6+ 

(11) l + ^l+^jx(l+gT^) + (l+g + ^+^) + 

23 If a, 6, e are in H F , so also aie = — - — , — ^ — vt — v — - 

h-e-a c+o-6 a-h-c 

24. By usmg the result of Art 488, prove that 

(i) (flb-^cd){ac+bd)>4dbed , (u) (b+c)(e+a)(a+b)>8abc, 

where a, 6, c, d are any unequal positive quantities 

25. The sum of n terms of an A.F is n(&B+a^)-n(n-3)&'e, find the 

term, and determine the senes 

26 If Si=o-^or+ar®+ +ar"“*, 

and 8a=o®TaVToV*+ J-oV""®, 

shew that (r+l)82-(r-l)^®=2aSx 

\27. Find the (p+s)*** terra of the HF whose p®* and g*** terms are 
P and Q 

28 If there are n quantities m G F whose common ratio is r, and 
S„=the sum of the first n terms, prove that the sum of their 

products taken two at a time is -^S„ S„_j 
\NoUthat (a+b-«-o-*- )®-(a®+b®+o®+ )=2(ab+ac+bo+ .)] 
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490 It may be noticed that the graph of y=3e^ touches the 
x-axis at 0, mosses the axis at this point, and has symmetry in 
opposite quadrants Sumlar remarks apply to the graph of any 
equation of the form y—a^ The curve uill he in the firat and 
third quadrants when a is positive, and in the second and fourth 
\ihen a is negative 

491 In the simpler coses of graphs sufBcient accuracy can usually 
be obtained by plotting a few points , and there is little difiSculty in 
selecting points v ith suitable coordmates But in other cases, and 
espemalTy a hen the giaph has infimte branches, more care is needed 
The giaph discussed in full detail on pages 246, 247 is a case in point 
A 1 elision of these pages is here recommended 

The most impoitant things to observe aie (1) the values for which 
the function /(a.) becomes zero or mfinite , and (2) the values wrhidi 
the function assumes for zero and mfinite lalues of x In other 
w’ords, we deteimine the general diaraeter of the curve m the neigh- 
bourhood of the oiigiu, the axes, and infinity Greater accuracy of 
detail can then be secured by plottmg points at discretion The 
sdection of sudi points will usually be suggested by the earher 
stages of our woik 

The existence of symmetiy about either of the axes should also be 
noted TVhen an equation contains no odd powers of x the graph is 
symmetrical with regard to the axis of y Similarly the absence of 
I odd pow ers of y indicates symmetry about the axis of x. 
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EsAHtLB. Draw iht. graph of y~ 

We have the 

values of » 1-1 

X 

n 

(i) When ys=0, x^ -g» 

„ ys:», aj=4, 

the oorve oats the ass of a; at a distance -33 from the ongm, and 
meets the bne a!s4 at an infinite distance 

If a; IS j^tive and very little greater than 4, y is very great and 
positive jff as IB positive and very little less than 4, y is veiy great 
and negative l!%ii8 the infinite mints on the graph near to the line 
asss4 have msitive ordmates to the right, and negative ordinates to 
the left of this line 



(ii) When asssO, y«-l*76,\ 

>1 y=2; J 

the curve cuts the axis of y at a distance - 1 75 from the ongm, and 
meets the Ime ys2 at an uifinite distanee 

By tahing positive values of y veiy little greater and veiy little less 
than 2, it appeara that the cut ve lies above tne line ys2 when xss+co, 
and below tins line when xs - oo 

The general character of the curve is non determined the Imes 
PO'P(xs4) and QO'Q'(y^2) are a^mptotes , the two branches of tiie 
curve he in the compaitments PO'Q, and the loner branch eats 

the axes at distauces - 3 . and - 1 75 flora the origin 

To examine the lower oranch in detail values of x may bo solccied 
between - w and -3 o and between -3 5 end 4 


X 

— oo 

1 



-35 -1 

0 

2 

n 

■ 

1 


2 


1 25 j 73 

5 

DB 

-175 

-55 

-13 


d 


The upper bcanoh may now be dealt with in the same way, selectmg 
values of x between 4 and w 




55 

6 

8 



■ 

00 

y 

D 

12 

95 

676 

45 

35 


2 


The graph will he found to be as npresented in Big 35 It m a 
rectangular hyperbola with the lines POP' (x^4) and QO'Q' (y=2) as 
asymptotes 

In the next artible the same result will he obtained in a difierent way* 
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492 The last graph has been disoussed very fully m order to> 
emphasize some impoitant points , but in practice it \(ill not usually 
be necessaiy to give so much explanatory detail l^loreover, there 
are certain devices by which the work of plotting a graph may often 
be shortened. 


Thus in the last example, we have 


2x+7 

z-i 



9 


y-2=^^, or {a;-4)(y-2)=16 

If we now put X for z-i, and Y for v=2, the equation becomes 
XY=15 

By Art 272 this is the equation of a rectangular b}’perbola which has 
X=0, Y=0 for its asymptotes 

Hence the graph of the equation (a;-4)(y-2)=15 is a rectangular 
hyperbola which lias a; - 4=0 and y - 2=0 for its asymptotes These ore 
the lines PO'P', QO'Q' in Tig 35, and the curve might ha\e been drawn 
by taking these as a new nair of axes with onmn O', and plotting the 
graph of XY=15 It will oe a useful exercise ror the pupil to draw the 
graph m this way, and to compare the new dngram with rig 35 
H ALQ 2s 
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493 Example 1 Draw 4Ae graph of yg--- j ;g 



Fio 30 


The pontaon of the curve with regard to the a^ptotes may be 
ate m the example in Art 401 , or we may proo^ w in Art «» to 
'discover the greatest and least values of y for which x is real, and thus 
locate the turning points of the carve SVom the given equation we have 

a?-*(y+8)+8y+4ss0, 

if £18 real, must be positive or *eto 5 

that IS, (y-l2)(y-4) must be positive or aero 

ISence p cannot lie between 4 and 12 

When ysa4, asssB , and when y s 12, xs 10 Thus we have the turning 
points A and B, and the teo branches of the curve he entirely in the 
^compartments PO’Q' and PO'Q 

The graph may now be plotted from the following values of * and y 


X 

2 

4 

6 

7 

8 

85 

9 

10 

12 

16 

18 

V 

13 

3 

4 

3 

09 

165 

13 

12 

IS 

165 

184 
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xxxvni ] HABDER GRAPHS EXAMFIJSS 

EsAUFLE 2 Find ^raphtcaUy the roots qf the egyation 

3^-4x*-6x+14=0 

to three sigm/ieceiUjigwres 
The solution may he effected m three uays 
(i) By drawing the graph of ff=a?-4s^-6x+li, and noting the 
mteneipta on the x axis , 

(u) by drawing the graphs of and y=4a^+&B - 14 on the same 
axes, and finding the absoissa of we common points , 

(ill) by drawing the graphs of ^=:‘E’-4a^ and y=5x-H, and findmg 
the absoissse of we common points QIiib is the method we shall here 
adopt 

We notice that y=a?-43fi passes through the ongm, and cuts the axis 
of X again at the point (4, 0) Other Tolues of v and y are given bdow 


X 

-2 

-16 

B 


0 

1 

2 

3 

4 

6 

y 

-24 

-12375 

-6 

-1123 

D 

-3 

-8 

-0 

D 

25 


Let 1 inch represent 2 units on the x axis and 20 units on the y axis , 
then the graph is represented in Fig 37 
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The Ime y=5x - 14 may now be drawn by joining the points (2 8, 0) 
and(0, -14) 

At the pomts of mterseotion, m P, Q, R, we find the values of x are 
- 2, 1 59, and 4 41 respeotiyely These are tiie required roots 

ISfoTE In examples of this kind it is important to choose the x imit 
sufficiently loiw In the present case, a figure drawn on twice the 
above soale will give the roots with great aconracy 
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494 Slope or gradifflt of a cnrTe. We know that the hnes 
v=a«, ysov+h are ^aUel Now the fomer of these passes 
through the oiigin, and its dtiection is cleaily fixed by the value of 
the constant a For this reason a has been called the slope oi 
gradient of the lines ^-ax, [Art 134 ] 

(^i^iX (^ 3 ^ 2 ) points on the line, then ^i^asBi+b, 

^ 2 = 008 + 6 , and by subtraction yi-y 2 *'®C®i"“^ ® 

Thus in the case of a straight line the slope or gradient is constant 
and IS measuied by the fiaction 

difference of any two oidinates 
difference of the corresponding abscissae 

In the case of a curve, the direction is constantly changing , 
hence the gradient at any point P is defined as the gradient ot the 
tangent to the curve at P, and it may be thus determined take a 
point Q on the curve near to P and find the gradient of the secant 
PQR When Q moves up to P along the curve, and ultimately 
comcid(» with It, the line PR becomes the tangent at P Hence 
the giadient of the cuive at P is the limiting value of the gradient 
alieiuly found for the secant PQR 

Example Find the giadteiU qfOta curve y=s? at thepomt P(2, 8) 

Let 2+ A be the abscissa of a point Q, near to P, on the oiuve , 

then the gmlient of the want PQ=*-^ 

diff of abscissa (2-{-A)-2 

«1^±^±^-=12+6R+A*. 

Now h IS very small, and ultimately vanishes when Q coinoides with 
P , hence the gradient of the tangent at P is 12 


EXAMPLES XXXVnia. 

1 Plot graph of yaw - *> Verify it from the graphs of y and 


2 Shcu that the graph of y consists of two branches lying entirdy 

in the first and second quadrants Eacamm e the nature and 
position of the graph as it approaches the ai^es 

Diaw the graphs of the following fnnotions 


3. l+“ 

X 


4. 



!+» 

1-x 



7. Plot the graph of y =3?*- Sw Examine the ohamoter of the curve 
at the points (1, -2), ( -- 1, 2), and shew graphically that the roots 
of the equation ate approximately - 1 732, 0, and 1 732 
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Draw the graphs of 






8 

14-a? 

y=i-z 

9 

aj®-lo 

10 

y= 

(x-l)(x-2) 

a-3 

11. 

(z-2}(x-3) 

^ z-5 

12 

a?+a+l 

y~aP-z+l 

13 

y= 

flr*+5x+6 
■ x^+1 

14 

20 

15 

40* 

16 


x(8-x) 

^~aP+2 

^'“xS+lO 

y- 

x-^5 


^17 As in Art 492, draw the graphs of 

* 24 10 

( 1 ) (a;+4)(y-3)=4, (n) y'6=^, (m) (6-y)=^ 


18 Plot the graphs of ^ and aj=^^— and thns verify the 

X y 

solution of the equations a^+a9=15, 2 ^+a ^=10 

19 Plot the graphs of 

(i) y=a?-fla!®+U®-6, (n) lQy=a^-5a?+x-5 

20 Draw the mphs of y=a? and y=2a:^+a;-2 on the same axes 

Hence find the roots of the equation z’-2a^-x+2=0 

21 Solve the equation x^sSa^-rfix-S graphically, and shew that the 

function ar-3a^-6a;+8 is positive for all \alnes of » between 
-2 and 1, and negative for all values of z betueen 1 and 4 

22 Shew graphically that the equation a:’+pa;+gB0 has only one real 

root when p is positu e 

28 Piud graphically the real roots of the equations 

(i) ar*+a;-2=0, (u) a?-7®+6=0 


24. As in Art 493, find the general form of the graphs of the following 


(x-2){x- 


(u)y 


(x-l)(x-4) 

(«-3)(x-5)’ 


(«i) y= 


2(g-l)S 


4)‘ 


25. Use the Tables to draw the mph of y = 10 logjo^ values 

x=0'2 and <6= 10, taking Uie units of x anify to be 0 5" 

Find an appro\imate solution, other than x=10, of the equation 
x=101ogxoa; 


26 Find the gradient of the following curves at the points specified 
(i) y=2a?-»-«-l, when x=4, (ii) y=a?-2x, when x=2; 
(ill) y=aaP+b, when x=l, (iv) y=a^-ftc+7, when x=3 


27 Shew that the tangent to the curve y=3+4x-2:i^ at the pomt 
(1, 7) 18 parallel to the axis of z 
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495 In Art 156 we have ehewn how in certain cases a senes of 
plotted points may be used to detemnne a hasair equaium between 
two vamblea whose values have been found expentnentally If the 
graph IB not linear, it may be difficult to find its equation except by 
some indirect method, but there is one case of frequent occurrence 
in which the difficulty may be obviated by the use of loganthms 

Thus suppose a and ^ satisfy an equation of the form 
where n and c are constants By taking loganthms we have 

nlog^+log^slogc 

The form of the equation shews that logo? and logy satisfy the * 
equation to a straight line If, therefore, the values of log^ and 
logy are plotted, a linear graph can be drawn, and the constants 
n and e can bo found 

Exauplk The toeighi, y qrama, neeuamry to prodiue a gmn d^Udum 
in tile rnidtUe of a beam wppotied ai tm pomte, x eesOtmetree a^rt, is 
determined expenmentaUjf for a number qf limues of x witil reaiUe gtien m 
tkefollomng idbie 


X 

60 

60 

70 

80 

90 

100 

y 

270 

150 

100 

60 

47 

32 


Aeenming Aat x and y are connected by the eguatwn x^so, Jind 
n and o 

From the Tables we obtain the annexed values of 
Iwa; and logy corresponding to the observed values 
oix and y By {dotting these we obtain the graph 
given in Ing 38, and its equation is of ^e form 

nlog«+logyslogc 

To obtain n and e, ohoose two extreme points through which the hue paesei 
It will be found that when 

logxsl 642, logy=2 6, at the point P , 

and when loga;=:2 1, logysl 21, at the point Q 

Snbstitutmg these values, we have 

2 6+nxl 642=loge, (i) 

121+nx21 sslogc, (ill 

139-0 468n»r0, 

whence n=304 

from(u) logc=:6 38+121 

*7 59, 

. c*39 X IQB, from the Tables. 

Thus the required equation is a^=:39 x Ifl* 


logx 

ibgy 

1699 

2431 

1778 

2176 

1845 

2000 

1903 

1778 

1954 

1672 

2000 

1519 
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EXAMPLES XXXVm. Ii. 

1. Observed values of a; and y axe given as foUows 
x-m, 90, 70, 60, 50. 40 

30, 31 08, 33 5, 35 56, 37 8, 407 

Assuming tihat x and y are connected by an equation of the form 
s^^=iCt find n and c 

2 The following values of r and y involve emus of observation 

a;= 66 83, 63 10, 58 88, 51 52, 48 53, 44 16, 40 36 

ysl445, 1585, 177 8, 208 9, 236 0, 264 9, 309 0 

If X and y satisfy an equation of the form a?'y=tc, find n and c 

3, It IB known that the relation of pressure to volume in saturated 
steam under certain conditions is of the form p "= constant Pind the 
value of the index n from the following data 

1>:=:102, 14 7, 20 8, 24 5, 33 7, 39*2, 45 5, 

v»37 5, 26 6, 19*2, 164, 122, 10 6, 9*2, 

where p is measuied m lbs per ag in , and v is the volume of 1 lb of 
steam monb ft 

4 The following quantities ate thought to follow a law of the form 
pi’‘ac 

vss 1, 2, 3, 4, 5, 
p~205, 114, 80, 63, 52 

Ascertain if this is the case, and find the most probable values of 
nandc 

5. In some experiments in towing a canal boat the following observa- 
tions were made , P being the pull in pounds and v the speed oi the boat 
in milra per hour 

Pa76, 160, 240, 320, 370, 

v« 168, 243, 318, 360, 403 

By plotbng logP and logo, shew thatnP and v approximately satisfy 
an equation of the form Ps^hv", and find the best values for a and h 

6 At the following draughts in sea water a particular vessel has tne 
following di^lacements 

Draught h feet=: 15, 12, 9, 6 3, 

Displacement of T tous=20g8, 1512, 1018, 586 

By plotting loeT and logh on squared paper, obtain a simple relation 
between T and A If one ton of sea vatw measures 35 cubic feet find 
the relation between V and h, if V is the ^splaoement in ouhio feet. 
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MISGELLAlTEOnS EXAMPLES Vm. 


\Tht fdlmmng Exan^ca are arranged m (hrea sets I mag be idUn 
aftei Chap xxxn , n after Chap x\xt , HI after Chap xxxvin ] 


I {After Chap xsxu ) 

1 Shew that a;- 1 is a common factor of 2?-3a;-{-2 and a^+3a^-4 
Find another common factor 

2 Proie that oV+6®^+cV-o®6V-2a^ is a square if !?=a®6® 

3 By the use of Detached CoefBcients find the H C F of 

2a:‘+3a?+9ai®+7a:-tl5 and 4ar‘T7jB*+13a?+3a:+9 

4. Provethat -^+r-^+-^=3-f-^+T-^-*— 

0-6 5-c c-a Vo-c 6-a c-bj 

5. Sohe the equations 


, , 1 - 2 * , 6 * 
(i) r77r:+ 


l+2a:^l-B 1-2®’ 


ga;+^ a6(a-y) 

2(0+6)“®“ 6=-a^ 


From (i) deduce the solution of 

®J-2 ®-l e-2 

6 In an A F if the S*** term is twice the 13**’, shew that the 2°'* is 
twice the 10“* 


7 By the aid of loganthms find the Tulue of 

W (8441)1, 

8 A oychst who tra\uls 12 miles an hour starts from A to go to B, 
and 3 miles hetond halfway meets another cyclist uho left B one hour 
later, and who'tiavels 15 rn'iles an hour Find the distance fiom A to B 


9 If find the value of 8x-jfi 

10 If -=-+L find the value of —1— +— L- 

X 0 6 x-o x-6 

11 Sum the following senes, each to n terms 

(i) 54 +36+18+ , (u) 54-1-36+24+ 

12 If prove that a®T'^=0 

13 Solve the equation i{x-28)-j(x-3)+-^(x-14)+34=0 
Deduce the solution of T(y-27)-7{y-2)-«-;^(y-13)+34=0 
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14. Exptefls !ey+**“y’"l os tlie product of four fwtors 

16, Aiatii]ia8£200 mTe8ted,partl;at41(imdp&T{l7&t3^K,(ind 
bs total amnalinoome from these uvestiuents 18 £7 ISt Hrnrumehu 
mrestcd at 4 and hcnr nuoli at 3| ^ ’ 

16 la a certain exammation the maMinam u 800 and candidates' 
gross marks are reduced by one quarter of the dtf^nee between iheir 
total and 800 Plot a graph to show the reduced marb cott^ponding to 
a nmm of gross maib ^ 9)0 to W, and determine roughly from 
j^ur diamm the gross morb of candidates whose reduced marb on 
girenasIOiandOlo 


17, Findthefootonof 

( 1 ) o>- J«- (*?-ah)(o-6) , (n) 24(aV-l)+14«y 

18, If 2**-au®-aa!+2 is divisible by t+2, find the velne of a 

19 If j) ounces of salt are placed m a vessd along with q ounces of 
water so as to form bnne, and r ounces of the bnne are fmthei dkluted 
with s onnoes of water , how much salt is contained m one ounce of the 
diluted bnne' 


20 Simplity 

(a) ^/f+p-(^/5+l)* 

21 Show tbt the sum of couseontivc integers of which the 
smalle8ti8p®+l 18 ji>+(p 4 .i )8 


2^ Find the geometric mean between and /5 SbH oomot 


23 



(n)iL+^l=M 

''a-ri+? 8-2 


^ In a certain experiment the following observations of volume (e) 
and pressure (j)] of a gas were made 

»= 3. 34, 4, 62, 6, 78, 86, Ift 

P=1W3, 89 8, 716, 49 8, 46, 30 8, 24 9, 198 

Draw up a table givmg the values of the two variables *=»-S» 
plot a graph of tb results 

It IS thought tbt one observation was inaoonrate, iriaoh do yw 
regard ss doubtful' 
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n {After Chap xxxv ) 

25 Multiply by and express the 

result in a form free fiom radical w gnB 

26 Solve the equations 

. j . . fl:®+y»=280, 

2+ij6x-x^ 3 -a* a^Ta;^=210 

27 Shew that 2a^— 5x+3 is always positive except between the 
values a=l and 

28 If < vanes as and <=224 when y)=28 and v=16, what is the 
value of t when ji=32 and v=2o * 

29 If the harmonic mean between two numbers is 24, and them 
geometnc mean is 48, what is their anthmetio mean * 

SO A, B, C, D are four stations on a railway, the distances AB, BC, 
CD bemg 10 miles, 10 miles, and 8 miles respectively The following 
IS an extiaot from a time table 

Fvrat Tram Second Ttatn 

A, dep , 10 57 a m D, dep , 11 9 a m 

B, dep , 11 18 a m C, — 

C, dep , 11 40 a m B, — 

D, arr , 11 56 a m A, arr , 12 0 noon 

Draw graphs to shew the positions of the trams at any intermediate 
time, assuming that each runs at a uniform speed between the stations, 
and that the nist tram stops 4 minutes at each of Ibe stations B, C 
When and where do the trams pass each other* 

[Take me tad. to rtprcKRt ten, mvKoUa of time, andftie miles of dxtianu ] 

31 Fmd the condition that the roote of the equation 

o(l~a?)+2&a!+c(l+a^=0 

may be equal - 

32 A man pays income tax at Is m the £ on unearned income and 
at 9d m the £ on earned income , his earned income exceeds his unearned 
1^ £200, and his total mcome tax is £29 7s 6d , find his total mcome 

33 Solve (i) (a:-y)(®-2y)=2, a;+2y=5, 

(ii) (s/ltlaxis/l+asis/ll+ea; 

34, If b IS a mean proportional beta ecn a and c, shew iliat 
a-6 h=a-e b+c 

35 Find the factors of (a+b)(a-b)^4c(a-e); and find the value 
of p when a;+3 is a factor of f^+px-^ 
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36. The expenses of a l)oarding‘houso arc partly constant, and partly 
vary with tlie number of boarders, each boarder paying JM a year, the 
annual profits are £9 a head vhon there are 50 boarders, £10 ISs ^ 
vhmi there ore 60 What is the profit pot boaider when tlicie are 80 * 

37 In an arithmetic progresaion tire sum of 6 terms and the sum ef 
15 terms are eaoh equal to 76 , find the 10^ term 

38 A man buys 99 oranges at a ocrtain pnoo they rvould have cost 
him Is less if he had obtarned for each shilling four more oranges than 
be actually did receive What pnoo did ho pay * 

39. One root of the equation 2a:^~ 10 283a;-l 12 606ss0 is 2 , find the 
other root 

40. Trace the value of the function a, -fl as a; changes from -3to-i*3) 

•I? 

and repreetnt it graphically Find its least numencal value 


41. Simplify the expressions 

W ('•4:+- 


v*l 

(ii) ” 2Ha! 

' *-11 x+w+l a.lx+l)-n(»+l) 


42. Solve the following pairs of equations 


» M-o. 


ay a+b 
a 6"^ 2 ’ 

a? y jn~h 
b a~ 2 


43 If 0, h, e, d arc positive quantities in continued propoition, prere 
(i) a+(i>6+c, (u) (o+h)(h+d)*ss(c+d)(a+c)* 


44 A man can make a artiidos of one kind in a week , of another kind 
he can make b ortiolos in a week How many aitiolos can ho make in a 
week if the totid week’s work turns out the same number of each kind* 


45 Find the square root of 

(3(«+13ui- 10eP)(2(«+7cd- I6d®)((k«- 13«Z+6d“) 

46, If tt, ^ are the roots of wa^+nx+l— 0, find the equation whose 
roots are ma+n, mp+n 

47, Using Uetaohed Goeffioients, find the first four teims ot 

(2+6«-4x»+3*»+a!<)(l-83;+2x»-»«+2»») 

48, The sum of five numbois in arithmetic progression is 10, and the 
sum of their squares is 60 , find the numbw 


I 

I 
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49 Shew Ihat 

1 /a9-46S , o®+462\ {a+bf+V^ _[a-bp+Jfl 

o*+6s - 

50 What value of a will make 4i»:*-(o--l)'i?+aa?“6‘e+l exactly 
divisible by 2® - 1 ’ 

51 Divide l+4a6^ by lT2a^^T2oH^, and verify the result when 
(2=16| 5=8 

52 I^nd the value of x from the equation 2** 5®*“^=4®* 

53 Sum the following senes 

(1)7+85+8+ toMtonns. (n) tomf 

54. If a, /3 are the roots of express the fonotion 

(j>+a)(p-«-j8) 

in terms ofp&ndq 

55 If (o®+6®)('«?-*-^)=(au+6y)®, diew that 

a 0 

56 A body is projected with a given velocity at a siven angle to the 
honzon, and the height in feet reached after t seconds is given by the 
equation k=64i - IBt’’ Find the values of h at intervals of of a second 
and drau the path desonbed by the body Fmd the maximum value of h, 
and the time after projection before the body reaches the ground 


67 

58 


Provo that (o-*-i+c)®-a®-6*-<?s3(o+6)(6+c)(c+o) 
Solve the equations 


W 


®+a-26 ®+a-6 _2® . ^ >/^+s/^=2Jx. 

0+5 ^ 0 +26 36’ ' ' 


59 If-4-=o, 
y+z 


-2L=6. 

s+x 


j~=c, prove that 



60. Two bicyclists nde at the rate of 15 miles per hour The 
circumference of the dnnng wheel of one bicycle is o^- inches less 
tlian that of the other, and it requires to be tamed roundlonce more m 
5 seconds , find the circumference of the dnving wheel of each bicycle- 


61 If o, 6, e are three proporbonals prove that 

U) o(o+6) 6(6-o)=6{6+c) c(c-6), 
(ii) (o+5J-e)(62-6c+c?)=c(o-+6®+d*) 
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^ Ebqpress (27)^ + (16)^ — ^ +-^ as a whole number 

(Sn {4}“^ 

63 H the roots of a!*(6*+(?)+2»(a&+crf)+a*+(?s=0 are equal, sheu 
that they will each be equal to 

64. Takmg 1 inch as the unit, draw the graph of 

1 * 

Hmoe solve the equation a:+-=-3 Verify your result fay an 
accurate algebraical solution of this equation 


m (4/2!erOiap xxxvm) 

65. I'lnd the square root of dx+l+is/ix^-x-6 

66. I'lnd the real roots of the amultaneous equations 

x-y=2, xssT+l. y“V-l, nthiiMf 

**-^*"-2882 tnfliefeeoiMl«gH(rfw«, ond)lii<<vly 

67. Simplify 

68 Given that the area of a mrole vanes as the square of its radius, 
find the radius of a circle which is equal to the sum of ^e areas of tao 
circles whose radii are S and 12 inches 

69 If the roote of the equation e)afi+(c -a}x+la-b)=0 are 
equal, and a, 6, c are all positive, prove that a, b, e are in A.P 

70 If «+y=so, and x~y=sb, shew that 

«* - ISity + y«=3o*&* - (o‘ + b*) 

71 A square board is covered as far as possible with rows of half* 
pence If each side of the square had been one inch longer the weight 
of the halfpence would have been 1 lb 1 oz greater !Find the numw 
of halfpence in each row, given that 5 halfpence weig^ 1 oz , and the 
diametw of a halfpenny is 1 inch 

72, Prove that the function oan never he between +1 

X 

and +9 for real values of x Trace the graph firom xss -2 to x^l. 


73. 


Simjdify 


x+4x^ A AV* 

X‘-x^-20 ' 


74, Fuad 4 numbers in A.P. such that the sum of the squares th® 
extreme numbers is 125, and the sum of the squares of the means 89 
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75t Solve til" eqnaticna . 

(i) a?-aj-^^^^=18; (u) !B(a!-3)=J-2a;=6 

76. n a+&+c=0, prove that 

a»+J3+<a=2(a9-ic)=2(6S-ca)=2(c®-a6) 

77. the sum of 3a+af^+a+-^+ to 6 terms If the sum 

V* 

of thu senes to mfinify u equal to 27| find the value of a 

78. ^ the Bemoinder Theorem shew that a;n-y>> is divisible hy 
se+y when n is even 

79 Draw the graph of y=^(l-a!)(2a;+7) for values of x between 
- 4 and 3 Find from the graph, or otherwise, the greatest value of y 

80 A watennan rows a given distance a doun-^stream and back again 
m h hours, and finds that he can row 6 miles with tlie stream m the same 
time os e miles against it Prove that the stream flows at the rate of 

miles an hour 


81 SimpUfy 


(g+3)(2»«-7a;-4)-(a+3)(2g-H) 
{4* _ 5) (2r* - 7a - 4) + {« - 6) (2* + 1) 


82 Find the value of >/l+»/21+12j^ 

83 Find the values of b and c if the product of aP+hx+e and 
3fi-2x+l IS 3:*-‘5x^+5i^+z- 2 forall valuesof X 


84. Find the value of x*+a?y®+y* when x+y=2a, *-y=26 


85. Find the cube root of 

8a^ + 48aa* + 60o V - 80o®x* - OOer*!? + lOSa’x - 27o*, 
by the method of Undetermined CoefBoients 

86 Form the equation whose roots are and — — ^ -- i 

iJm+fJm-n ^ha-\fm-n 

87. Solve the equations 

24(y+z)=30(z+*)=40(*+y)=6*y2 


88 Two vonables are connected by the equation 

1 

y J a 

where / and a are constants It is found that x=:2 gives y=6, and that 
x=7 gives Draw a graph shewing the values of y correqKmdiz^ 
to values of x from 2 to 7 
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89. SBDpbfy 

90 If 3+4xJ-5a^ IS wntten mihefonn Aj-B(a;-2)TC(»-2}S find 
the Tallies of A, B, and C. 

91. Fro^ethat 

{c-6)(a;-o)®*>-(<i-c){a:T6)®'^(6-a)(.c-*-c)®sr&-e)(c-a){a-6) 

92 ProTe that (h-e)(ti-a)‘>-(e-a)(a-h)4-(a-Zr)(h->c} lBn^tl^e if 
a, b, care real Dtunbers not all eg^ 

93. If -=-ss-, more that 

a c y ^ 

{x-^a)[xTb){x~^ lh![c-^a) 

(y r d) 

94, If the smos of the first p, g, and /* terms of an A.P are P, Q, R 

P u R 

respectively, pime that -(g-r)-r^(r- 2 >)--(p-g )=0 

95 Sixtv-three sohd leaden spheres of equal size are melted down 
and oast into a hollow ^here sis mches thicL The outer za^ns of the 
hollow sphere is fonr times the radins of any one of the solid ^leres 
Find the radins of one of the solid imheres, assuming that the Tofiune of 
a sphere vanes as the cube of the radins 

96. With one inch as unit trace the graphs 

(i}y=l4x-0 8; {iijy-0 25z® 

Hence find the roots of the equation 9^=5 Gjc ~ 3 2 


97 Find what nnmencal values must be given to a and b m oraer 
that a?-(o-lja?-{6-3)*-2 maj be divisible bv the square of »'*-2 

98 Sum the senes (l-2;-(2~2*)-(3+2*)+(4+2*)- toloterms 
99* By the use of loganthms, find x from the equation 

7®*** t4*'^=!7**+i - dF** 

100 I think of an odd number , I multiply by 3 and divnde by 2, the 
quotient being again odd , I multiply the quotient by 3 and divide by 2, 
obtaining a fi nal ouobent What was toe uumbw onginally thought 
of* Test your fiofutiom 

lOL H a-b-c=0, prove that a^-rlr-ii^s:2(^-r2l^+2A?. 

102 Sum the senes 1 (3*~2®)-*-2(4?- 3®;- . •rn{{ 7 i+ 2 p- (b+1J*} 

103 Hie remprocal of a number IS multiphedl^ 2*25 and the product 
is added to the number Find graphically what the number must be if 
the resulting eiqnession has the iWst possible value 
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1(^ Draw the graphs of ys=u? and y=3a,^-4 on the same axes, and 
find the toots of the equation a^-3a^+4=0 
Shew that the fnnction x’-Sa^-i-A u negative for valnes of x less than 
> 1, and positi\ e for all othei valnes of x 


105 Ptove that (&+c)(c-^a)(o+6)+a5cs(a+5+c)(6c+co+a5) 

r6)»-(6+c)8 (a+6)»+(6+cn 
a+2&+c J 


106 Sim^ jlr — 

• ^ (a+6)(6+c)\ a-i 


107. Shew that |+g+^+ 


_m ct+2 


108 H Pt ?! and r ore respectively the r^'*, andp*^ terms of an 
A.P prove that jp*Tg*+r*=3pgr 

109 The following fomnla mves G the number of gallons of water 
deh^eied per hour by a pipe of diameter D inches and of length L yards 
under a head of water of H feet 

Use it to find the diameter of a pipe 2 miles long, which will deliver 
140,000 gaUoiis of water an hour under a head of 30 feet 

HO A tram usually does a run of 70 miles at 30 miles an hour One 
day it IS stopped and delayed 12 mmutes, but 1^ doing the remainder of 
the run at 40 nules an hour it omves at the proper time Where did 
the stoppage take place * Yenfy the solution gra]mically 

111 As present jrages are 13s a week, and each } ear he is to receive 
a nse of 28 a week B starts with the same wages, but receives a lialf- 
yearly nse of Is a week Fmd the total amounts received by each 
dunng the first r years, takmg a year as containing exactly 52 weeks 

112. Calcnlate the values of x(9-x)^ for the values 0, 1, 2, 3, 9 

of X Draw the graph of v{9 ~ xf from a=0 to a=:9 

If a very thm elastio rod, 9 mohes m length, fived at one end, swinm 
like a pendulum, the expression x(9-x)3 measuies the tendency of the 
rod to creak at a place x indies from the point of suspension From 
the graph find wheie the rod is most likely to break 


US Simphfy 3ct6) 

a~—ab+lP 

114 Solve the equation {2o-6-x)5+9(a-6)®=(a-*-5-2a,)- 

115 Prove that the roots of the equation pa^->- 29 x+? =0 are real if 
the roots of i4r*+2Q®rTpr=0 are real 

H ALO 2f 
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116. If and i+i4--=> show that 

X y z (t 

aa?+6y®+C2*-d*(o^ + &^+c^)*, 

a-c _ % 
b-c^a+b-e 

IM. If r|p=«, j|;=i, j^=<% prow that 

« _ y _ z 

a(l+6+6r)"b(l+c+ca)”'c(l+a+a&) 

119 If a man mends 22« a yeoi on tea whatever the pnoe of tea is, 
what amounts will he receive when the pnoe is 12, 16, 18, W, 24, 28, 33, 
and 36 pence respeotn ely ’ Give your results to tlio nearest quarter of a 

S ound Draw a curve to the s(»k of 4 lbs to the inch and 10 pence to 
lie inch, to shew the number ot pounds that he would rooeivo at inter 
mediate pnoos 

120 A manufoctuier duds tliat when he is employing W workmen 
his total weekly expenditure (including nages, matenal, coal, mw, 
insurance of premises, etc ) amounts to E pounds, and Ins receipts 
amount to R pbunds After oaiefnlly balancing his books for many 
weeks, the following table of average results was drawn up 


w 

23 

30 

35 

45 

50' 

60 

E 

302 

33 4 



631 

698 

R 

27 3 

391 

49 8 

75 0 

848 

1092 


I- detennme simple algebraical relations between 
E and W, R and W, P and W, whore £P leprescnts his neekly profits 
Also nna naphioally (i) the number of workmen neoossary to ensuio a 
weekly profit of £18 lOs, (ii) the Braallest number of men that mil 
enaole toe manufooturer to pay expenses 
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OHAPTEE XXXIX 

Permutations and Combinations. 

486 EIacb of the grovtpt or ieUetiom hich can be made by takine 
some 01 all of a numbei of things (nitbout regard to tbe onfer or 
the things in each group) is called a combination. 

Tlius the oombinations winch can be made by takmg the four letters 
a, h, c, d two at a time ate ax in number nama}', 

ab, oc, ad, he, hd, ed, 

eaoh of these presentmg a different aelection, of two letters 

If the tilings in each selection are aiTanged in all posable oi^r^ 
each of such arrangements is called a peimutatipn 

Thus eaoh of the foregoing adecttoaa of the letters a, b, c, d, taken two 
at a time, admits of two arrangements , hence the pemulalions of these 
letters two at a time are twelve in number nimel}', 

cefi, ae, ad, be, hd, ed, 

ba, ea, da, cb, db, de; 

eaoh of these presenting a diffeient arrangement of two letters 

Again, a sin^e eombinaiton of three letters, such as abc, admits of the 
following arrangemente 

tzbe, oeb, bea, hoe, cab, eba, 
and so gives nse to six deferent permuiatione 

» 

497 More generally ' when r things are selected out of n, each ' 
selectton is called an r-combination, and the number of ways m 
which such a selection can be made is called the number of combina- 
tions o/n thxngs rata time, and is denoted by the symbol "Cr 

iEach asrangement which can be made by taking r tbmgs out of n 
is called an r-peimutation, and the number of ways in which such 
an arrangement can be made is called number of permutations of 
n things rata tme, and is denoted by the symbol ”P, 
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498 If 'we 'vrere required to write down all the 3-penuutations of 

4 letters a,h,c,d,'VQ might proceed as follows Talce a and write 
each of the other 3 letters aftei it , we thus obtain three 2*p6miuta> 
tiona in which a stands fiiat Similaily, there aie thiee in which 

5 stands hrst, and so on Hence the total number of 2-pei mutations 
IS 4x3, or 12 Next take one of these, such as a&, and write 
each of the other letters after it We thus obtain aha, abd, that 
IS from am one of the twelve 2«pei mutations we can obtain two 
3-permutations Hence the total number of 3*permutations is 
12x2, or 24 

499 It IS obvious that it would often be a laboiious task to find 
the number of combinations or peimutations m any given case by 
writing them all down exhaustively 

For example, the number of 3-oombinations that oan be formed out of 
10 things would be found to be 120 , tliat is, *** 03=120 

And the number of 4-pennutatiOnB that oan be formed out of S things 
would be found to be 1680 , that is, ^P 4=1680 

Hence it is necessary to find general formulo^ in terms of n and r, 
fiom whidi the values of "Or and "Pr can be teadily calculated in 
every case 

Further, since the order of thought suggests selectum of groups 
followed by anangement of the things m each group, it would seem 
natural to consider combinations first and then to deal with perniu* 
tations But it happens that many cases dealing with pemutations 
can be dealt with very simply, by common sense reasoning, by means 
of an important principle whidi we shall now explain ana illustiate 

600 Jf one operation can he performed %n ni iwya, md (w/ten t( 
Jm been pafonnM vn any one of thm ‘leays) a secoiia operation can 
then be performed in n tbays, the nuniber of ways of performing the 
two operoXvtm mil be mxn 

If the first operation be performed in any one way, we can associate 
with this any of the n ways of perfoiming the second operation and 
thus we shall have n ways of performing the two opeiations without 
considering more than one way of perfoiming the first , and so^ cor- 
lespondmg to each of the m ways of performing the fiist operation, 
we shall have n ways of perfoiming the two , hence altogether the 
number of ways in which the two operations can be performed is 
lepresented by the product m x n 

Bxahfls There we 10 steamers plying h^ween Lmerpool and Didtlhi, 
m how many ways can a man go ft om lAveipotd to Dublin and return by 
a different aUxmer? 

There are tea ways of making the first passage , and with eacTi of these 
there is a choice of nine ways of returning (since the man is not to come 
back by the same steamer) , henoe the number of ways of making the two 
loumeys is 10 x 9, or 90 
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601 The same piinciple can be used when there are moie than 
two operation;^ each of which can be peifoimed inagnen number 
of ways 

Exampll 1 In hovo many ways can 3 of the letters A, B, C, a, b c, d 
he arranged tn a row, tuing only one capital and two small letters, so (hat 
the capiUd always stands Jirsl f 

The first place can be filled np in 3 wa} s since a^ one of the capitals 
may be used And when the fiirat place has been filled up in any one of 
these ways, the second place can be filled up m 4 wajs, since any one 
of tlie letters a, b, c, d may be used And since each way of filling up 
the first place con be associated with each way of filling up the second, 
the number of ways of filling up the first two places is giien by the 
product 3x4 And when the first two places ha\ e been filled in any one 
of these 12 ways, the third place can be filled up by using an} of the 
3 remaining small letters Hence, reasoning as before, the number of 
ways in which the 3 places can be filled up is 12 x 3, or 36 

Example 2 Fotir persons enter a railway carnage tn which there are 
81 e tacan^ seats, m how many ways can (hey tale Ikexr places ^ 

The first person may seat himself in 6 ways, and then the second 
person m 5 , the third in 4 , and the fourth in 3 , and since each of these 
ways may be associated with each of the others, the reqmred answer is 
6x5x4x3, or 360 


EXAMPLES XXXTX. a 

1 A field has 4 sates , in how many •m.ys is it possible to enter the 
field by one gate and come out at another* 

2 In how many ways can one consonant and one vowel be chosen out 
of the letters of the word Camh tdge* 

3 In how many ways is it possible to take one apple, one orange, and 
one pear from a basket containing 6 apples, 4 oranges, and 5 pears* 

4 111 how many wa}w can two prizes be giien to a class of 12 bo}B, 
(i) if one boy may receiie both , (ii) if no boy can receive more than one 
prize* 

5 There are 10 competitors m a race for 3 prizes , m how many wa} s 
can the prizes be given * 

6 How many different signals can be made by hoisting 4 fiags on one 
mast, with 7 fiags to choose from * 

7 How many integral numbers can be formed inth the four digits 
1, 2, 3, 4 * How many if 0 is substituted for 1 * 

8 In how many w'ays can the letters of the word mtnvs be arranged * 
How many of these will begin with m* How many will not begin 
wnth m* How many will begin with m and end with a* 

9 A man hi es within reach of 2 bo} s’ schools and 3 girls* schools in 
how many wa}'s can he send his 3 sons and 2 daughters to school * 
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Fenmtatiloiis of Uiilike Things. 

602 Tojadtk nimiei of pemnt&tions of n vMt tkyt tden 
vat atm 

This 18 the same thing as finding the number of ways in which we 
can fill up r blank places when we have » unlike things at our 
disposal 

The first place may be filled up in n ways, for any one of the 
n things may be taken , when it nas been filled up in any one of 
these ways, the second place lan then be filled op inn-1 ways, 
and since each way of filling up the first place can be associated 
with each way of filling up the second, tne number of ways in 
which the first two places can be filled op is nven by the pmuct 
n(n- 1) And when the first two places have mn fiM up m any 
one of these ways, the third place can be filled up in fl-2 ways 
And reasoning as before, the number of ways in which three pto 
cdn be filled up is a(n- l)(ft-S) 

Proceeding thus, and noticing that at any stage the number of 
factors ib the same as the nunilmr of places filled up, we shall have 
the number of ways in which t places can be filled up equal to 
»(n - 1)(» - 2) to r factors , 

and the r®* factor is n-(f- or s-r+l 

Therefore the number of permutations of n things taken r at 
a time 18 n(»-l)(»-2) («-i+l) 

Cor. The nnmbei of permutations of n things toLm all at a 
timn »(n-l)(n-2) tonfnctois, 

or n(9i-l)(}i-2) 3 2 1. 


603 The product of the fiist n consecutive numbers is denoted 
by the symbolic or «' Either symbol mKaad“fectonal a.* 


(i) "P,=«{ft-l)(»-2) (»-r+l), 

(ii) ’'Pb=[^ or ?i> 


Note It should be noticed that the snfiix r in the symbol "Pr always 
indicates the nwnier offaslon m the formula we are using 

Exahtlr 1 Eoa may foiia'-fgm maiAtn tan Itforvad 
|i) mA At 1, 3, 5, 7, 9 , (ii) mA At diyUt 0, 1, 3, 5, 7, 9, no 
being mdmortAmommtaeh mnbtrf 

(i) We have 5 different things and we have to find tiie number of 
' permutations of tiiem 4 at a time 

the rquired number='P4s5 4. 3.2=120 

(ii) Smoe a number oonnot begin with 0^ the first place can on^ be 
filled up m 5 ways Then the nupiber of ways of arranging 3 out of the 
remammgfidigitsisep, 

the required numbers5x'P|=5x6 4 3=300 
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Examflr 2 In how many uaya tan the letters of the KOid cotmige 
be arranged if the xowda are dtcays to occupy the oddjdaces ^ 

The 4 vowels can occupy the 4 odd places m [4 ways The 3 con 
sonants can occup]* the 3 e\en places m [£\ia}S 

Each arrangement of vowels can he associated with each aiiangement 
of consonants , 

* the requited namber=[4x 1^=4 3 2x3 2=144 


EXAMPLES XZXIX. b. 

1 Find the numencal values of 1 7, “Ps, ^Ps. 8 ', oPo 

2 How many airon^ments can he made by taking (i) five, (ii) all 
of the letters of the woranumbei * 

3 If "P 4 = 18 x*-'P 2 , findn 

4 How many changes can be rung with 5 bells* How many of 
thoie will begin with one particular bell* 

5 Using each digit only once in each number, find how many 
numbers between 2000 and 3000 can be foimed with the digits 1 , 2, 3, 
4 5,6 

*6 How many permutations are there of the letters of the word 
orange, (i) beginning with o, (u) not beginning with o* 

7 In how many ways can 4 boys and 3 girls be arranged alternately 
with a boy at each end of the ion * 

8 Of the permutations of the letters of the a ord /actor taken all 
together, hoa many do not begin withya* 

9 How many arrangements of the letters of the word fragile can be 

made, if the vo\^ are alaajs to occupy the first, the last, and the 
middle places* * 

10 An OMmination consists of sis papers of a Inch two are in mathe- 
matics In how man}' wa}s can the papers be given out so that the 
mathematical papers are not conseoutne* 

11 Shew by general reasoning that "+*Pr+i=(n-tl) x"Pr 

12 If 8 men and 5 a omen apply for 5 diffeient situations, 3 of ahich 
irust be filled by men, and 2 or'aomeii, in how many ways c&n the 
situations be filled * 

13 There are 8 different situations vacant of which 3 must be held 
by men, and 2 by a omen , the lemaining 3 may be held by either men or 
a omen If 10 men and 5 a omen present themsehes as candidates, in 
how many aa}’s can the situations he filled* 

14 Find the number of aays in which 6 different books can be 
arranged (i) if 3 specified bookt> are alwnp together, (u) if the 3 specified 
are always separated. 


11 

H 
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Peimutations of things not all different. 

604 The foregoi ng f ormulc apply only Tihen the things con* 
sidered are unlile *^60 ite speak of things being dunmtlcar, 
different, unliLe, it is aosumed that they are wsiUtf vwdje, so as to 
be easily distinguished from each other Things are considered 
to be cdiU when they cannot be so distinguished fiom each other. 

The following example should be veiy carefully studied 

Example Bow many different vsoide can he fmmed vnOi the leUtre 
B) d, e, d, d, b, ueing aU the nx lettera tn eae& word ^ 

Let z be the required number of Mords; then if m any one of these 
words {eq ddntda) ue uere to replace the letters d new unhhe 
iettersi different from anj of the rest, from this angle word vo could 
form 1 3 new words If a similar change were made in each of the 
X words, ue should obtain zy[S neir \tords But since the 6 letters 
have now become all different the number of words must be equal to [6, 

6 

«x[3s:|£, or z=~=6 5 4=120 


606 To pad the number of ways tn which n things may be 
arranged among themsdies, taking them aU at a time, when p ey the 
things are aide of one kind, q of them altU of another land, r of them 
<dde of a third kind, md tive rest aU different * 

Let there be n letters , suppose p of them to be tr, ^ of them to 
be h, r of them to be and toe rest to be unlike 

Let X be the required number of permutations , then if the p 
letters a were replaced by p unlike letters different from any of the 
rest, from any one of the r permutations, without altenng the 
position of any of the remaining letters, we could form [j^new 
permutations Hence if this change weie made in each m the 
X permutations, we should obtain zy [p^permutations 

If in each of these permutations the q letters h were replaced by 
q unlike letters, the number of permutations would be rx]px[£ 

In like manner, by now replacing the r letters c by r unlike letters, 
we should finally obtain z x [p x [£ x _r permutations 

Bat the things are now all different, and therefore admit of (n 
permutations among themselves Hence 

zx[£x[£x[r=[n. 


toatis, 


[ft w' 

^’~ \p\q\ r' p’g*r«* 


which is the required number of permutations. 

Any case m which the things are not all different may be treated 

mmilarlv 
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Example 1 How many deferent permviattons can he made out of the 
letfere of the uortZ assassination iaJen all together * 

We hoA'e 13 letters, of Trhich 4 s, 3 axe a, 2 are t, and 2 are n 
Hence the number of permutationa 

=13 11 10 9 8 7 3 5 
=1001x10800=10810800 


- 

-(?B1212 


Example 2 How many numhere can he farmed hy wemg the digite 1, 2 , 
B, 4, 5, 5, 6, 1, 8, so that the odd digits always occupy the odd places ? 


m 


(i) The odd digits 1, 5, 5, 5, 1 can be arranged m the fire odd places 


(ii) The even digits 2, 4, 6, 8 can be arranged in the four even places 
in [4, or 24 'R’a}'8 

Each of the vrsya in (i) can be associated with each of the ways in (ii) 
Hence the required number= 10 x 24, or 240 


[Bvamples xxxn c 1-9, 458, may be talen here ] 


Femutations of things which may he repeated. 

506 To find ike total number of i-peimutations of n diff&ent 
things when each thing may he repeated up to r times in any arrange- 
ment 

Consider n different kinds of letters a, 5, , not less than r of 

ea(^ kind Then the required number of permutations 11111 be equal 
to the numbei of ways in ithidi r places* can be filled up by using 
any one of these letters in each place 

The Gist place may be filled up in n ways, and, when it has been 
filled up in any one way, the second place ma) also be filled up in n 
wa}s, since ne may use the same thing again Therefore the number 
of wa}s in which the firat two places can be filled up isnxn oi n^ 

The thud place can also be filled up m n ways, and therefore the 
first three places in srays , and so on 

Since at any stage the index of n is always the same as the number 
of places filled up^ we shall hare the number of ways m which the t 
places can be filled up equal to n' 

Example In how many ways can 6 prizes he given away to 4 hoys, 
when each boy is eligible for all the prizes ? 

Any one of the pnzes can be given in 4 ways , and then any one of the 
remaining prizes can also he given in 4 ways, since it maybe obtamed 
bj’ the boy who has already receised a prize Thus two pnzes can he 
giien awa} in 4^ wa^s, three pnzps in 4’ ways, and so on. Hence the 
D pnres can be given away in 4* or 1024 ways 
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EXAMPLES XXXTX. c. 

[In Ezamjiiea 1-9 eacA thing ocean once only in any armngcvmt ] 

1. Pmd the mimber of permutations \ihich c&u be made by using aS 
the letters of the following uords 

(i) tchatco, (ii) allmtal, 

(ill) Mlt-taUle , (i\) appropitaUon 

In (i) and (ui) how many of the permutations bcgid uilh 

2 Among the permutations of the letters of the iiord sma how 
many begin and end with s ^ In how many are the \o\\cls and consonants 
placed altemately ^ 

3 How many different nnmben can be foimed b^- using th| seien 
digits 2, 3, 4, 3, 3, 1, 2* Hou many uith the digits 2, 3, 4, 3, 3, 0, 2' 

4 Without assuming the general formula, find the numbei of per* 
mutations of all the letters of the word todogical 

5 In how many ways can the letters of the word cannon be arranged 
(i) if the two \owels always come together , (ii) if the rehitne position of 
the lowds and consonants is not altered* 

6 I hare 2 exactly similar copies of Algebra, 3 of Geometrv, and 
single copies of Aiithmetio and Tiigonometr} In how man) wa}s can 
these books be distributed among 7 bojs, one volume to cadi* 

7 How mam' ci en numbers, each of 7 digits, can be formed w itb the 
digits3,2,5, 4, 3, 5, 3* 

8 In how many wais can 2 si^es, 3 fives, and 5 twos be tbrown 
with 10 dice* 

9 How many numbeik greater than 30,000 can he mode hx using all 
the digits 1, 4, 4, 3, 5* 


{PmavMt<m with repetitions ) 

10. Find the total number of will's in which 5 sparrows can perch on 
3 trees when there is no restnction as to the choice of tree In how 
many of these ways will one particular sparrow be alone on a tree* 

U. How many 4-permatation8 can he made out of the letters a, b, e, 
f, g, ht when repetitions are allowed* 

12. In how many ways can I make 4 journei's with 3 comq’ances to 
ohoosefrom* 


13. A letter-lock consists of 4 rings each marked with S different 
letters ; how many unsuccessful attempts can be made to open the lock* 

14. In how many ways can 3 hats be divided between 2 men* 


15 In how many ways can a man harness 3 beasts to a plongh when 
he has horses, oxen, mnl^, and asses to dioose from * 


16 Shew that the total number of 
n different things, not more than t 


at a tim^ is 

tt*" A 
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Combmatioiis of TTslibe Things. 

607 To find the number of i-combinations of n mlde things 
[See Art 497] 

Let "Cr denote the lequired number of combinations, or gjoups 
If the r things in each group are arranged in all possible \ra}s, each 
group mil give nae to l^carangements 

"CrX[r IS equal to the number oil -permutations of « things , 
hence "C,.x|r="Pr=s«(n-l)(»-2) (»-»+!), 

This foimula for "Cr may be written in a different form , for if we 
multiply above and below by |w-r , we obtam 

n(n-l)(»-2) (%--r+l)x|»-»r 


|r |w-r 

and since n(M-l)(«-2) (a-f+l)x fw-r =|«, we have 

• 0 ,.. K-. - 


(r |n-r ’ r'(n-r)' 


( 2 ) 


Note In using formula (1) it is useful to remember that the suffix in 
the sjmbol "Cr denotes the number of factors in both numeiator and 
denominator 

E\A'uflp Fiom 12 bools m hmo many nays can a seleclton of 5 be 
made, (1) when one speafied hod. is alicays mdnded, (2) when one specified 
bool IS always exdnded ^ 

(1) ^nce the specified book is to be included in e^ery selection, we 
have only to choose 4 out of the remaining 11 

Hence the number of u aya=^0.= ^ 

* Ix2x3x4 

(2) Since the specified book is aluays to be excluded, we haie to 
select the 6 books out of tlie lemaining 11 

Hence the number of way8="0gg ^ ’1^ =462 

X X«Xo)C4X0 

608 The number of combinations of n things v at a time is equal 
to the number of combinations of n things n-r at a time 

In making all* the possible combinations of n things to each 
group of r things we select, theie u left a corresponding group of 
n-r things , that is, the number of combinations of n things * at 
a time is the same as the number of combinations of n things n-r 
at a time , „q _nQ 


Thus 
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Etlampub To proie iJIuU *0,*- 

"Cr^tho number of r-combisations of (n+1) things wheu one specified 
thing is alwa} s excluded 

"Oij-i sthe number of r-combna1aons of (n+l) things when the 
^ecu^ thing is always included 

The<miii of th^athe total number of r>combinatiion6of (n+l) things, 


509. In the following examples the first thing to decide is 
whether the conditions imply arrat^ements or selections ody 
When arrangements are involved a formula forpemvUUions must 
not be used until suitable sdeetum have been made according to the 
conditions of the question 


Example I F/xmi 7 inatters and 4 hoys a ammUtee of Q te to he 
formed in horn many ways can this be done, (i) when the commifUe 
contatTU exactly 2 boys, (ii) at least 2 boys ^ 

Here we are not concemtd vith the possible arrangements of the 
members of the committee amongst themselves Hence it is a case of 
selecfions only 

(i) The number of ways in which the 2 bo}B can be chosen is *0^} 
and the nnmber of ways in which the 4 masters can he chosen is 
Each group of bo} s can he combined with each group of masters ; 

AO *7 ft K 

the required number ss*C2 y ’04*5 y y' Y ' s 


(ii) All the suitable combinations will be found by forming all the 
groups containing 2 boys and 4 masters, then 3 boys and 3 masters, 
and ustly 4 boys and 2 masters 

The sum of these results will give the answer Hence the rcqnuied 
number of wajss’C, / "Q* - *0, y ’^t<C 4 y 


_3 7 6 5 
1 2’'l 2 3 


7 6 5 
1 2 3 


+ ly 


7 6 
O 


a2l0-rl40-r 21 = 371 


Example 2 Out of 7 connonanis and 4 lowtls, horn many words can 
be made each containing 3 consonants and 2 vowds ^ 


Here each “word*' means a different arrangemeiU; hence we must 
first select sets of 3 consonants and 2 vowels and then combine them 
into yets of 5 letters nhich may be arranged among themselves 
The nnmber of ways of choosing the 3 consonants is K^, and the 
number of wajs of choosing the 2 \oweIs is ^63 , hence the nnmber of 
combined groups, each containing 3 consonants and 2 vowels, 1$ y *0^ 
Each of these groups contains 5 different letters whidi may be 
arranged among themselves in |2 ; 


7 6 5 4 3 

the requited number of words* x ~ / j5 


=5 y [7=23200 
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610 To find the total number of mays m vihvdi it is possible to 
male a selei^on by tahng some or aU of n things 

* Each thing may he dealt with m t\io ways, for it may he eithei 
taken or left , and since eitliei way of dealing \iith any one thing 
nia} be associated with eithei way of dealing m ith each of the othei s. 
the number of ways of dealing with the n things is 
2x2x2x2 ton factors 

But this includes the case in whidi all the things are left , therefore 
rejecting this case, the total number of a\ s is 2" - 1 
This is sometimes leferred to as “the total number of combmations 
of n things ” 

Example A man has 5 ft tends tn how many toays may he invite one 
01 more of them to dttinet f 

He has to select some or all of his 6 friends , 

the reqmied number of waj 8=2^- 1, or 63 
Or thus The guests may be mvited singly, by twos, threes, 
therefoie the number of seleotions=*Ci+*C 3 +®C 3 +®C 4 -*-®C 5 +®C 6 

=6+15+20+15 ■‘•6-«-l=63 


611 To find the number of mays tn which ni+n things can be sub~ 
dnided into two groups containing m and n things reKpeetiidy 
The number of ways of choosing a group of m things is "''‘"Cni, and 
mth eadi of such selections the n things make up the second gioup 

the required number 



Note If n=m, the groups are equal, and it is possible to interchange 
the two groups without obtaining a new subdiiision , hence the number 

of different ways of subdiiision is 


Example In how many ways can 12 hools be divided into 3 eeta each 
contanang 4 bools ^ 

The books can be divided into sets of 4 and 8 m ^C 4 wavs 

Then each set of S can be divided mto 2 sets of 4 in ways 

Thus the number of ways of making up the 3 sets 

= li? li ijg U2 

” (W 

But these are not all different modes of subdivision, for since the sets 
are equal there are [3 different orders m which the sets can be arranged 
inthout giving a different subdivision 

Hence the required number= 



[Examples xxxix d 1-20, page 464^ may be taUn heTe,'\ 
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512 Fw 
gnaJteii 

We have ”(^s=''Cr-iX smce ”0, has one more factor than 

• * T 

"Cr-i both in nummiator and denominator. 

The multiplying factor may be wntten "which 

shews that it decreases as r increases Hence by giving to r the 
values 1, ^ . in succession, **0^ is continually increased until 

becomes equal to 1 or less than 1 

T 

n+1 

Hence “Cr>, oi ="0,-1 accordingas — 1>, or =1; 

that IS, accordingas or *2; 

• that is, accordmgas or =«ft 

Also r can only have integral values 

9lXl 

(i) If n is eiai, then is a fraction, and the greatest value r 
Hence "Cr is greatest when r»g 

wXl JlX 1 

(ii) If » is odc^ then is integral, and when *■=— g- we have 

ei I 1 41 1 

Hence "Or is greatest when r-—^, or ; the result being the 
same m the two cases 

518 To find the total number of ways m whush %l u possiMe to 
male a sd&stMn by tahny some or all out of p+q+r^ thii^Sj 
whereof p are ahl,e of one imd, q alile of a second /ranc^ r oMe of a 
third kind, and won 

The p thmgs may be dispraed of in yi+l ways ; for we may take 
0, 1, 2, 3, p of tnem Similarly the q things may be diqiosed of 
m f +1 "irays , the r things in r+1 ways , and so on 

Hence the number of vays in -which all the things may he 
disposed of IS (jp+l)(f+l)(r+l) . 

Bnt this indndes the case in -which none of the thmgs are taken; 
therefore, rqectmg this case, the total number of ways is 

(f>+l)(?+l)(v+l) .-1 
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514 MisceUaneous Examples m Penautations and Com- 
binations 

Ewmple I In how many -ways can 5 thinys, such as a, b, o, d, be 
arra7iffed n a ring f 

If tre call an aritingement Itatar or eiiculai according as the things are 
placed in a row or in a nng, it mil be seen that while anj hnear anange- 
ment depends upon the absohde position in ulnoh the things stand, a 
circular arrangement depends only on the position of the things relatnely 
to each other 

Thus the 0 arrangements . 

ahcdct 'bedea, edeab, deabe, eabed, 

which aie all different linear arangements, hare no essential a 
difference when regarded as areular amftigements For 
they are obtained hj merdj reading the 5 letters in cjclic f j" 
order, starting from each letter successively Hence in the V J 
case of 5 diflerent things each ciioular arrangement gives 
5 linear arrangements 

Hence the numbei of circular airangements 

of t}ie number of linear arrangements 

=il5=li 

Similarly n different things can be arranged round a circle in jn— I 
wajs 

We may ami’s at the same result briefly as follows since in each 
arrangement ue are concerned only with the uosition of a thing 
relatively to the others, let one thing he placea in any one position, 
then the remaining n-1 things can fill the remaining places in 
|«-1 ways 

£\AMri£ 2 I have 8 soils qf boohs and 3 of each sort In how many 
tcays can a sdection be made from them ^ 

In the case of each book we may take 0, 1, 2, 3 , that is, we may deal 
with each book in 4 ways, and therefore with the 6 sorts of books in 
4* wajs But this includes the case in which no selection is made , 

hence the required number = 4* - 1 = 4095 

Example 3 A laihiay carnage will accommodate 5 passengers on 
each side in how many ways can 10 persons tale then seats when two of 
them dedine to face the engine, and a third cannot travel backwards ^ 

Diiide the 7 persons who can sit on either side mto two groups con- 
taining 3 and 4 respectively This can be done m ^Cg ways 

How each side admits of [£ arrangements , 
the required number s^Cg x [5 x [6 

=i4l 

-504000 
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EkasitIiE 4 Fold ike manher qf cmurigemente ihcA can he made from 
die leUaa a, a, a, b, o, d, e, (aX>tNp them 4 at a time 

Here vre have 8 letters of 5 different kinds 

In finding grmpa of 4, these may be classified as follows 

(i) 3 alike, 1 different * (u) 2 alike, 2 others alike ; 

(m) 2 alike, 2 diffsrent ; (it) all 4 different 

(i) The selection can be made m 4 ways, for eaoli of flie letters 
b, c, d, e may be taken with the group aoa 

14 

the number of amutj^eiRentes:4 x-^sl6 

(u) The adeetum can be Inade in 1 way only Hence the number of 
omMisrc»iente=:|^=^=6 

(ill) The aeleelton can be made in 2 x ways, for we have a choice of 

2 j^irs of like letters, and 2 out of the remaimng 4 letters 

4 3 

the number of a»fl 0 igtemeKts=: 2 x^ x 

(it) The adeetton can be made in ’'C 4, 01 5 ways Hence the number 
of arrangmenta^b x [4= 120 

the total number of arrangementssl 6 + 6+144+120=:2S6 


1=^12x12=144 

I* 


EXAMPLES XXm. d. 

1 , Find the numenoal values of ‘KJg, *05, “Cg, "C4g, 

2 In how many ways con 4 bo} s be cliosen out of a form of 21, so 
as ahra}s to include the head ot the form * 

3 There are 8 biy, 7 bUck, and 6 roan horses for sale, m how 
many ivays is it possible to bu^ 12 horses, 4 of each ootour^ 

4 How many parcels of 6 books may be mode out of 7 Latin and 
3 Greek books, ( 1 ) when tlieie is no lestriction , ( 11 ) when each parcel 
holds 1 Greek book , (ui) when each paicd holds all tlie Greek books* 

5 A committee of 6 is to be chosen from 7 Englishmen, 1 Frenchman, 
I German, and 1 Italian In how many wa }8 can the choice be made, 
( 1 ) to include the Ficnchman , (ii) to inoludo exactly one foreigner, 
(ill) to include at least one foreigner* 

6. If2x«C4=35x5C3,findn 7. H aC, 44 =»C,^, find r 
* 

8 In the formula ”0.= , - , - - put » =n, and hence find a meaning 
for the symbolic 
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9 Ont of the 26 letters of the alphabet bon many words can be 
made consisting of 4 letters one of ivhidi must be 

10. How many words can be made by taking 3 consonants and 
2 vowels out of 13 consonants and 4 % owels * 

11, In how many ways can 5 chairs be occupied by 3 men and 2 boys 
taken from 6 men and 5 boys * Explam clearly why the formula Ts x 
does not give the correct answer 

12 Of 13 men, 3 can steer and cannot row, and the rest can tow but 
oannot steer , in how many ways can the crew of an eight-oar, with a 
coxswam, be made up* 

13 There are 4 candidates for 2 vacancies Ther» are 3 electors, 
each of whom can \ote for two candidates or plump for one in how 
many ways can the \ otes be giA en 

14. Emm 3 ladies and 7 gentlemen hou many diflerent parties can be 
made up to travel in a railway carnage which has 4 seats on each side, 
supposing all the ladies to be inclndra in each party* In how many 
di&rent waw can tbe seats be occupied if the comer seats are aluays to 
be reserved for ladies * 

15 Eind the total number of selections that can be made out of 
8 things 

16 How many parcels, each contaimng not more than 6, can be made 
with 8 books to onoose fiom * 

17 How many choices has a purchaser from 10 things exposed for 
sale* 

18 A house has 9 windows m the front how many different signals 
can be made by leaving one or more of the windous open* 

19 At an election three distncts ate to be canvassed 10, 12, and 8 
men respectively If 30 men ^olunteer, m hon many ways can ^ey be 
allotted to the different districts * {Oive the answer rnfactonala ] 

20 In how many ways can 52 cards be divided, (i) into four sets of 
13 eadi , (ii) equally among four players* 


{Mtseellaneotta ) 

21, In how many uays can 6 lettms be placed in 6 envelopes, one in 
each, if 2 of the letters are too large for one of the eni elopes * 

22 A telegraph has 4 arms, and each arm has 3 ^itions, inclndmg 
tlie position of rest , find the total number of signals that can be made 

23 In how many iva^s can 10 examination papers be arranged so 

that the best and worst papers never come together * , 

24. Find the number of ways m which 5 ladies and 5 gentlemen can 
be placed alternately in a iing 

HAIG 2q 
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25. the number of -wajs m nrhioh im things can be divided 
equally among n persons 

26. From 4 pears, 2 apples, and. 3 oranj^ hov many seleotians of 
&mt can be made, taking at least one of each Kind 

27. There are 10 points in a plane, 4 of which are oollinear find the 
number (i) of straight lines, (ii) of triangles, which result from jomlng 
them. 


28. In how many ways can a crew of 8 be made up when 2 of the men 
can row on stroke side, and 1 only on bow side ^ 

29. Find the number of ways in which n books can be arranged on a 
shelf so that two, specified books are not together 

30. Find Ihe number of ways m which the letters of the word 
abslmtouB may be arranged, (i) without altering the place of any vowel 
(ii) without changing the order of the vowels 


31. Out of 4 ladies and 5 gentlemen how many sets of two pairs for 
lawa-tenms can be arranged, (i) when there is no restriction as to tiie 
players on each side , (n) when each pair oonsists of one lady and one 


32. Find the number of ways in whioh a selection can be made from 
m s(^ of things, and n things of each sort 

38. Find the number (i) of seleotions, (u) of arrangements that can be 
made by taking 4 letters fi^ the word zodogy 

34. A man has 8 baohelor fnends, and he wishes to invite r of them 
to dine with him on snccessii e evenings as long as he can have a different 
selection each time. For how many evenings » it possible to continue 
these parties, and how often will each of the 8 fnends form one of the 
parly? 

35 Id how many ways can n men be arranged in a row if two ^emfied 
men are neither of them to be at either extremity of the row^ 

36. If there are 10 things of which 2 ate alike, find the number of 
permutations of them taken 5 at a time 

37. Fmd the number (i) of combinations, (ii) of permutations that can 
he made from the letters of the word ea^ression, taken 4 at a time 

38. How many choices are there in buying books from a book-stall 
where 5 copies of one hook, 8 copies of another book, and single 0 (^es 
of 5 other different books are offered for sale * 

39. Twentv-two men arrange to play a oncket match If two of the 
men are brothers, shew that the number of ways in which the teams 
can bo made up so that the brothers do not play on the same side is 
21194 -[ 10 | 9 _ 
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516 Ix proving the truth of certain mathematical lesulte or 
formulse, it is often convenient to use an induect method known as 
IS^thematical Induction. We shall explain ^is method of proof 


Example. Toprott that 


A.+ l+± + 

1 2^2 3 3 4^ 


to n torffu= 


n+1 


We can easily shew that this formula is true in simple cases, such as 
when n=l, or 2, or 3 We vish, however, to prove it true m all cases 

Assume that it is true when n terms are taken , 


that 18 , 

To each side add 


J_ J 1_ 

1 2-2 3*^3 4 
1 


1 


n 


(71+1)(»J-2)’ 


n(n+l) «+l 
, which is the (n+1)*'* or next term in 


the senes , then 

B®+2ft+l n+1 


(nxl)(»+2) n+2 


n+1 

(n+l)+l 

Now this last result is of the same form, as that assumed for n terms, 
with n T 1 wntten in the place of n In othei words, if the result is true 
when we take a certain number of terms, whateier that number may 
it IS true when we increase that number 1^ one , but by tnal it is true 
when 3 terms are taken , hence it is tme for 4 terms , therefore for 5 
terms , and so on Thns the result is tme nmversaUy 


The method of proof involves the following steps 

(i) Assuming the truth of the fonnula m any one case (say the 7n 
w e shew that it must he true in the next case, viz the (n+ 1)*** 

(ii) By tnal we shew that it is true in a certain simple case , hence 
it IS true in the case next after that vended , hence it is true m the 
next case , and so on Hence it is true in all cases 
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616, ,As another example we will prove one of the theorems 
relating to divieibihty given in Art 468 

Example dAew^&aexo-yBtsduasitletyx-v/orafffionfivetntonvl 
values qfn. 

By going through one step of division we have 
x-y x-y 

If therefore is divisible by x-y, then a!*“y“ is also divisibb 

by»-y 

But IS divisible byx-y; therefore a’-y* is divisible by x-y; 
therefore ar^y* is divisible by x^y, and so on, Henoe tlie proposition 
IS universally true 

617 Speaking generally, it will be seen that proof by induction 
can be convenientiy applied to all theorems which admit of successive 
cases corresponding to the o»ier of the natural numbers 1, 2, 3, > n 
But if the truth of a general theorem depends upon whether » is 
odd or even, it must be remembered that in considenng any one case 
(say the »**•), the next case will be the (»+2)®* 


EXAMPLES XT.. 

Prove by Induction 

1. a+ar+ar*+ 

r— 1 

2. l>+2®+32+ 

o 

3. l»+2»+3*+ , 

4 1 2+2 3+3 4+ +n(n+l)=|9>(n+l)(n+2). 

5. 3+3S+3»+ +3"=?^—^ 

1 1*1 

*• n4+r7+ns+ 

7. Prove by Induction . 

(i) that a;"+y* is divisible a+y when n is any odd positive int^cr , 
(n) that fl?*-y" is divisible by a+y when n is any even positive integer 
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The Rinomal Theobeh 

618 It may be shewn by actual multiplication that 

(T+a)(«+6)(«+c)(if+4) • 
=i?*+(a+6+c+d)a!®+(a5+ac+orf+Jc+6rf+cd)a^ 
■\-{fl}}G+aM’\-a£d-^hed^'c+ahaI . • •(!) 

We may, however, wiite down tins result by mspection, for the 
complete product consists of the sum of a number of partial products 
eadi of which is formed by multiplying together mur letters, one 
being taken from each of the four factors H we examine the way 
in which the vanoae partal products are formed, we see that 

(i) the term is formed by taking the letter v out of each of 
the fectors 

(u) the terms mvolving are formed by taking the letter x out 
of any three factors, in eveiy way possible, and one of the letters 
a, 6, d out of the remammg factor 

(lu) the teims mvolving are formed by taking the letter x out 
of any two factors, m every way possible^ and tvo of the letters 
a, h, c, d out of the remaining factora 

(iv) the terms mvolvmg x are formed by takmg the letter v 
out of any one factor, and three of the letters a, 6, d out of the 
remaining &ictois 

(v) the term independent of v is the product of all the letters 
a, 0 , c, d 

Example Find the value of (x -^^V3)jx-^)(x+'9) 

The product ty' ^ ^ 

=a!* + ( - 2+3 - 5 +9)a?+( - 6+ 10 - 18 - 16 +27 - 45)a? 

+(30 -54+90-135)x-*-270 

s= at* - 5a^ - 47a^ - 69a: + 270 

* 

619 If m equation (1) of the precedmg article we suppose 
&=ic=d=a, we obtain 

( V + a)* = 1 ?* + 4aa:® + + 4aSa: + a* 

We shall now employ the same method to prove a formula known 
as the Binomial Theorem, by whidi any bmomial of the form v+a 
can be raised to any assigned positive mtegral powei 
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620 Expaiwon of (x+a)“ when h u apostttve inieger. 
Consider the product of the n binomial factors 


x+a, x+h, «+<?, x+k. 

In the continued product of these factois evciy term is of n 
dimensions, being a product formed by multiplying together n letters, 
07ie taken from each of these factors 


^e highest power of a; is and is formed by taking the letter 
X from each of the hictois 


The terms involving are formed by tdbng the letter x from 
angn-l of the factors, and one of the letters a, 6, & k from the 
remaimng fector , thus in the final product 

the coefficient of where A stands for 

the sum of the letters u, d, c, h taken one at a time 


The terms involving af-® are formed by taking the letter x from 
any n—% of the factois, and too of the letters a, 6, k from the 
two remaining factois , thus in the final product 

the coeffiment of 4?^*=:a6+oc+6c+ where 5. stands for 
the mm of the products of the letters a, 6, c, k taken two at a time 

the terms involving of”’’ are formed Iw taking 
the letter x from any «-r of the factors, and r of the letters 
a,OfCf k from the » remaining factors , thus in the final product 

the coeffiment of 5,., where St> stands for the mm of die 
products of the letters a, 6, c, k taken i at a ti me 


The last term in the product is abe k , denote it by Bn* Then 
{es+a){x+h){x+c) {x+h) 

+Srllf^+ +8n-lX+Sn 


Hero nu^er of terms in 5, is n , that is, *0, , the number of 
terms in is the same as the number of combinations of n things 
a at a tune , that is, "Cj , the number of ten ms in is "(/j , and so on 

I s^PP^e 6, c, k each equal to a , then the product on the 
left becomes (ai+a)* Also on the nght 

Bi becomes a+a+a+ . to "Cj terms, 

M a®+o*+a^ 4 . to ”C 2 terms, 


S. 


o*+o’+a*+ to "(/j terms, 


•« 


« « 


» d^+a'+a^+ . to "Cr terms. 


Also Bn becomes o" , that is, "Cko", since 
Thus we obtain finally 

{u+aY^sf^+^Cia3!^'^+^Cia^ar^+*Cz0?3f^+*., 


+»'C;aV^+ 
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Substituting in full for "(72, we obtain 

(4!+ey=a?'+ii<it*^+S^^^o>*^+!^^^i2z2a3^+ 

This IS the Binmtal Theorem, and the e3q>ression on the right is 
said to be the e^ansion of (v+a)” 


521 Proof by Induction We have to prove that 
(r+fl)"=v"+“CiflT«-i+"C',<i*T"-“+ +"C'rO'‘«"-’’+ +0." 

By actual multiplication oi involution, we have 
(r+a)"=t®+2<Mr+a“ =r®+®(7jaa;+o®, 

(i+af= r®+3aa^+3o®r +a®= t® +®C i ai^+*C2a®v+a® 
Assume that the formula is true for the power of (v+a), that is, 
(3;+a)"=if'-H'Cia«"^+"aa®i^"®+ "C'ra»-fl!"-»-+ +a“ 

Multiply both sides by r+a , then we have 
r(r+a)"=T"+'+"(7iCA"+"C'3aV-*+ +"(7ra’'T"-^+^+ +a"T, 

fl(a?+a)"= at"+"Cia®t"~^+ +"C',wia’‘t*'“’‘+*+ +a"+* 

Theiefore by addition, after collecting like terms on the nght^ 

(«+«)“+» =:A'"+H("Ci+l)ai"+{"(7s+"^?i)«’^"H 

+("C-+’’CV-x)o’’JP"~’‘+*+ +o"+®. 


Now 


■«''+”«'^=ir^+[Elfe±i 


b (U-U) 

-l|n-»\r n-r+V 


bziL 
li. 


w +1 


|n+l 


f-1 \n-r r(»+l-r) |r jw+l-r 


=«+iC7r 


. also "C'i+l="+^(7i, "C2+"C|="**C72, and so on 
(r+a)"’'^=t"'‘'^+’'+^C 7 i<u"+"+^CaO®r"“^+ 

+"+i£?^o'-®»+l-r+ +fl«+l 

Thus the tmms of ( 4 r+a)’''''^ are of the same form as those assumed 
for the expansion of (:r+ a)”, with n + 1 taking the place of n Hence, 
if the theorem is true for the power of a;+a, it is also tiue foi 
the (u+1)*’' power But we have seen that it is true for (a;+a)® , 
ther^ore it is true for (t+a)*, therefore foi (a+a)®, and so on 
Thus the theorem is true for any positive mtegral value of n 
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622. In the formula 

(^+0)" as a*a*^*+ 

the following points should be noted 

(i) The number of terms on the right is u4-l « that is, one more 
than the index of x-^a on the left 
(u) The index of a in anj term is the last factor in the denoiui* 
nator of the coefficient of that term 
(ui) In erery term the snm of the indices of x and a is a 

523 We shall often quote the theorem m the form 

+‘‘C?X. 

If we wnte -a for a, we obtain 
(r- +“Ci(- +*(4( ~ - ay»^+ . 

+"a(-«ya^-’‘+. +"a.(-a)“ 

saaf - - "C'3a»jf-^+ +"C„(- a)" 

Thus the terms of {x^af and {x-a^ are nmiemally the sam^ 
but m they are alternately positive and negative, and the 

last term is positive or negative aocormng as » is e^en or odd. 

Note Eor the sake of uniformity we may use ’*(7o as the ooeffioient of 
This 18 justified by the consideration that there is one way of 

making no smeotion (t e rejecting all) out of n things Hence "Gp-l 

Exaufle 1 Find tht exparuioii qf (x4■3y)^ 

Putting Zy for a in the formula, we have 
the expansionssa^ +*(7ia:*(3y) J-®(78®‘(3yJ*+*C5a:*(8y)*+*04S'^(3y)^ 

+«03x(3y)'+'0'6(8y)* 

Hence by calculatmg the values of ‘(7i, ^3 we have 

(»-3y)»aai«+6 Sx^+lS 9a!*jl«+20 27a^+15 81x»y‘+6 248xy'+720j* 
*a»+ 18*»y + 135x^*T540a!Sy>+ 1216aY+1468a!y*+729y* 

ExAMTjf 2 Find the at^nnon of {a-2xf 
(a-2a;p=o’-7(7xoe(2jc)-t'C'ga«<2ar)*-^C?,a*(2*)»+ to 8 termb 

Now remembering that "<7r="(7n.<>, after caleuktmg the coeffioirat^ 
up to ^Cs, the rest may be wntten doun at once , for 
and so on. Hence 

(a -2r)TsoV -7o«(2®) t^o^{2x)« - I^a<(2x)»+ 

as a’ - 7a*{2®)+21<:^(2iB)* - 35a:*(2x)* + 35tt*(235j* 

-21o»(2a!)*+7«(2»)*- (2*r 
ssa7 - 14a’x-}-84a’a^-280a'a^<i-560aV 

- 672ttV+448aa^ - 128*’. 


TT.T ] FBOFERTT OF THE BIKOIOAL COEFFICIENTS 


473 


624 The symbols " "^21 are often referred to as the 

B^iinTina.1 Coefficieiits of the order, and it is important to be 
able to calculate their numeiical values quickly we shall now 
explain a rule by which this may be done 

In (j;+ay the coefficients are 1 1, 

» + 3 , 31 12 1 , 

33 (v+®)* >1 J> 13 3 1, 

33 (®+®)* 33 33 1 4 6 4 1 

Heie the first and last coefficient m eadi line is 1, and for Ihe rest 
we notice that in any line each coefficient is equal to Ihe coefficient 
immediately above* it added to the preceding coefficient m the same 
line 

Thus m the 3*^ Ime 3=2+1, 3=1+2, 
and in the 4*'‘ line 4=3+1, 6=3+3, 4=1+3 

The general rule is given m the Example of Ait 508, where it is 
shewn that "+^C'r="Cr+"ffr-i, a result which may be verbally 
expressed by sapne that Ae r^ bmmtal eo^aent of aaa/ ofda ts 
equal to the sum of the r^'* and (r-l)^ co^mnts of the preceding 
order 

By the use of this rule it is easy to write down consecutively the 
binomial coefficients for different values of n, as in the followmg 
Table 


n 

Coefficients 

1 

1 1 

2 

12 1 

3 

13 3 1 

4 

1 4 6 4 1 

5 

1 5 10 10 5 1 

6 

1 6 15 20 15 6 1 ' 

7 

1 7 21 35 35 21 7 1 

8 

1 S 28 56 70 56 28 8 1 


526 The Bmomial Theorem may be applied to expand expressions 
which contam more than two terms 

Exaufle Fmd the es^mon qf (x‘-i-2x- 1)’ 

Regarding 2a;- 1 as a single term, 

the expansion =(®®+2ar-l)* 

=(a?)>+3{a?)9(2T- l)+3i?(2a;-l)®+(2a;- 1)® 
=a^+3a;*{2a;-l)+3a?>{4a?-4x+l)+8aJ»-12a?+6a:-l 
=a^+6a;*+9x*-4a?-9a?+6x- 1 
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526 The simplest form of t^e Binomial Theorem is the expansion 
of (1+^)". This 18 obtained from the generid formula of Art 523, 
by witing 1 for and a for a. 

Thus (l+r)"=l+"Ciaf+"f?3^+ +"01.^^+ 

+*^iifc|-±rr±l)*r+ . +*. 

The expansion of a binomial may always be mi^^e to d^end upon 
the case in which the first term is unity , 

thus ='iC"0+«)", where 

ExavHiB 1 Expcmd (1 +2x)^(l - aafar as ike term whdi tnw^m xK 

(1 + 2jc)^= 1 +4(2*} + 6(2*)»+4(2*}3+ (grj^ 

*l+8»+24*®+32*»+16*«, (1) 

{l-a«)3=:l-3'i^*+3*«-*» . (2) 

r 

The product of the expressions (1) and (2) may now bo obtained by 
using detached coefficients In (2) we must write 0 for the coeffimenm 
of any missing powers of x, and we may omit all terms which would give 
nse in the product to powers oS x higher than the fifth 

1+8 +24+32+16 
1+0- 8+ 0+ 3+ 0 

1+8+24+ 32+16 
- 3 -24 - 72 - 96 
+ 3+24 

1+8+21+ 8-68-72 

Thus the reqmred result is 1 +8*+21a^+8a^-53**-72ii^ 

Examfke 2 Ftnd &e uUue qf (1 +Vl-x*}®+(] -VI 

Put y for n/I-sj?, then we have to find the sum of the expansions 
of (1 +yf and (1 - y)^ bi these the terms are numerically equal, hut m 
the second expansion the second, fourth, and sixth terms are negative, 
and therefore destroy the oorrespondiDg terms of the first expansion 

Hence the required Talucss2{l+®CaP*+®C4y<} 

=2(1+ 10(1 -a?)+6(l-a^»} 

‘ s=2{l+10-10a?+5-10**+6*<} 
=32-40**+10»® 

[JSssamplesxLi a page i16, may be taXm hen] 
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627 Oeneial Term In the e^roansion of the coe&dent 
of the second term is ”Ci of the third term is "Cj , of the fourth 
term is "Cj ; and so on , tha mffix of C in each t& m hemg one less than 
the number of the term to ichieh it appltes, hence "(7, is the coeffiaent 
of the (r+1)^ term This is called the general term, because by 
^ving to f different numerical '^lues any of the coeficients may be 
found from "Or , and by giving to x and a their appropriate indices 
the value of any assigned term may be obtamed. 

Thus the (» + 1)*** term and may be vrritten 

[r |n-r |r 

In apnlying the form ^OrSf^cf to any particular case, it should be 
observea that the index of n is the same as the sufix of C, and that the 
sum of the indices ofx and a is n 

The symbol Tr+i is often used to denote the (i term. 

Example 1 Fmd thejifih term of (x+2y*p. 

Here 

17 16 15 14. 

- i 2 3 4' 

=3smx^if^ 

Example 2 Fmd thefonrteerah term cf (3 -ap. 

Here T„=“<7i,(3)=(-ap 

=“(7ax(-9a“) 

= -945aH 

Example 3 Fmd ihe term cantainn^ in the ea^nsion of ~ 2xp 

We have (®®-2a:p=|a:»(l-pj|”=a:“(l-|j" 

Hence the term contaimng inll be obtamed from the product of 

1 / 2 

and the term which cantains -q ^ ( ^ ~ ~ } ^ Trhich 

/2V \ **/ 

contains f ^ j 
Hence 


This IS the term which 


the requued term=z® x ^ j ^ x 2’'z**= 15360z® 

Example 4 the coefficient of^ m the eajnnstan of 

The general term=“C'r(ar*)““’’^p^ =“(7rZ®*“®*‘ 


Now if 


24-Srs9, then r=;3. 


Thus the required coefficients “(7,s 


12 11 10 
1 2.3 ' 
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EXAMPLES XLL a, 

1, As in Aitt 519} find t^e expansioas of 

W (z+S)(x-l}(z-h4) ; (u) («-3)(«+7){«-2)(»+4 ) ; 

( 111 ) (»-4)(a+5)(a;+4){a;-5)j (iv) (a+26)(a-6&)(a+9&) 

Venfy (m) an independent method. 

Expand the following binomials ^ 

2 {x+2)*. 3. («+3)». 4. («-»)' 5. (a+zy 

6. {l+J?. 7. (1-S^y 8. (l+jY 9. (&+!)' 

M. (i-iy 11. la (*-^y a («+»)’ 

Ei^d and simplify 

lA (a-t-i)»-(a-h)» 15 (3-2®)9+{3+2*)« 

16. {x-^jiy+ix+jsy 17. 

18. Shew that («-^/^^)<+(afW^^^)<as2+8a*-8a!*. 

Expand the following tnnomials 

19. (a!*-*-2)» 20. (IHir+ai*)* 21. (l-2o+3a»)». 

22. Expand (i) («+ «)«(a - *)* , (ii) (1 - *)»(1 +2*)* 

Write down and nmplify 

23 The4«'termof (l+2a;)7 2i The6«» term of (2-y)*. 

25. The 5^ term of (a - 6t)» 26 The IS*!* term of (2a! - 1)”. 

•, 27. TheT^termof 28. The 6“* term of ^3*+!)* 

29 The middle term of (i) (u) 

30 The two middle terras of 

3L The 6“* term of ^ The 28^ term of • 

33 Find the coefBcient of in tiie ei^pansion of 

34. Ftnd the coefiicjent of z in the expansion of {^~^j * 

35. Find the coefScients of and z~^ in ^ 

36. Find the term independent of x m 

37. Shew that the coefiioient of the middle term of ll+zy^m equal to 

a.*! 1.1. .0* 1 .##1. 


M !■! C ■ q H (Ot f I i;T*) Iff lUl rTTyTO U I C I 


^ If Or denotes the ooeffioient of af in the expansion of 
proie that c^.i+a2m-r»0 
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628 In the o^anmn ^(1 +z)” the co^cients of terns eguid^ant 
from the heginnxi^ crad end are eqycd 

The coefficient of the (r+iy** tem from the beginning is 

The (r+1)*'* term from the end has (»+l)-(r+l), or «-r terms 
b^ore it , therefoie conntmg from the banning it is the {n 
term, and its coefficient is "CU, 'which has been she'vrn to be equal 
to^Cr [Art 508] Hence the proposition follows 


629 

» 

Here 


To find the greatest tem m the eafjoansion of (l+x)'* 

^ n(»-l)(a-2) (a-r+2)Ca-f+l) , 

Trti= 12 3) 


a(«-l)(«-2) 
12 3 


(a-r+2) ^, 
(r-1) ^ 


, _T 

TrW-^TrX - X 


Hence the (r+1)^ term is obtained by mnltiplymg the term by 

that 18 , by 


,1 

The factor — 1 decreases as r mcreases , hence the (r+ 1)*"* term 

18 not always greater than the r*** term, but only until 
becomes equal to 1, oi less than 1 


Now 
that is, 


so long as 




or 


(w+I)j? 

1+j; 


0) 


j£ (a+l)a? ^ ^ integer, denote it by » , then if r — the multiplymg 

factor becomes equal to 1, and the (p+l)'*‘ term is equal to Hhep^ , 
and these are greater than any other term 

If jg not an integer, denote its integral part by ? , then 

l+a; 

the greatest 'value of r consistent with (1) is q; hence the ^+1}*’' 
term is the greatest 

Since we are only concerned ^nth the numerically greatest term, 
the investigation will be the same for [1 , therefore m any 

numencal example it is unnecessary to consider the sign of the 
second term of tihe binomial 

Note To find the greatest eotfiiaent m (1 +»)" we have only to find, 
as m Art 512, the 'value of r which makes ”Cr greatest 
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630 If a bnomiBl is given m the form 

vrebave » 

therefore, since of multiphes every term in (l+~) » it 
sufficient to find which is the greatest term m this latter exp^on 

Exauple Fiiid the greatest term tn the ea^aneton of (x-4a)B, wAen 
and 

/ 4a\* ' 

Since (a;-4a]^si^( l-~ j , it will he suffin^t to find which is the 

greatest term of 
He» 


nttMierfcoBy, 

r X 


«T,x 


9-r 8 
r 3' 


Hence 


O-rlS, 


TH.i>T,.solongaai~^>lj 


that 18 , , 72-8r>8r, or 72>llr 

The greatest value of r consistent with this is 6 , hence the greatest 
term is the 7*^ 

The 7*^ term of (»-4a)®=s®(7,x*(-4o)*s®0^x^x 


Fr(q?erties of the Bmonual Coeffidents. 

531 To find the sum of the coefiieients tn the ei^nsum of (l+x]^ 

For the sahe of hievity we diall now express the coefficients by 
the symbols c^, c^, Cg, Cg, Cn, so that 

(l+a?)"=0Q+Cja?4’Cga^+<%3^+. 

Put , then 2’*«=ci)+ci+cg+ci+ +c„ 

-the sum of the coefficients 

Note Since cgsl, we have ci+<^+<i+ +c„s=2"-l, which is the 
result proved in ^t 510 

582 In the expansion of ( 1 +x)” the sum of the co^cunie of ds 
odd term is equal to the sum of die ateffieunts oftite men term, 

We have (l+®)’*=c|)+Cia?+C 2 a^+<^a*+ +Cn^ 

Put -1, then 0 -(Hj-Cj+c^- (^+ 04 - 05 + 

Aj+Cg+C 4 + tv* *C,+Cj+C 5 + , . 

By Art 581, each of these equal expressionsssi 2"=2*“^ 
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633 To find tlio sum of’ the squares of the co^cients m the 
eiepansion o/(l+:r)” 

We have (1 +a;)"=cj,+<!ia?+C 2 a!®+ +CnT" 
and (x+l'f=eoif‘+eiaf'~^+Csaf^~-+ +c„ 


If we multiply together the twb senes on the nght, the coefiicient 
of a," 18 Ci,*+<^®+Cg*+ +cj 

Theiefore this expression must be equal to the coefficient of sf in 
the product (l+/i?)"(a,+l)", or (1+t)®" [See Ait 474] 


q)^+Ci*+C 2 ®+ 



Note The follou mg method shews a device often useful 

{l+a;)"=Co+Cia!+C 2 'i?-^ . +Cn®" 

Wnting 1 for x, we have 

(i+s)’. ” ?(‘+*l'='^+|+|+ 

by multiplying these two results together, 

i(l+a:)*“=(cj,®+Ci*+Ca*+ +Cn®)+other terms all contaminp x 
a!* 

■|•c„>=:the coefficient of the term mdqiendent of 7t 
m the expansion of ^(1 +»)*" 

=the coefficient of x" in (1 +a}^= 



1&XAMF1.E jJjT (l+x)“=ci,+cix+02x®+ + On x", proce fftot 

(i) Co+2ci+3c3+4cj+ +(m+1)c„ =2"+n 2"-^; 

111 1 ^ 

W <i.+ 5 «i+ 3 «i+j'!i+ “““-i+T 

(i) The senee=(<o+Ci+)^+ +cJ+(Ci+2ca+3^+ +«Cb) 

^ 2 ”+n|l+(n-I)+ ^"~j ^ — 4 +l} 

=2»+»(l+l)'^=2"+n 2»"i 
(u) Here (?H-l)|co+^Ci+§C8+j<b+ +j^ c„J- 

=(n+l)+i!L^+ <”+ ll g Ld)+ to n+1 terms 

=|l+(„+l)+i!L^+!!L±W^ to n+2 terms}-! 
=(H-l)»+i-l=2"+»-l 

Diiiding n+1 we obtamthe required result 
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Id the follomng ezpanstons find \d»oh u th«» greatest term 
1 (l-a!)*“ when «=53 2 («+y)“ "^^hen 

3. (a-i-7b)n when na;19, aaU, &s3 

4, (2a -Sa]" ^yheu ns 13, as4, asO 

5. n-16, and hsIOa 

In the following expansions find the value of the greatest term . 

f 

6, |l+2*)* when »=| 7. (2+3a:)® when »=sg 

8. Shew that m the expansion of there are two greatest 

99 S 

terms, eeoh equal to rrst when »== 

0 X O' 0 

9. IFmd the numenoally greatest coefficmi m the expansion of 

(0 (l+f j . (XI) (3-&c)« 

10. In tile expansion of (l+a)« the coefficients of the and 

(2r+3)* teims are equal , find r 

U. Find tt when the coefficients of the 9^ and IfiOi terms of (1+a)" 
are equal 

12 Find the sum of the coefficients of (a+y)^ 

13. Fmd tho sum of the coefficients of [2x+^f 


If (l+»)"s:co+Cjr+e 3 a?+ +CBa", prove that 
14, Ci+2cj+3t5+ +uc„5rn 2 '‘-t 

16. C 3 +i?C*+ 8 c 4 + +(»l-l)Cnal + (n-2)2"“t 

16. C|)+Cj»+2c3a?+ +JiCnSc"=5l+na(l+a)*~t 

« 17. Ci“2Cj+3C3“‘ +(“ 1)"”^1!C„ss0 


W <4-f+f- 

M. a+?a+?S!+ 

®o ®i 




Ch ^ 1 
n+l^n+l 


, n^^uln+l) 
X'n-l 2 


20 2(!b+ 



+ 


n+1 ft+i 


« 

2L CoCi+C^Gj+Cj(^+ 


• +0,1-1 
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[jiliKdlaneoua ) 

( 1\20 
3Zc-gj 

23. Eh^and (3 -2a;)* 

!Fmd the term containmg a^ m the expansion of 

25 Find the first four teims in the expansion of [1+H tandwntedown 
the general term in the neatest form \ ^/ > 

If r=100, find the sum of tiie first three terms 

26 Fmd the term from the beginning and the term from tiie end 
of (a-r2r)’‘ 


27 

28 


Fmd the ooefScient of a;^ in the expansion of (1 -a;-a^)^* 


Sheir that the term independent of a; in the expansion of 
IS -2*x3*x7 



29 Find the value of (1 012)* to 3 places of deoimsls 

30 Fmd the coefficient of ar* in the expansion of (1 +a;+2x*)* 

31 It (l+a:)*ssl+Oia;+a3a!?+ * , 

and (l+a;)*=l+hia;+6a»^+ , 

find the value of l-i-aihi+aghj+Oshs. 

32 Fmd the term independent of a; m the expansion of ^2a^ - &T- 

33 Sheir that (1 - a^)" may be put in the form 

(1+T)=" -2mt{ 1 +ar)*""®- 

34. Froie that the coefficient of a;” in (1+x)*" is equal to twice the 
coefficient of a:" in (1+ar)^* 

35 Find the coefficient of af in the expansion of Shew 

tliat 2n-f and 3n +r must each be a multiple of 5 

36 If A stands for the sum of the odd terms and B for the sum of the 

e\en terms in the expansion of (x+a)”, prove that 

A*-B®=(a?-oS)" 

37 Shew that the middle terra in the expansion of (l+a;)®" can be 

expressed m the form ^ ^^ 2"a" 

38 Shew that tlie difierenoe between the coefficients of and af in 

the expansion of (l+a;)"'^^ is equal to the difference between the 
coefiicients of af+* and in the expansion of (1 +»)" 

3H 


HALO 



482 


ALGEBRA 


[crap. 


Bmomial Theorem for Negative aad Fractional Indices. 

634b We have now to consider whether the senes 

IS 8 true equivalent of (1 when n is negative or fractional When 
ft 18 a positive integer the senes ends with the (ft+l)*** term (Art 
522), but if ft IS negative or fractional none of the factors m the 
numerator of the general teim can ever vanisli , thus the senes be- 
comes infinite since none of its terms can become zein 
By actual division we can shew that 

(l-A?)-*Sj^=l+ar-f-3r“+4fl!8+. . , 

and as the process of division is unending, the number of terms in 
the senes is unhmited 

Now let us assume for the moment that the Binomial Theorem is 
true for a negative index, then by putting -2 and wnting -st 
for X in the foimula for (1 +a?)’‘, we have 

1 H- 2jf -J* 3a!® + + 

Thus the Binomial Theorem appears to hold good in this case 
But if we were to make trial of a particular value of x, such as 
a;s 2, we should have 

(-l)-®*l+2 2+8 2*+4 2®+. . 

This contradictory result is sufficient to shew that we cannot take 
the senes 

as the true anthmetical equivalent of (1 -k-xy in cM cases 

Again, by putting »=s -1, and wiiting -x for x in the Binomial 
Formula, we should get 

(l-a?)”*s=l+A?+4!*+a!®+fl!®+ , 

The senes on the nght is a 6 P and the sum of the first i terms 

1 ^ 

1-x 1-x 1-x 

If ^ IS numerically less than 1, we can make af as small as we 
please by taking r large enough Thus the sum to infinity 

From this we may infer that the expansion of (l-x)r^ by the 
Binomial Theorem is true when x is numencally less than 1. 
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535 If the earn of n terms of a senes tends to a finite limits 
Trliicli iti cannon exceed, nhen n is made infinitely great, the senes is 
said to be convergent, and the finite limit to which it conTeiges 
13 called the sum to infiml^ 

Thus the senes 1 . cannot exceed the hmit 2 (Ait 330), 

and is therefore convergent 

If by increasing n siifiiciently, the sum of n terms of a senes can 
be made to exceed any quantity, however larger the senes is said to 
be divergent 

Thus the senes 1 +2+4+8+ con be made greater than any qnantily 
that can he named, hy taking a snfiBcient niunher of terms, and is 
therefore divergent 

Agam, the snm of the first n terms of the senes 

a-ar+ar®+ar®+ _ g(l 

1-r 

_ a gr" 

If r is numencally less than 1, the sum approaches to the fimte hmit 
when n is mfinitely great, and the senes is convergent 

1 “j* 

If r 18 numencally greater than 1, the sum of the first n terms is 
can he made greater than any finite quantity by taking 
a large enough , thus the senes is divergent 

The consideration of the convergencr or divergency of senes is 
beyond the elementary scope of this book The more advanced 
reader will find the subject treated in Hall and Knight’s Sigher 
Algeba, C}bap xxi For a much fuller discussion be mar consult 
Clnystal’s Algebra, Part ii , Chap xxn It will be sufiBcient here 
to say generally that divergent senes are practically of no importance 
in alg^raical work, but wat* convergent senes may be introduced 
into mathematical reasoning as freely as any other functions to 
which the laws of Algebra are applicable 

It can be proved that m the Binomial Formula 

(l+a)"=l+«T+^^^ t=+ 

n(»-l)(n-2) («-r+l)^, 

+ ^ 

the senes on the ngbt is convergent for all values of n, pmided that 
V 18 mtmencaUg less than I, and that with this restnetion the ex- 
pansion is a true anthmeticd equivalent of (1 +i')” 
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636. Hencefortli we shall assnme that the formula 

... 

IS true for any value of » so long as « is numetically less than 1 
We may agam remark Ihat the senes on the nght is infinite when n 
IS negative or fractional, but m any particular case we may wnte 
down as many terms as we please, or we may find the coefficient of 
any assigned term 

If we have to expand {a+xY we may wnte the expression 

<<■( 1 +?)’, ot .-( 1 + 2 )', 

we must then use the first or second of these forms according as a; is 
less or gieater than a 

In the following examples we diall assume that the values of the 
symbols are such as to make the expansions possible 


Example 1 SxpaM iofmrierm 

=l-3a:+6j?-10*»+ 

Example 2 JSxpand (4+3x)^ iofoat terms 

(4+3»)1=4*(l+^)*=8(l+jy 

-.r . , 3 a. 5(|-i)/3«y !(4-i)(+2)/teYi 1 

■"12 4+ 12 Uy 1 0“ ■ \J) * J 

T+5 B-I8 ir+ J 


Example 3 Fmd (lie general term in the expansion qf (1+x) 




{-2r+3) 


af 


^ l(-l)(-3){^5) 

2'[r_ 

The number of factors in the numerator is r, and r-1 of these are 
negatfive ; therefore, takmg - 1 out of eaoh of these negative factors, 

^ i_ it.- 


(-ir» 


1 3 6 (2r-S) 
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Example 4 Fvtid the general term m ffie eigpanaon of (1 -x)**’. 

_ (r+l)(r+2) _ 

” 12 

fay removing like factors from the numerator and denominator. 
[EmmpUs xLi c. 1-18, 486, may he talen here] 

637, To find in its etmplest form the general term in the expamon 
o/(l-x)-» 

, -( (n+r-1) ^ 

V- } 

Ji(»+l)(»+2) (n+»^l)_, 

SS - L..I T -l..„ L .1 ■ 

li 

From it appears that every term m the expansion of (I-a?)'’” 
IS positive, and this foim may be conremently used in all cases 
when the mdex is negative 

Example Find the general term qf 
We require the (r+1)* term of fl -3®)"^ 

1 4 7 {3r-2), 


3'‘[r 

14 7 (3r-2) 

iL 


3'Uf 


■af 


If the given expression had bemi (1+3®)”^ vve shoxdd have used the 
same formula for &e general tmmi, replacing 3® by -3® 

538 The follovnng lesults should be venfied and noted 
(l-r)''*a=l+x+®=+i?+ +1^+ , 

(l~e')"®=l+2®+3i?+4®*+ . +(r+l)jf+ , 

(l-r)-«=l+3^+8«s+10^!»+ 
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Expand to 4 teins the following expressions 
1. (l+asl^- 2. (l+»)5. 8. (1-ar)^ 4. {l+3a:)-» 

B, (1 +«?)“=' 6 (l+3ar)-* 7 {2+a?)-» 8 (l+2*r* 

9. (a-2a:r^ 10. IL (9+2a.)i 12. (8+lto)* 

Write down and simplify 

13. The S*** term and the lO* term of (1 + »r^ 

14. The 3^ term and the 11*^ term of (1 +2 k)^ 

16. The 4®* term and the (r+ 1)* term of (1 +*)*** 

16. The 7“* term and the (r |- 1)“> term of {1 - aj)i 

17. The (r + !)**• term of (a - h»)“^ fiiDd of (1 - n«)» . 

18. The (r+l)*'‘ term of (1 +«)^, and of (1+2®)“^ 

Find the general term in each of the following expansions 

19 (1-®)-*. 20 (i+^i“r» 21. (1+arr* 22..(i+xri 

23. (2-®r« 21 (U®)-f 25. ^ 26. 

27. Find the general term in the expansion of (1 and shew that 

all the t^s after the first are negative 

28. Find the first negative term in each of the following expannons 

(i) {l+2r)*, (u) (111) (1+3®)^^^ 


B39 To find the greatest term in the expansion of (1 +x)" when 
n » unrestneted in value, we may proceed exactly as in Art 530 
When the index is negative, we may conveniently nse the form for 
the general term given in Art 537 


Example Fitid which m the greatest term tn the expaveum (ff (3+7x)"", 
when x=:f, n«=-^ 


Smoe (3+7®)"^=r'^^l+^y^, 


it will be Bufiioient to find the 


l+-g-j • 

jLhX}*— 1 

Hero Tr+.i=5Trx3I-_ — 


■S’ 



Hence 




Trfi>T., n hmg as 


{7+4r)7^,. 


that IS, 40+28/ >32r, or 49>4r 

The greatest value of r consistent with this is 12 , hence the greatest 
term is the 13*^ 



BIXOMAL THEOREat EXAMPLES 


487 


640 The methods used m the follomng examples desem 
attention 

Esaxple 1 Ftnd the co^ctent of x' m ike ea^xmatom 
The expression=(2+T:)(l+aj)“* 

=( 2 +a:)(lTiJia:+p 2 a?+ . + 3 J,a?‘+ ), suppose 

the coefSoient of ;V-i+2/>r 


p,=(-i)r!£±i|i3 


[Art 538] 


' the required ooeffioient=( - l)’‘(r+ l)(r+2) 

=[-mr-, l'f+2-g} 


Exasiple 2 Fmd the icdite of the mfimte Knee 

1 113 J_ IJJ J_ 
^"3 2‘*‘2 4 2* "2.4 6 2*"^ 


on. 1 1 ^ 1 H 4 1 . 

The 8erie8=l-g 2'*'l2 2®“l23 2?"^ 

_i 11. 1 J-j. 

“^'"2 1 2 2f*" 1 2 3 2*’’’ 

-(■•ir-ar-s'-vi 

EXAMPLES XLI d. 

P/nd wbiek ib the greatest term in the foUoKwg ei^nsicos : 
1, (l+x)"® when asf 2 (l+a) ^ when r=|- 

3 when 4, (9+3x)^ when x=2 

5 {6+Sx)^'’ when 6 (y "t)"* 

7, Pind the numBriRiilly greatest eoejfcxenl in the eicpansion of 
(i) (l+^)‘? (“) (3“^)^ 

8t Pmd the coefficient of in the following expansions 
(ilil±il=. (11) (ui) ® 


a+a)° 

l-Jt ’ 




(l|^* 
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9. find the coefficient of af in the expansions of 

M ,„x l~x+sfi 1+3* 

irw ' irw ' ' ^ pip 

Yenfy each case sirhen rs3 
10 Shew that 

. (4+2*+3a?)/(l-a!)9=:4+10a!+19a!*+28a;?+ +(9r+l)af+ . 

U. £^d the coefficient of af in the expansion of (2- 8a;)/(l +»)* 

Find the sum to infinity of the following senes 

13 5 . „ ,.1.141.1471. 

6"6 12 6 12 IS”^ 6 4 3 6 9*§‘*’* 

Shew that 


12 . 


1 ^ 13 6 1 

IS* ^“4 2‘*’4.8 2»"4 8.12 ^ 

15 i+?+Li.3_L7 

^ ^ 4^4 8^4 8 12 ^ 


to infimty=g(y^ 
to mfinitys^ 

s/4 

to infinity 


-- .1 114 1.14 7 1 . 

"• i+rb ?+rr 9 ?+ 

^ 18, Find the sum of the infinite senes whose (n+ 1}^ term u 
(2»+2K2n+4}(2R*f6)(2n+8) 1 
3 6 9 12 3^ 

19 Prove that 


®)'-- u;* 


Froiethat 


- f * V»(«+2) f » Y , »(n+2)(»+4) f X 

\ux] [i+xr-rr li+s; +■■ its — * 

21. Prove that l+^*+5!ii37^) 1 ^8n(3n+3H3»+6) 1^ 

4 12 4* 123 4* 


= 8 .{u !+”4 


n(7t+l) 1 .ft(ff+l)(n+2) 1 


2 


3 E+ 


1 2 3 




} 


:= 1 + 3 »+ 2 ^^ 3 *+ 


22. Findjbhe coefficient of al' in 

(i) n/IT»+^+F+ to inF, (n) (l+2®+33?+4a?+ to inf )*, 
( 111 ) (l-3a;+6a?-10*»+ toinf )i; (iv) (l-2a:+3a?-4a!»+ toinf)”" 
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Applicatioii of the Theorem to Approximations 

64T If 18 a small quantity^ so fcbat the successit'e powers 
a?y ifi, are rapidlj dimmishizig, a feti terms of the senes 

may he taken as an appioximation to the value of (1 +;?)'' The 
number of terms to be taken in each case will depend on the valuo 
of and on the degree of accuracy required 

Examfub 1 Find the udite qf (1 M)’’ by ike Bmornml Theorem 

=. l+t ^+10 -^+10 ^+6 

‘ _ix2. 16^64 .128,1024 

»l+0 2+0 016+0 00064+0 0000128+0 0000001024. 

Here the successive terras diminish very rapidlr, and if we only want 
an anprmamate result, it is obnous that all toe terms need not be 
calculated For example, to obtain a result true to 3 decimal figures we 
may omit the last two terms, smoe the fourth begins with 4 ciphers 

Thus (1 04)‘=:1 2166 =1 217« correct to 3 decimal places 


Exaufu: 2 Fmd ikefcmih root of 621 U>four deemed places 

The complete fourth power nearest to 621 is 625, or 5*, hence we 
proceed as Follows 


/ 1 4 3 4? 7 £ \ 

5 5* 32 ^”128 5“" J 


,13 17 1 
fiT“2 P" 

l(P"' 10“' 
=5-0 008-0 0000192- 


The 4^ term begins with 7 mpheis , hence this and subsequcDt terms 
mc} he neglected 

Thus ^^=4 99198 =4 9920, to 4 decimal places 

In these examples the oaloulation has been made easy by expressing 
the fractions witn powers of l(hm the denominator Sometimes it wiU 
be necessary to proceed as in the next example 



490 


ALGEBRA 


[ms, 


ExamfIiE 3 Ftd tk viki of ioM kamd daces 

M 




_1 f. 1 M 1 6 i. 1 
■fra 7* "^8 7*‘i6 J 


1 1 j_ 3 1 £ 1 
=f 2 7J 1 7^"16 W 


r i» 

1 01428Bl s^ 
? OOiMOSl ' 
1 000«I1M »= 

riooouies ^ 



=01428S71-OM7-l-0<000(|g23- 
=0 1414% to 5 deounal plaoes 

fhe 4''' term is neglected snoe it will not affect the first 6 deonasl 
figures • 


Exaiifui4 Whaixu so mjMtMcUsqsmccidhgher pommy 
li wgleOedfind t%e vdm of 


jUi^Sk-UFi 

(l+5x)* 



_ 2(1+|»+ )-(l-}«4 ) H-,Ve ^ 

(lf3e+ ) 1+3*’ ^ ® 

=(l +-:^)(l+8*)^=(l +7V)(l " 8*) 

=1-1^ 


642 Suppose (l+*)"=l+ax+6**+ct*+ , where * is small, 
then l+a* is called a ffsi apmmsim, l+ar+i*’ a sewsd 
oipjRonmtm^ and so on In a large number of nnmencal caleu* 
lations the requued accnracr is eecnioi by using the following first 


When r,s,im small quantifies such that their squares, and the 


(i) (l+f){l+s)=l+(r+s), (l+r)(l-e)=l+(r-s) 
Hence (l+r)*al+2r ilso (l-r)*=l-2r 
(u) (l+rXl+s)(l+<)*l+(r+s+0 
Hence (l+f)?=l+3r Also (l-r)®=l-3»' 


(in) v^=l+ir, N^=l-|f 
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Exasiple 1. Find approxmal^y the vdiies of 
(i) 10065X 993, 


wSr (.n)MW 


1(MM)4’ (9991)^ 

(i) 1 0063 x 993=(l+ 0065)(1 — 007)=!+ 0063-- 007, apprazunately, 
=1- 0005= 9995 


The eiTor Here is tlie neglected prodact 0065 x 007, or 0000455 , thus 
the result correct to 4 significant ngnres is 9995 

(u) Here 10004=10*+4=10*(1+ 0004) 

= 0793 - 0004 of 0793= 0793 - 00003172= 07927 

From this example it may be seen that to divide a nnmher by 
10000+z, where x is very small, we have only to divide the number 
by 10000 and subtract x ten-thousandths of the result. Similarly for 
any diMsor of the form 10"+z 

(m) (1 00027)®= (1+ 00027)®= 1+ 00081, approximately, 

( 9991)»=(1 - 0009 )®= 1 - 0018, „ 

the required quotient = -j^^ =(1 + 00081) (I- 0018)-* 

=(1-F 00081)(1-|-*0018)=1-|- 00081+ 0018 
=1+ 00261=100261 


Example 2 L and R are the lengths tn tnches of the arm of an vrdrue 
halance In an etpenmeat by ** dmUe-vxighmg” it teas found that 
/L\* AQ flQS 

j ~ 49 982 ^ much the length oj L exceeds that of R 


=1+^(00032)=!+ 00016 
Thus L is longer than R by about 00016 of either 


Ev ampl e 3. The Ume t of the beat of a pendidtim x centmetres long 
vt r*yx/6Sl , tf the pendulum modes n baits in a day, find how many beats 
ft mil mode \J tts length ts changed to x+h centimetres, where h » tei^ 
mall compared with x 

Let t' be the time of a beat of the lengthened pendulum, and n' the 
number of beats in a day , 

then t'=iri\/(z+A)/981, and n«=nV 

Thus n'=n — ^ so that the longer pendulum Foses ^ - beats per day. 

A V A 
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EjUKPXiEi The^imjUhtalBofametdKf<mdfrm(ht«pui^ 
ms^sMt, when m, % tmdi an quaiOiiies which an dtimmtd 
exj^maddXly ^ dien may he an error of oat ^ cent exSwr way tn 
ike nuamrements cf m, 6, am t, wkAe ihe error m M u ne^igd^,fnd ike 
ImytU poseibk penentagt error tn the vciw oUamdfor e, 

* lyij 

Since tbe percentage error m a will obnossly be greateat wboi 

tbe error m t » in either my and the enon m m and 9 are m the 
opposite way 

Let the tme valaes of t, m, and a be represented by m', and /, 
then we may put 

<'*<(1-01), m'««»(l+0l), ^'*ff(l+01) 

. M<' M<(I-01) ,, A1W1 , AlWt 

•^”5?’“SS(riTi?=''*- “'<*+ 

*a(l- 0])(l-2x 01), approximately, 

*s(l-3x 01)*a(l- 03), n^leotmgtheefqnareof 01 
Thus the greatest possible percentage error m a is 3 


BYATVrPLEfi ZLL e, 


L (Kfi)* 2. (097)» 


4, 


6. OT 6. ^'SO 7, <(m 8 

9. -4 10. a (626)^ 12. ® 




When X IB so amoU that its square and higher powers may be neglected, 
fiud the value of 

14. (1+3*)* (l-2»)”* 15. (8+to)* (16-*)* 

ig *^r+a+^(T'^ 

l+*Wl+» ’ jy/l+i+iyr^ 

„ a+te)*+n-«t)i •„ (i+ja)-’+(i-2»)'‘ 

“■ " <i+>)-‘+(i+»p 

(4+a)*x(8-6a;)* .V/oT7;:a«.VffraS 


4'(1+*)* 

22. ^d the first 3 terms in the expansion of ^ .^ ■=’ 

^ (2+®)»x-n/1+4* 


+(!+») 




>y(8+l^x«y64“S6a; 
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Fmd by the formulie of Art 542 the approximate values of 


23 

26 

28 

30 

33 


1-0078 x 0 9954 24. (0 9987)^ 25 (1 005) x (1 0003)3 

1-00039x0-99978 27 1000G4-10078 

(1 00018)3x (1 00004)3 29 1 0038-0 9982 

678 „ 1 «« 1 007 

W 0 9998 ^ (0995p 

1 1 QR -Jornf 

(0 9S)» " (10003)3 


36 Li three conseoutne 3 ears the population of a town uas increased 

I)}' 0 8%, 1 2%, 2 5% Find approximatdy the total percentage 
mcrease in the three years 

37 A bar of copper increases by 0 0000168 of its length for a nse of 

temperature of 1 degree Centigrade Fmd the expansion m area 
of a rectangular copper date 45 cm long and 33 cm wide when 
the temperature is raised 10 degrees, the metal being assumed to 
expand equally in all directions [^e decimal 0 OOO 6 I 68 is called 
the coefieient of Imear espansion for copper ] 


The coefficient of linear expansion for zinc is 0 0000298 If the 
area of a zinc roof is 1000 s^re feet at 0” C , find its area to 
the nearest square foot at 50° C 


39 If = = 


40 


9 98 

y/ '9^’ ^ exceeds y by about 0 3 % 

r®L 

If — , and 73 = — , and L is very nearly equal to I, shew that 

— very nearly Fmd the error m this equation to the 
first significant figure uhen 7=36 and L-7=0 1 

41 The tune of o ne bea t of a pendulum, I feet m length, is given by the 

formula rW— ^ Hou many beats will a *' seconds pendulum" 
gam m 10 hours if its length is shortened by 2% * 

42 The ^alue of P has to be found from the formula where k 

IS a constant, while t, d, and I are found by expenment Fmd 
the percentage error m the value of P, supposing there is an error 
of 0 4% m tne value of t, and on error of 1 0% m the value of 7, 
the former error being in evcras and the latter in defect 


43 If m the formula of Ex 42, there is an error of 0 3 % too little in 
the observed value of t, an error of 1 0 % too much m the lalue of 
d, and of 2 0 % too much in the value of 7, find the percentage 
error m &e ^ne of P 
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41, The modulus of toision of a 'ffire nfound from the formula ns>~ 

bT* 

If there are errors of 0 2 % too little m the value of f, 1 0% too 
much in the value of t, and 2 5 % too little m the value of r, find 
the resulting error per oent m the value of n. 


{Mtacdlamm ) 

4S, Express the 10*^ term of with a numerator ooutaimng the 
pr^uot of odd numbeis, and a denominator a poiver of 2 

46 Eind the ooefiioient of in the expansion of (1-f 

47. Eind the fiitst 3 terms m the mtpaasion of =• 

(2-a!)<2-3»)* 

48. In the expansion of find the ooeffioient (i) of (u) of , 

Also deduce the first result from the second 

49. Eind the ooeffioient of a!* in the expansion of (l-4xr^> shew 

/ 1\®" 

that it IS equal to the term independent of x in • 

60. Sl^pw that N/fl?+4 is equal to 

«• }’ 

according as v is less oi greater than 1 

51. If h IS so small compared with a that V^, (S, may he negleoted, 

find the sum of » terms of the H F 

52. If ^/N sa+x, where x is very small compared with u, shew that 

/M 3N+a9 , 

very nearly 

Test the formula when N = 10, 26, 123 

N-** 

[We have N=n?+2ai;+Jt? Ai a fret (amnxmabon N«sa!M>Siiv, toAenoe '““sr"' 
tend 2s-fxa- ^ » AxMlufo (Am voIw m Nsxo^+fSa+xlx, (Aairt find s mirf «»■ 
ctitttte ta VN sa+-<c.] 


53. If jQ/Nsa+x, where x is very small compared ml 
takmg three terms of the expansion of (a+x)** that 

Im ^ ^ \ KI /m 1 \mii 


muM W} 





CHAPTER Xm 

Partial Fractions 


543 The algebraic enm of t\ro or moie algebraic proper fractione 
can always be expressed in the form of a single proper fraction 

3 2 


Thus 


z-7 


a-l a;-3 {aj-l){x-3)* 




5- lOx-i-xS 


1-x 1+x l-3» {1 -x)(1+x)(1-3t) 

TVe shall now explain the converse process, namely that of 
resolvmg a fraction into a group of simpler fractions, each havmg 
for its denominator one of the factors of the denominator of tlie 
giveii fraction Sudi fractions aie known as par tial fractions 
^e lesolutfon is effected by the method of Undetermined Coefficients, 
and some easy cases hare already occurred See Art 475, Ex 2 

In each of the aboie examples we notice that the single fraction on 
the right has a numerator of lower dimensions than the denominator 
We may assume this to be the case m the fractions given for resolu- 
tion into partial fractiona For if the numerator of a fraction is not 
of lower dimensions than the denominator, by division tho fraction 
can be expressed in a form partly mteml and partly fractional, 
the latter part having a numerator of lower dimensions than the 
denommator 

Exuinm 1 Beaolie into partial fniu.tiom 

(2x-3)(\+2) ^ '' 

The denominators 2x-3 and x->-2 being of the fiist degree, we may 
assume 

where A and B are constants 

(23;-3)(x+2) 2x-3 x+2 

Multiplying both sides by (2a;-3)(T+2), we have 

x+16=A(*+2)+B(2a:-3), - (1) 

= (A+2B}a4-{2A-3B) 

Since this is identically true, by equating coefficients we have 
A+2B=1, 2A-3B=16, 
whence A=5, B=-2, 

g+16 5 2_ 

(2z-3)(x+2] 2®- 3 x+2 

Note Since (1) is true for all values of ®, we may also hnd A and B 
b} giving different numencal values to t in this identity 
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2x*+73^~2x-2 


2x*+x-6 

Hero the numerotor u not of lower diraennons than the denonunator; 
hence we ptooeed as follows 

by division. ®+®+{2»-3){a?+2) 


tyBx.L 


Example 3 JZesofro 


Assume 


ax*-10x-2 

(x-l){x-2){2x+l) 

3a?-10»-2 ^ A ^ 


into ptMvdJmsltm 


B . 0 . 

(af- l)(«-2)(2a?+l) “«-l ^a?-2'^2jr+r 
then 8a?-10a!-2sA{«-2)(2jr+l)+B{«-l)(25B+l)+C(a!-l)(iB-2) 
Pttt »ss I , then 3 - 10 - 2s= - 3A, or AarS 

Pnta;=:2, then 12-20'-2= SB, or Bs:<-2 
To dnd 0, equate the ooeffioients of a;*, then 3=:2A+2B+C , 
whence 8=6-4+0, or 0=1 

Thus ^ 3 2 1 

{aj-l){«-2)(2a!+l) a-1 x^^2s!+l 

Example 4 Shsprm tn parlwljhtctms 

Sinoe a^<fa:+6 has no rational factors, we shall have two fractiODS 
With denominators x+2 and ai^+a-i-S The numerator of tbo first will 
he (Hmstant as before, but the numerator of the second may be of the 
drst degree in x Hence we assume 

2ji?-5»+10sA(a?+s+6)+(*+2)(B»+C) 

s{A+ B)a;®+ {A+ 2B + C)x+ (5A+2C) 

By equating ooeffioients, we have 

A+B=2, A+2B+C=-6, 5A+2C=10 
These three equations give A=4, B=-2, C=--6 

2r+6 

(»+ 2 )( a ^+' i :+ 6 )“*+ 2 ’' i *+»+6 

Note If wb had assumed leaving 

(»+2)(a?+»+6) »+2 a?+»+6’ 
out the term Ba, the next step would have given 

2a? — 6 t + 10 s Aa? + ( A + C) a + (SA + 20), 
and on equating coefficients we should have had * 

A=2, A+C=-5, SA-f 20=10, 
and these three equations wiU be found to be inconsistent 
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Example 5 Sescive -■ tnto partial fraetiona 

(dx-4)(x-l)- 

A Bx+B' 

As before, e may assume the fiactioa = = — ; +r — rn: 

3r-4 (»-!)* 

„ ' B»+B' B(^-l)+{B-B') B B-B' 

o-if -.n'gri?- 

we may at once assume 

Tar-lO A . B . 0 . „ « / . 

(ai-4)(T-iF =^'^'n'^FiF‘ *■ ®- <! ”» 

7^ - 10 = A{a - 1)=+ B (3t - 4) {« - 1) + C(3a; - 4) 

Put ij-l=0, then 7-10= -C, or 0=3 
By eqnatmg ooeffioients, A+3B=0 and -10=A-l 4B-4C, 
uhenoe A= -6, B=2 

7^-10 _ 6 2 3 

(3®-4)(a!-l)S" 3a,-4'*‘i:-r 

Sunilarly, corresponding to a factor of the form (t-o)'' m the de< 
nominator, we may assume fractions with constant numerators, and 
denominators {x - a), [x - a)^ (r - a)** 

[EtampUs xlii 1-12, page 498, mag be talen here ] 

644 The following example shews a useful application of partial 
fractions 


Example Find the generai teim tn the ei^anston of 
m ascending pmers of x. 

Wehave 6.23 


7x-10 

(3x-4)(x-l)8 


7»d[0_^ 2 3^Pg,^ g g^j 

(3a!-4)(®-l)« 3 t- 4^®-1 (w^*- 


3cN"1- 1(1^ 


Thus the general term 


=§0 ■ r)"' " -a)-= 

-2{l+‘C-r »* + + <»' + } 

+3{1 -l 2 »-i- 3a? + +0+l)a?'+ } 

={i 

2l 


H ALCl 
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646. In some special cases a fraction may be resolved into partial 
fractions very leadily \nthout tlie nse of Undetermmed GoefBcients 


Example StptmulA 


x*+8 


parttdfratfMns 


(x- 2 )* 

Put so that xs!y+2, 

ai»-f8 _ (v+2)*+8 y+fe^+12^+16 


then 


^16 12 16 


-J-j. 6 ._J 2 _. 16 

'~x-rJ?rw[x-iTWW 


P.TATVrPT.T« YT.TT. 


BeiaoLva mto partasl fts/eUo&a 


5x+l 

2 

4X-19 

(x+6){x-3) 

(x-l)(x-2)* 

8 -x 

6. 

x*-6»-7 

i+x- 6 i^ 

{x-ij(x-2j(x+8) 

3a?+x+l 

8 

a?-2x+10 

x(x+l)^ 

(x+2)(x-l)* 

j<?+4x+7 

11 . 

3a?~x~2 

(x+2)(x+3p 

(i+^)(x+2)*' 


n 

* si?+«-12 
„ ai®+8a!+l 

'*• (2-»)(l+x+a^’ 

„ a?-2af-13 
^ a?-ix-3 

10 

(x<fl)(x+6) 


Find the general term when the {oUovnng expressions ace expanded to 
ascending powers of x 

19 3“4x 2 <!» 7'i'6x 

“* (l-x)ll-2x) a«-&+15 • 2+‘7x+3s? 


18. 

19. 


2+l3x 
2x^-x-l 

3-2x-a^ 


117 2 x— 4 7 B JC 


a? 


on 4+7x 01 

(l-x)(l+4xp " (2+fe){l+x)*’ (x-l)*(x-2)(x-i| 


22 . Bipa. lad ,» 


(x-4)* 

1 


(»+2)* 


(3n*'2)(3R'^lJ 


m partial fractions , thence find the sum of 


1 . 1.1 
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MISCELLANEOUS EXAMPLES IX 


Examples fob Bevisiox^ 


A. 


1 A horse bought for £x, is sold for £39 at a profit of x per cent 
Find a; 

3~2z 

2 Oiven that ^~ 3g 2* of m terms 

of a:, and of as m terms of y 


3 If a; -2 18 a factor of 120j^-167a^-aa;-{-56, find the numerical 
raluB of a, and hence find the two remaining factors of the ei^ression 


4. The first and last terms of an A P are - 3 and 25, and the sum of 
the senes is 1837 Find the number of terms and the common difference 

' 5 Find the coefScient of a in the expansion of • 

6. Solve the equations 

2(l-a!)+(2-y)=3(l-»)(2-y), 

4(l-»)+(2-y)=9(l-®)(2-y) 


7 Draw the graph of + 7 X>a:^, and from the graph, or other* 
wise, determine the value of z for which y is a maximum 
Shew that the line v'hose equation is y—2x+\ touches the above 
curve, and wnte down the coordinates of the point of contact 


B 

8, Find the factors of 

(i) (u) »*-7a^|y®+y* 

9 A man has £a m one bank and £h in another If he has £e more 
to deposit, hou should he divide it between the two banks so that 
(i) the two accounts may be equal, (u) the first account may be double 
the second’ 

10 From the statement a3^+5x=C3;-g, find 

(i) d when a=l, 5=2, c= -1, x= -2, 

(u) a and c when a:=0 4, 5=3, d=-l, and a-{-e=2'25 

• 

11 A gallon of water weighs 10 lbs , and a gallon of milk 10 32 lbs ; 
if a milkman sells a mixture of 10 gallons weigmng 1(6 5 lbs , how much 
milk IS there m the mixture * 

12 If I and m are real quantities, shew that the expression 

- (/Tm)»+P - 

will be positive for all real values of x 
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13, If A-%-f 18 an esoot eq^ That is the valae 
of A’ 

14, Find the number of airangements of the expanded form of the 
expression a”Zi^ such that the two h's come together in each armoge 
ment Prove also that the number of arrangements m whioli ^e tm'' 

never come together is -iSti l 
« 


0 


IB If *+j=y, prove that ii?+^=^-6p‘+6v 

16. If p dozen oranges worth h pence p score are selected from a 
case contmning q gross of average value % for a shilhng, what is the 
average value per cm of the (xtitiges which aie loft in the case* 

17 The time of swing of a pendulum is equal to seconds, when 
2 IS the length of the pendulum m inches and « a constant The length 
of a pendulum beatiiig seconds is 39 14 inohet, hence find ^e time of 
swing of a pendulum 60 inches long 


18 With the same axes of e and y draw the graplis of 
(i)y=2«-Ja!>, (u)y=-5r-2 

Write down the quadratic equation whose roots are the values of a; at 




19. Pmd the ooeffioient of tf m the expansion of 


20 Shew that a^+gj+l and it^+pt'+jai+l have a common factor 
of the form it 4' a when 

(p-l)»-?{p-I)+l=0 


2L Tf g*-H fa-22 _ A B C 
(s- l)(i-2[(a,+2) ~ or- r jt^'*’®+2' 


find A, B, and C 


D 

22 An alloy, whose value is £a per lb , is composed of two metsls , 
one of the metals, worth £6 per Ib is extracted, this metal was eon 
tamed m the alloy m the ratio se 1. 79^ is the vdno of the other 
metal per lb* 


. . Hz-hS h+2 8(®+2 ) 

' ' fr+3 4*+2~ 4e+6 ’ 


(a) 


24 Piud the Slim of n terms of the geometno progression of whiih 
the thud term IS -24 and the sixth term is 8 
How many tas must bo taken so that this sum may differ from the 
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25 If X IB so small that its ouhs and higher powers may be neglected, 
proiethat 

(l-2a!)i ^ 

26, If a, b, c, d, a are positne, and ^ prove that 

0 a 

a a+ax c 
b^b-rid^d: 

27 Odonlate the lalnes of (^}* for x^O, 1, 2, 3, i, 5, 6, and plot 
the results m a graph 

28 K a^-q+i, lfi=r-rp, <?=p+qs and 28=a+b+c, prove that 

4fl(8 - a)(8 - 5)(« - c)=gr +»y +i)g 


£ 


QSn ^ 9 Qii~l 

29 Simplify (0 


(11) 


1 3 


30 If — and ^ are the roots of the equation pi?-2a:+p^»0, prove 
p a 
that as ±p 

31. If ax-by=0, x+jf=ay, and a?+ 2 ^sl, prove that 

1,1- I 

5?'^bs-(5r6)5 

32 If n stramht hnes of unlimited length, p of which are parallel, 
are drawn in a pmne, prove that tlie number of triangles so fonnra is 

|(n -p) (n - p + 1){» +2 (i> - 1) }, 
supposmg that no three of the lines are concurrent 

33 What IS the eiior made in taking the sum of the infinite senes 
1,02,001,0 008, as being 1248* 

£ind, to three decimal places, the sum of the square roots of the terms 
of this senes (i) taken as all positii e, (ii) taken as alternately positive 
and negative 

34 Bunning a certain course, startmg level, A finishes 176 %ard8 in 
front of B With a minute’s start, B would have finished 160 yards 
m front of , and with 160 yards start be would have finished thiee 
seconds later t hnn A What is the length of the course, and what ate 
the times of A and B foi the full course* 

35 Draw a graph of the expression (6-®), nsmg the values 

*=0,0 3,10, 13, 3 3, 8 0 
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36. Solve the equation N/'»-a+*/»^s=N/a+b, and venfy the solution 

37 Eind BO that the sum of the squares of the roots of the equation 
(p-6)a?+(12-jj)a:+3p=0 may be equal to 4 

38. Eind f«y9T+ l56^ in the form s+n/y, and find the square toot of 
the last surd 


39. If 2cwj=a*+l, and a:y-»^/(a^*-l)(^-l)=:o, 


prove that 


. /c4-I _ tt+6 
vc-l“‘a-5 


40. The two middle temu of an A P of 2n terms are a and b Find 
the difference between the sum of the last n tenns and that of the first 
n terms 


41 The ooeffioients of the S^, 6^) and 7^ terms in the eocpsnsum of 
(1 4-0;)'' are in anthmetio progression Find n 

^ Tiace, with the same axes, the graphs of 
ys03a?-12, y-a? 

Hence solve the equation a^sO 3a^-l 2 


G 

43. Solve the equations 

oa;-6ys=^(&-a), ax+by=se{l+z), 6y-c8=sj(c-i) 

44, Eiud a geometric senes such that each term exceeds by unity the 
sum of all the terms before it 


45. Fmd a quantity such that when it is subtracted from each of the 
quantities a, b, c, the remainders are in contmued proportion 


46. If a4-h4-c=0, prove that 


qS 

2c^'*'W^'^S^+ab~^ 


« of different pei mutations that can be made out 
of the letters a, 6, c, d, b, a, taken three at a time 


4& If the inorease m a tree’s girth m one year is proportional to its 
girth at the beginning of the year, and its girth is donbl^ in 11 years, 
in how many years will its girth be trebled » 

Fmd the value of the infinite senes 


1.13. 136 



CSHAPTER XLni 

The TJse of Exponential and Logasithmio Series 


646 In this chapter sre shall deal with the use of certain 
expansions known as Exponential and Logarithmic Senes Bigorous 
proofs of these expansions do not fall within the scope of an 
elementary text-book, hut the student may conveniently here learn 
some of the applications of such senes, postponing weir formal 
discussion to a later stage of hia reading 


647 The infinite senes 


+||+ 

IS always denoted by the symbol e 
The numencal value of e is obviously greater than 2 

Also e<l+(l+|+^4|+ to inf) 



<3 


Thus the value of e lies between 2 and 3. By taking a sufficient 
number of terms of the expansion, and expressmg them in decimal 
form, the value of e can be obtained to any required degree of 
accuracy To 6 places of decimals it is found to be 2 718282 


648 The senes which we have denoted by e is ve^ important as 
it IS the base to which loganthms are first calculateiL Loganthms 
to this base are known as the Napierian system, so named after 
Napier their discoverer They aie also called natural lominthms 
from the fact that they are the first loganthms which naturally come 
into consideration in algebiaical inv^tigations 

When loganthms are used in theorelacal work it is to be remem- 
bered that the base e is always understood, just as in anthmeticdl 
work common loganthms to the base 10 are invariably employed 

The connection between natural and common loganthms will be 
nplained later 
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Exponential Senes. 

649. When v has any huite value, it can be proved that 

to inf 




if 


and that the senes on the right IS convergent [See Art 635 J 
This IS know as the Exponential Theorem 
This theorem can be put in another form, as follows 
Wnte ca m the place of x , then 

, (ftc® 0*J!® 

Now let s'sso, so that o=loge<ie, then we obtain 

... • 

Exauflb 1 J^nd ihi eoefficmt of the expamion of 

the coefficient of a - ^ - 7 b-i^^{a+t1>). 


IL 


|r~l 


'IT' 


Example 2 Fmd the sum of the vafmte set tes 
1 2^2 3^3 4 . 4 6 , 

If we denote the successive terms by Ug, 1(3 , we have 

IILaS— r— =•— - I « ef c s\lj 

\± IJllI 

__(»-l)+2 1.2 /on 

Putting »=1, 2, 3, successively, from (1) we have m,ss 2 And 
from (2) we have 

tia=l+|j, «3=|\+g «4=*||^+||. tt5=]|+g»ndsoon. 
Hence, by collecting terms suitably, 
tto»r«=(2+||+^+|+*+ ) 

s2e+e=3e 
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Logantlmuc Senes 

660 From the Exponential Theorem the following formula can 
be deduced 

+(-ir^+ 

This IB known as the Loganthmic Series 
In this formula the number of terms on the nght is infinite, and 
the senes is convergent when x is greatei than -1 and not greater 
than +1 Hence within this range of values the senes mav be 
legitimately used for anthmetical calculation 


The form of the senes should be carefully noted and compaied 
with that of the exponential senes 

+|^+ 

In the latter the first term is 1, all the terms are ^itive, all the 
denominators are factorials, and oT occurs in the (r+l)^ term. 

In the loganthmic senes the first term is x, the terms are alter- 
nately positive and negative, there are no factorials m the 
denominators, and occurs in the term 
The following examples are given to enforce these points In each 
case it IS assumed that the symbols are of such value as to make the 
expansions legitimate 


Exaufle I If a=b I ea^preaa b in ascending poners 

of a. 2 d 4 

From the given result we have a=log^(l +6 ) , 

e“=l+6, or 6=e“-l 

TT , a* a* (S* 

‘=“+|f+l3+l4 + 

Example 2 Shew that 

log,(l+3x+2x®)=3x-^+3x*-^^+ , 

andfnd the general term of the senes 

^ogt(l+3x+2rf‘) =logi(l +x) (l+2a?)=Iogi(l +x) +log,(l +2x) 

=(*‘2'"s“ 4+ j+i^-5+T— r-" j 

Xbe geottal temi=(-l)-'*— — (^'T-Daf 
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Oonstraction of Logmiihmic Tables. 


551 We sball now give some accoant of the waj in which 
logarithmic senes are used m the calculation of li^apienan Lo^nthms, 
Jei^mg up to the consti action of ^bles of Common Logariuims 

The senes for loga(l+^) cannot be used for values of a>l, 
moreover, it converges so slowly that it is of little use for numencal 
•calculations We can, however, deduce from it other senes by the 
aid of which Tables of Logarithms may be constructed 

We have log,(l+Jir)ssjp-Y+y“* • • » 
replacmg x by -x, we have 

log.{I-«)«-af-~-^- .... 


“K*+t4+ } 

In this result put so that , then 

log.2±i-a{g^+3^^y+j^j^+ •}* 

that IS, 

log,{»+l)-lofc»-2{^+jp^+gpj^+. ... } .....<« 


652 In Art 407 it was proved that to transform logarithms 
from any base a to a new base h, we have to multiply them by the 

niodvlra Hence logarithms of numbers to base 10 can be 

obtained by multiplying the Napierian loganthms of these numbers 

by the modulus 

lEVom the senes (2) of the precedmg article, we can obtain log,2 
by putting ft w 1 A^in, by puttmg n—%wo obtain log* 3 - log* S ; 
whence logeS is found, and therefore also 2 log* 3 or log* 9 is 
known 

Now by puttmg n— 9 m sen^ (2), we can obtain log«10-logf9; 
whence the value of log* 10 is found to be 2 30258509 

Thus the modulus for the system of common loganthms is 

■ or 0 43429448. . ; we shall denote this modulus by /t* 

2 30258509 ,.’ 
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Bj multiplying the senes (2) of Art 551 throughout by p. xre 
obtain a formula adopted to the calculation of common loganthms 
Thus 

that IS, 

logio(«+l)-logio«=2 ■*'3(27H-1)»’’’5(271+1)5‘‘’ } 

From this result we see that if the loeanthm of one of two con- 
secutire numbers is known, the logan&m of the other may be 
found, and thus a table of loganthms can be constructed 

It should be noticed that the above formula is only needed to 
calculate the loganthms of pnme numbers, for the loganthm of a 
composite number may be obtamed by addmg together the loganthms 
of its component factors 

Example Calcdait the talve qf logio2 to 6 decimal places 

Futtmg n=l m the last senes, we have 

logio2=2||+^+^+y^+ I 

The calculation may be arranged as follows 


JUS 43429448, 

• ju/3 s 144764 

83 

/t/3’sM/3- 9= 01608498, 

M3 3’) s 005361 

66 

/i/3» = 00178722, 

ju/(5 3^) = 000357 

44 

ju /37 s 00019858, 

M7 S') = 000028 

37 

ju/3> = 0000^6, 

M9 3>) s 000002 

45 

Ac/3“ = 00000245, 

Mil 3")= 000000 

22 

Ai/3“ = 00000027, 

M13 3>»)= 000000 

02 


150515 


' logjgSs 150515 x2s 

301030 



653 Theoretically the senes for logio(R+l)-logio7i ^^en m the 
last article is sufficient for the calculation of common loganthms 
It has the advantage of converging rapidly, so that (except for small 
values of n) only a few terms of we senes need be taken to obtam 
the necessary approximation , but in practice the anthmetical work 
IS often inconvenient 

For example, when n=16, we get Iogiol7-logiol6 , 

that IS, Iogiol7=4logio2+2|^+g^p+g^p+ . 

and the calculation of the terms of the senes would be very tediona 
We shall now give other series whndi will effect a savmg of labour. 
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564 In the fomnla 

by Tmting - for we obtain logi#~^ , hence 

logio(»+l)-logxo»=^-^s+^3“- • • 0) 

Again, by wntmg -- for x, we obtain logio“^> hence by 
changing signs on both sides of the formula, we have 

logio«-log,o(n-l)=^+^+^j+ (2) 

The following example shetre the use of these senes in obtaining 
the loMiithms of some of the smallei prune numbeia It will be 
seen tmit the oUculation is usually less l^nous than in the example 
of Art 652 The numencal details are left as an exeicise for the 
student 

Exaufle To expbtn ioto iht eommu logtmihm o/2, 3, 5, 7> 11 
be found 


(i) Putting ns 10 in senes (2), we get loglO-logO, thus 


l-21og3=^+^+g^+ , 

whence log 3 is readily found to be 4771213, to seven deounal places 
(ii) By putting n=3 in senes 12), we get bg3>log2, thus 

log3-log2s|+J^+g^+ , 
whence log 2 IS found to be 3010800 
(ill) log6=log-^=l-log2s 6989700 

(iv) By puttmg nsg m senes (2), ue get log8'*log7 , thus 

8tog2-log7=|+jig+3^+ , 

whence bg 7 18 found to be 8460980 

(v) By putting nalO msenesil), we get logll~logl0, thus 


logll-ls 


U it it 

IoTicP'''n^'‘ 


whence bg 11 is found to be 1 0413927 


r 


Noxs We may also find log7 quickly as follows 
By putting nsfiO m senes (2), we get Iog60'-bg49, thus 

2-log2-21og7=s^+g-|^+|j^+ 
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566. We shall notr give some further examples on the logantiimic 
senes In all cases it is assumed that the symbols aie such as to 
make the expansions legitimate 

Exa3IFl& 1 To find log 10008 to 7 dtamol pfaxes 

Since Iogl0008=log(l0*xl 0008)=4+logl 0008, it is only necessary 
to find log! 0008 by putting x= 0(^8 m the senes 

logio(l+!«:)=Ai{a:-^+y- } 

Thus to 7 places of decimals, 

logl0008 =4 + 43429448 { 0008-^( OOOS)^} 

=40003473 


ExAMPLn 2 If a, P toots of the equation ax‘-bx+o=0, shew 
that 


log(a-bx+c-^)=loga-(a+/3)x 

By the Theory of Quadratics, ire have 


tt~+jy _a a*+jS^ 


3 


X®- 


No\r 


a - 5x1+ ca?=a - 1 T +2 

=o{I -{tt+/3)a;+ttj9*®J 
=a{l-av){l-px) 
lpg(o-5a;+ca?)=loga+log(l -oT)+log(l ~px) 

^\oga-(ax+~+^+ y(px+^+^+ ) 

=log a - (o +/3)* - - 

Exauflb 3 If M expanded m ascending powers of x, 

3 1 

shew that the co^aent of is -if tits a multiple of 4, and — i/ n » not 
amvUxpleofA “ “ 

(i) If n is not a multiple of 4, the term involving x" comes only from 

lo&U-®), 1 

the required coeflBoient= 

(ii) If n IS a multiple of 4, put n=4m , 

113 3 

then the required ooefiSoient= 
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EXAMPLES XUE 


(1) 


l-a. 


(n) 




2, IWtliecoeidentofs'mtliesenes 
, o+faifa+te?, 


2* 2< S’ c’-l 1 1 1 

5 01)^=1444+ 






6. Shewtkt r’=2^j^+l+i+ j 

7, Proretliat 



lYrr 


’ It E il"' 


ff) ,, 1+2, 1+2+3, 1+2+8+4. 
1^1 1 2 3 4 + 

IL <i“-i'+|{a‘-5‘)+j|(o^-i^+ 


IS ) 


14 Ky=-*+: 


»* in’ , 

m*. 
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16 Expand log^(l+a;-2a^) m ascending poners of x to foiu: tennsj 
and find tne general term 

17 Fmd the general term of the eminsion of log;;(l-^2a;-8ar) 
Thence write down the first four terms of the senes 


18 Prove that 

log^p^j^=:4x T4a?+^se®+20r*T 
and find the general term of the senes 

19 Prove that the coefiSoient of z" in the expansion of log,(l+r4-a^) 
2 1 

IS -- or - according as n is or is not a multiple of 3 

20 If a and /3 are the roots of the equation shew that 

log,(l+jM;+ga?)=(a+/J)z-^^-^a?+5-^a?- 

Leditee the expansion of log,(l+3z-l-22^) 

21 Prove that 

Iog,(i.^l)-Iog,(.-l)=2(l+^+^+ ) 

Thence find the Napienan loganthm of correct to 10 decimal 
places 


22 If z< 1, find the sum of the infinite senes 

23 Prove that 

”l7'*'l9'*'3(l7*'''l9»)'*' 

21, Assuming log2= 3010300, log3= 4771213, and fog jq — 43429443, 
calculate the values of log 13 and log 17 to 6 places of decimals 
25 Prove that 


loga+logy+log^ + to n terms =5(logo"+^-iog6"“i) 

If a=25, h=2, and nslOO, calculate the sum of the senes to the 
nearest mteger 



CHAPTER XLiy 

CoHFODNB Interest and Annuities 

566 Fbobliums connected with Compound Interest and Annuities 
tm useful pracbce in logaritimuc wot a We shall here piove and 
ulustrate the necessaij foimulie foi the solution of such problem^ 
using the terms and phiaseology of ^e subject m their ordinal^ 
arithmetical sense 

Dne difference of usage should be noted instead of taking as the 
rate of interest the interest on £100 for one year, it will be found 
more convenient to take the mteiest on £l foi one yeai Thus our 
formula will involve a symbol for the rate pei pomd instead of the 
usual'' rate jMT cent” 

657 To find the tniemt and mmiit in n ijem of a gim m at 
eompomd mterat 

Let P denote the principal, t the mteiest on £1 for one yeai, 
M the amount, all expiessed lu pounds 

Let £R denote the araoimt of £1 in one yeai , then R=l+r 

The amount of P at the end of the first year is PR , and, since 
this IS the pnncipal for the second yeai, the amount at the end of 
the second year is PR x R oi PR* Similaily the amount at the end 
of the third year is PR* x R or PR*, and so on , hence the amount in 
» years IS PR*, 

that IS, M=PR*=P{I+})?' 

Also the interest=M -P=P(R"-l) 

By the aid of logarithms any of the four quantities mvolved in 
the formula M=PFr may be found when the other tliiee aie known 

668 7b find the pmmt nlm md dmmt of a gm m due 
ff gvien ftwe, aUomng compound vntml 

Let P be the given sum, V the present value, D the disrounk 
R the amount of £1 for one year, n the number of years 

Since V IS the sum whnh, put out to intm:est at the present tim^ 
will in n years amount to P, we have 

P=VR*, 

V=PR-" 

D=P-V=P(1-R-") 


Also 
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669 If interest is raid more than once a year, and ea<di mstal- 
ment of interest^ as it oecomes due, is added to the principal, the 
formula foi M requires modification 

Thus if interest is paid ^ tunes a year, the interest of £l for each 
penod is -, and therefore in q years, or penods, 

M-p(i+r)- 

In this case the interest is said to be ‘‘converted into principal” 
q times a year 

Evample 1 Fini to At ntai est pamd the amount of £100 tn lo pears, 
aUounng compound interest at 4 %, eontertible half-yearly 

Here R=l +7 i^=l the number of payments is 30 

Hence M =100(1 02)«>, 

log M=2+301og 102=2 258 

=log 181 1, from the Tablea 
the required amount=£181, to the nearest pound 

With four-figure logantbms a more accurate result cannot be obtamed 
In some of the examples which foUow it will be necessary to use 
logarithms taken from seven-figure Tables 


Example 2 Find in haw many yeais £1130 imd amount to £3000 at 
6% compound interest 


If n be the number of years, we have 3000=1130 (1*05)” 
bg3000=logll30-(*nlogl 05, 

3 4771=3 0531+n( 0212), 


that 18 , 


n=- 


3 4771-3 0531 4240 


0212 


0212 


=20 


Thus the number of years is 20 


Example 3 Fnd Ae present value of £6000 due tn 20 years, attomng 
compound interest a< 4 % per annum Owen 

log 6= 7781513, log 104=2 0170333, log 2 73833= 4374853 
Let £V denote the present value , then 
6000=V(1 04)», 

3-(-log6=log V-|-20( 0170333) , 
that IB, logV=3 + 7781513 - 3406660 

=3 4374853, 

n-henoe V=273S 33 

Thus the present valae=£2738 33, or £2738, to the nearest pound. 


[Saximples TLiii 1-8, page 5Vlj 
E ALC 2e 
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S60 An annnil^ is a fixed sum, paid under certain stated con* 
ditiona at regular intervals of tame Unless it is odierwise stated 
vre shw suppose the payments annual 

If the annuity is paj^ble unconditionally for a fixed term of 
years it is called an annuity certain. If the annuity is to continue 
for ever it is called a pezpetnity. 


561. To find ihs anumU of m annuity left vmpoad for a gvcm 
number qfyeartj aUomng compound mtereet 
Let A be the annuity, R the amount of £1 for one year, n Ihe 
number of year^ M the amount 

At the end of the first year A m du^ and the amount of this sum 
for the remaining n-~\ years is AR”** , at the end of the second year 
A IS again due, and the amount of this sum in the lemaining n-i 
years is AR*^', and so on 

M=:AR*“i+AR"-®+ . . +AR*+AR+A 
«A(1+R+R**f ...... to n terms) 



662 Fart of the busmess Life Insurance Oompanies is to 
grant annuities, payable ovei a stated period, in letmn for a sum 
of money paid down This sum is the purchase price or pi^eut 
value of the annuity 


663 To fmd the promt value of an amuuy to amtmvefor a given 
nimher of yean, <dX^ng oompomd intereet 

Let A be the annmty, R the amount of £l in one year, n the 
number of years, V the lequired piesent value 

The present value of A due m 1 year is AR^^ , 
the present value of A due m 2 years is AR^ , 
the present value of A due in 3 years is AR"*, and so on [Art 558] 

2?ow V is the sum of the present value of these diffeieut payments 
Va:AR"'+AR"*+AR‘*+ ... to 71 terms 


*=AR-» 


1-R-" 

1-R-* 


sA 


1-R-" 
R-1 * 


Cop- Since R > 1, R-« becomes indefinitely small when » » 
infinite 
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564 If nzA is the present valae of an annuity A, the annuity is 
said to be worth m years’ purchase 

In the case of a peipetual annuity niA=~ • 


hence 


1 100 
} lute pel cent * 


that IS, the number of years’ pui chase of a perpetual annmty is 
obtained by dn iding 100 by the lute per cent 
Irredeemable Stocks, such as some Government Secunties, Cor- 
poration Stocks, Bailway Debentures, are examples of perpetual 
annuities In applymg the above foimula to any given case it must 
be remembered that the numeiutoi is the current value of £100 stock 
Thus when 24 p c. Consols were quoted at 80 they were worth 
32 years’ punmase 


666 A frediold estate is an estate which yields a perpetual 
annmty called the rent , and thus t^e \alue of the estate is equal to 
the piesent value of a peipetuity equal to the lent Hence if ue 
know the number of yeaiu’ puichase of an estate, ue can obtain the 
rate pei cent at which mterest is reckoned by dividing 100 by 
the number of years’ purdiase 

1 Find the amount qf an ammty of £100 m 15 years, 
aHomng compound interest at i per ceM per annum Given 

log 1 01=: -01703, and log 180085:=5 25545 

Wehave IVI=100^i^^^=2600{(l 04)“-!} 

Now log (1 04)»= 15 X 01703=: 25545=log 1 80075 , 
whence (1 04)“= 1 80075 

M=2300x 80075=2001 875 

Thus the required amount=£200I 875, or £2001 17s 6d 

Exaupub 2 A man honowa d^OOOO at 5 per cent compound vnterea 
If thepivRcipal and tntoesf are to be paid by 20 equa/ annual instalments, 
find approximatdy the amount of each qf these 

Let £A be the value of each instalment , then £20000 is the present 
\ulne of an annmty of £A payable for 20 years 

Hence 20000= A ~M —, whence A{1 - (l-05)-»}=1000 

Now log(l 05)-«= -20( 0212)= - 424=1 576=log 3767 , 
whence ( 1 05)-®= 3767 

1000 

A(l- 3767)=1000, whence A=-g^=1604 nearly. 

Thus the value of each mstalment is £1604 
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666. A defened annuity, or reversion, is an annuity which 
does not begin until after the lapse of a certain number m years 
V^en t^e annuity is deferred for n year& it is said to begin afi«r 
n years, and the payment is made at the end of n+1 years 


667. Tojmd lhapnmi vahe of a deferred to hmn at the 
endofip years emd to coidiamfor n years, edlomng compoum mterest 

Let A be the annuity, R the amount of £1 in one year, V the 


The first payment is made at the end of y + 1 years 
Hence the present values of the first, second, third, . payments 
are respectively 


AR-{»>+®i, AR-<i»+», ... 


. V«AR-*i^*>+AR“‘»’+®>+AR-{^+.. .. to » terms 


1-R-* 


AR-** AR-^-" 
R-l" R-1 


OoR. The present value of a deferred perpetuUy to begin after 
p years is obtained by making n infinite 


In this case 



Bxahflb. The remsm, (f cm oMe vmrUi £450 per annum » ImgU 
for £6000 ITuAtn what tme must the buyer tale poeseeem so as not to 
lose by hupurehaeef euppostng tnterest to be at 5 per cent t 
Let n be the number of yeaxe , then £6000 is the present value of a 
perpetuity of £450 deferred for n years 

6000^ — whence 5s9{l 05)-» 


that 18 , 


n=!2|9; 


log 6 =log 9 - n log 1 *05 , 
9642 - 6990 2562 
"0212 


log 105 0212 

Thus he must take possereion in 12 years. 


=12 


ETAMW.BS XUV. 

{Use four-fgure Tables wnlese epeaal loganthms are gyoted ] 
Find, to the nearest pound, the amount at compound interest of 
1, £370 in 26 yis at 4% 2. £460 m 20 yrs. at 27 % 

3. What sum wiU amount to £3000 in 15 years at 8 |-%? 

A In what time will £P become £100P at 67 % * 
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5. At 5 % for 6? years, prove the fornrala M=Px(l 05)'xl 025 
Henoe find the present value of £3000 due in 6^ years at 6 % 

6. At what rate per cent will £50 become £5000 m 60 years* 

7 Find, to the nearest pound, the amount at compound interest of 
£6000 in 10 years at 6 % per annum paid quarterly 

Given logl 0125- 0054 

8 If the rate of interest is suoh that a sum of money doubles itself 
m 10 years, shew that £1 will amount to £1000 m about 100 years 

9 Find the amount of an annmty of £250 left unpaid for 12 years 
at 4% 

Given log 1 04= 01703, log 1 6009= 20436 

10. Fmd the present value of an annuity of £000 to oontmue for 
20 years at 4^% 

Given logl 045= 01912, log 41458 =4 6176 

11 A Corporation borrows £6000 to be rej^d with mterest at 3 % m 
10 equal annutd instalments What sum (to we nearest pound) must be 
repaid each year* 

12 If at the beginning of eaoh year a man mvested £50 at 4% com- 
pound interest, find to the nearest shilling what his savings amounted to 
at the end of 20 years 

Given log 1 04= 0170333, log2 19112= 3406660 

13 Calculate at 3 % the purchase pnoe of an annmty of £150 to 
continue for 20 years, the first payment to be made one year from the 
date of puTohase 

Given logl 03= 0128372, logS 63677= 7432560 

14. A freehdd estate worth £180 a year is sold for £4000 , find the 
rate of interest 

15 How many years’ puiohase is a freehold estate worth at fix' % 

16 If a peipetnity is worth 25 years’ purohase^ find at the same rate 
of interest the amount of an annmty of £500 to oontmue for 2 years 

17. The reversion after 6 years of a freehold estate is bought for 
£^,000 , at what rent should it be let so that the owner may receive 
5 % on the purchase money * 

Given log 1 05= 0211893, bg 1 340096= 1271358 

18 What IS the present value of a perpetual annuity of £10 payabb 
at the end of the first year, £20 at the end of the second, £30 at the end 
of the third, and so on, moreasme £10 ea(di year , mteiwt being taken 
at6%peraiium* ’ ® 
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568 The couunon or d&mj scale of notation is that m which 
ordinaiy anthmetical numbers are expressed by means of multiples 
of powers of 10 ; for instance 

23S«SxlO>+3xlO+5, 

9041 X lOHO X 10>+4 X 10+ 1 

In this system ten is said to be the radix of the scale, and the neces* 
sary symbols are the ten digits 0, 1, 3, 3, .9 Any number other 
than ten may be taken as the radix of a scale of nototion , thus, if 7 
IS the radix, a number expressed by 2503 represents 

2x7*+6x7*+0x7+3 
In this scale no digit higher than 6 can occur 
More ^nerally, a number in a scale whose radix is r may be 
expressed as follows 

.+«ff*+flir+Oo, 

where On, a^, On remesent the digits m order, beginning with 
that in the uni^ place ^h of these mgits is a positive int^r or 
zero, and each most be less than r 
It must be remembered that, except in the denary scale, a number 
expressed by 10 does not stand for tm, but for the radix itself. 


669 The ordinaiy operations of Anthmetic may be performed 
in any scale ; but as the powers of the radix are no lon^r powers 
of 2en, in determmmg the caurrying figwra we most divide not by ten, 
but by the radix of we scale we are considenng 


Exakfle Fmd Gvt am of 3264, 5042, 1465 m (As scale (/seven, and 
aubtrwt iSil frm ihe nault 


(!) 3264 
5042 
1465 

(ii) 13134 
4541 


(i) Here 5, 2, 4 make eleven, or 1 eeven+4 , 
set down 4 and oany 1 

7, 4, 6makeeevenleen, or2ee««ne+8, 
set down 8 and oeurry 2, and so on 


(n) After the first step of snbtraotion, since we c annot 

5263 take 4 from 3, we add seven; thus we have to take 4 nw 

ten which leaves 6 ; then 6 from eight, whiob leaves 2 ,* 
and finally 5 from ten, which leaves 6 
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570 The names ternary, gtm^emar^, qvximy, eenary, 

tmtenary, octmtary, nonary, denary, vmenary, ana duoaemry (or 
dMasvnm) are used to denote the s^es correspondmg to tiie ^ues 
t/m, three, tvadve of tiie radix We shall not consider any scale 
higher than these In the nndena^ and duodenary scales Yre shall 
use the symbols t and e as digits to denote ten and eleven reflectively. 

ExAMFin Divide ISe^hy 9 m the ecale of twdve 

Here 16=1 tieelve+Ss:seiett/een=l x9+8 
we set down 1 and cany 8 

9[15e^ Also SxtoeZve+esoite hundred and setoi 

lee96 6 =ex9+8 

we set down e and cany 8 , and so on. 


571 To eaprese a given vnieger N m any new scale 
Let r be the radix of the new scale, and let On, Oj, be 
the required digits by which N is to be expressed, beginning with 
that m the units' place , then 

. +<v®+<^r+ffj 

We have now to find the values of a^, Oi, a^, a„ 

Dmde N bv r, then the remainder is a^, and the quotient is 

+Osr+ai 

If this quotient is divided by r, the remainder is , 
if the next quotient „ „ „ „ 0 ^, 

and BO on, until there is no further quotient divisible by r 
Thus the required digits are the remainders found by successive 
divisions by the radix o/m« new scale 


lEiSuaimx 1 
9 I 4213 
9 |468 1 
9|i^ 0 
6 7 


Express the denary number ffil3 in the scale qf nine 

Here we divide sncoessively by 9 (the new radix), 
performing the division in the scnde of the given 
number 

Thiw421Ss5x9»+7x9»+0x9+l * 
the required number is 5701 


ExAumn 2 Transform 21123 /rom eeofe seven to scale eleien 

Here we work in the scale of seven , thus 
^ 21=2x«even+l5=/&?eensslxe+4 

Q we set down 1 and cany 4 

g j Hext4x7+l=«w»i^n*««=2xc+7 

ue set down 2 and cany 7 , and so on. 
The soocessive remainders are t, 0, t, and the last quotient is 3. 
Thus the required niunber is Zt9t 


e ) 21125 
e |l^ 
el 


lEleamples xlv 1-12, page 524, may le tedmhare"\ 
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672 Fractions may also be expressed m any scale of notation ; thus, 
pastas 


2 5 3 

*263 m scale ten denotes 


so 


and 


2 5 3 

253 in scale 6 denotes 

2 5 3 

253 in scale r denote 


Fractions thus expressed are called radiZ'fractioiiS. The general 
type of such fractions in scale r is 





'(There &g, . . are integers, all less than r, of which any one or 
more may m zero 

673 To eaipma a given radts-fraoHon F tn my wasodle. 

Let r be the radix of the new scale, and let bg, bg, , be the 
required digits by which F is to be expressed, be^ning from the 
left, then h t, t. 

We have now to find the values of 5], 5^, 5^, . . 

Multiply both sides of the equa^on by r , then 

rFs»5|+*^+^+ 

Hence by is equal to the integral part of rF , and, if we denote the 
fractional part Fj, we have 

c I ^8 I 
Fi® y +^+« 

Multiply agaiir by r , then 5. is the integral part of r Fi In the 
same w^ by successive multiplications by r, each of the digits may 
be fonn<3^ and the fraction expret^ in the new scale 

Example 1. Expreae g (scale ten) as a raduejractvm in scale eix 
7 . 7x3 ., 1 . 

® * * Bere, as m Art 671, we multiply sue- 

ly0- 1^5_ . 1 cessively by the radix of the new scale, 
i 2 '*'2* performing the work in the scale of the 

1 given fraction. 

fils 

.. the required fraotions|+~ 513. 
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Example 2 Tranaform 606 7 from tede eight to eodtfxe 
Here 'we must treat the integral and fraotional parts separately. 

Here we dmde or multiply by the new 
radix, performing the work m the scale of 
the given nnmber 

The digits of the radix-fraction recur; 
hence the required number is 3030 il 


Some Fropotxes of Numbers. ' 

674 In cmy teale of notation of which ike radus ta r, the turn ^ 
the digits of any whole nvmher when divided hy v-l will leave the 
same remainder as the whole number when dmdea by t-1 

Let N denote the number, On, a, , (I 2 , . a„, the digits beginning 
with that m the units’ place, and 8 me ram of the digits , 

then N=fflo+®i*'+®a*^+ +aii-ir"“*+a»r", 

S=ao+a| -hUj + +o«-i +««, 

N-8=ai(r-l)4-aj(f*-l)+ +a«_i(»^‘-l)-ho„(r"-l) 

Now every term on the nght is divisible by r-1 , 

N-8 * ... N T , S 

--~T-«an integer, that is, --r=I+-— r, 

f— 1 r— 1 f— i 

where I is some mteger , which proves the proposition 

Hence a number m scale r is divisible by r — 1 when the sum of its 
digits IB divisible by r - 1 

676 A denary number divided by 9 leaves the same remamder 
as the sum of its digits divided by 9 The rule known as “castmg 
out the nmes” foi testing the accuracy of multiplication is founded 
on this property The rule may be explained as zollows 

Let two numbers be represented ly 9a+b and 9e+d, and their 
product by P , then Ps81ac+9&e-h9a4+&d 

Hence P/9 has the same remainder as bd/9 , and therefore the sum 
of (he digits of P, when divided by 9, pves the same remainder as the 
turn of the digits of bd^ when divided by 9 If on trial this should 
not be the case, the mulbphcation must have been incorrectly 
performed In practice b and d are readily found from the sums 
of the digits of the two numbers 

Thus, to test the acouiaqy of 4768 x 827 =3935866 

4+7 =11 , cast out 9, and 2 u left 2->-5+8=lo , cast out 9, and the 
remamder is 6 Similarly the remainder from 827 is 8 The remainder 
from the product 6x8 is 3 Again the remamder from 3935866 is 4. 
Thus the result is not cmreot 


51606 


•7 

Blue 

0 

5 

6in 

3 

43 

5 

8 

0 

17 
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676 Any number of n digits can be expressed by the formula 
N=an-i»^+<V8»^+‘ • +ajr®+«ir+ao 

The smallest value N can have is when all the other 

digits are zero In this case N 

The neatest value of N is obtained by making each digit as large 
as possible, that is, by putting 

* • =Oj«s»aisaao=sr-l. 

In this case +r*+r+l)“r"-l 

Thus in scale r a number of n dipts cannot be less than nor 
greater than r* - 1 , that is, it must be less than r” 

Example Jj[f N u a denary numter qf n dtgtts, how many dtgito are 
(here %n the eqmre qfH* 

N* 18 less than 10" x 10", or 1(F" , also it is not less than 10"“* x 10"“*, 
or 10*"“* Now 10*" (expressed % 1 followed by 2n ciphers) is the 
smallest number with 2n+l digits Similarly, 10*"“° is the smallest 
number with 2n - 1 digits 

N* oKunot have more than 2n digits, nor fewer than 2n - 1 


677. Ifthamumnwtofanimheranmtteof^'^ljlguieefivhea 
the first n+1 of these have been obtaamd by the ordimry mstkxl, the 
imatrang n may he obtained hy dtnsion 

Let N denote the given number ; a the part of the square root 
already found, that is the first re+1 digits found by the common 
rule, with n ciphers annexed , a Ihe remaining part of the root 

Then 

Nwa*+2<M?+«* , 

. 0 ) 

Now IS the remainder after n+1 digits of the loot, repre* 
sented by a, have been found , and 2a is the divisor at the same 
stage of the woik We see from (1) that N-a* divided by 2a 



gives Xf the rest of the quotient required, increased by 


2a 


We shall shew that ^ is a pr(^ fraxshm^ so that by neglecting 

the remainder arising from the division, we obtain v, the rest of 
the root 

Eor X contains n digits, and therefore contains 2n digits at 
most , also a 18 a number of 2n+l digits (the last n of which are 
ciphers) and thus 2a contains 2n+l digits at least , and therefore 

~ IS a proper fraction. 
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Example FindtheJirstTfguieaqfthesqmrerootqfZ. 


2 , 00,00 


W 

(1414213 



2828423 


10076900 
8 485269 

l|690631 

Thus the required square root=:l 41^13 . 


( 11 ) 



In (i) the Tork u given m Ml , m (u) the work is contnusted. 

At the stage mocked* four digits of the root have been obtained, and 
the * trial divisor * consists of /our dints, viz 2828 The remainder at 
this stage is 604, and if instead of hnngmg down a new penod, and 
aTOendins a new digit to the divisor, vre divide 604 by 282(8), cutting off 
the last digit and nsing the oontracted method, vre can ohtam ikree new 
digits of the root, as shewn in (n), and it is dear that the work is merely 
the shortened form of that shewn to the left of tiie vertical line m (i) 


678 We give two more examples 

Exasifle 1 Shew that 1 44 ts a aqmrt number tn any scale whose 
radix M greater ihan 4 
- 4 4/ 

Let r he the radix , then 1 44=l-*--+^=f 1+-J 

Thus the given number is the square of 1 2 


Example 2. Eatress the senary radixfraction 508 as a vulgar 
fraehon tn Oie same scale. 

K A /g 3 9 \ 

5,3 1 153 17 1 ^ 

“6'‘'6^ r^”180“SO’ “ 

^"6 


Kow I7s:25 m scale six, I 
end 20ss32 ,, ,, J 


the required &aotion= 


25 


II 
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[CHAP, XXV. 


EXAMPLES ZLV. 

Pmd the value of 

1. 2341+1234+3412+4123 in the scide of five 
2 437813+306218+534623 in the scale of Dine. 

3. e<06+ 7952+856e+3<7< in the duodeoaxy scale. 

4. 623006 - 341654 in the septenary scale. 

5. (i) 31044x4802; (ii) (3024)^ in tiie quinary scale. 

6. Divide 22653 by 26, and 6435 by 9S2 in the scale of seven. 

7. Find the square root of 222621 m the scale of six, and of 14320241 
in the scale of five 

8 Express the denary numbers 4532, 860 in the senaiy scale, and 
find their product in that scale 

9. Express the septenary numbers 8625, 203118 in scale ten. 

10. Transform 54321 from scale mx to scale seven 

U, Transfonn 1123 from the dnodenaiy to the septenar}' scale. 

12. Express the quinary number 30014 in powers of twelve 

18. Express the denary fraotion A m the nonary so rie . 

14. Express the decimal 1375 as a radiX'fraotion (i) in the quaternary, 
(u) m the ootonary scale 

15. Eiq^tess the denary number ^ 28 in the quinary scale 

16. Transform 20213 from aode six to scale ei|^t 

17. Transform 20 78 from the nonary to the ternary 

18. The radix-fraction 202 is m the quinary scale ; expr es s it as a 
vulgar haotian (i) m the denary, (n) m the quaternary sft w le 

19. Express in the scale of eleven the greatest and least nmnben that 
can be formed with 4 digits m the scale of seven 

^ Jn what scale is a hundred denoted by 400' And in what scale 
is 647 the square of 25' 

21. If 432, 565, 708 are in A F , find the radix of the s eal** 

22 In what scale are the radix-fraobons *16, 20, 2 BmGP» 

23. Divide 264 734 by 3f 08 m the scale of twelve 

1 ^ wei^ts of the senes 

Ilb,21b8,4lb8,81b8,161bs, » e- 


25. Ei^ress the senary radix-fraction 318 as a denary vnlgar fraobon. 

26. Shew that m any scale greater than three 1 331 is a perfect cnbe, 

W. N a^ N' are two numbms expressed with the same digits but in 
different order Shew that N - N' is divisible by r-1 

t ** * the scale of r, and D is the difference 

the odd and even places , then N - D 

or N+Disamul(apleofr+l. 



CHAPTER XLVL 

East Inequalthes 

579 Ax itteQ.uallt7 u a siatemest tihat one expression is greater 
or less tihan ano&er 

Some easy cases of Inequahties have already been given in con- 
nection with Ratio and the Progressions [See Arts 416,419,488.] 
For convenience we here repeat ^e necessary definitions 
If a is said to be algebraically greater than h 

If a- & 18 negative^ a is said to be algebraically lets than h 
The sign > is used for the words “ is prsafer than ” 

„ < „ „ “is 2 m than” 

Thus 4> -5 because 4-f-6), or 4+5 is positive, 
and -'8<-3 „ -8-(-3), or -8+3 is negative 

In accordance with these definitions zero mnst be regarded as 
greater than any negative quantity 

580 It will be found that mequalities sometimes reduce to 
equalities when the symbols mvolved have special values Accord- 
mgly the sign > is sometimes used as a equivalent for the words 
“ 18 greater mn or equal to ” Similarly the sign ■S. means “ is less 
than or equal to ” 

Thronghont this diaptei we shall suppose that all the ^mbols 
denote real positive quantities unless the contrary is explimtly 
stated 

581 If a> 6, then if a; is any positive quantity it is evident that 

(i)a+jp>5+^, (n) 

(lu) (iv) 

X X 

that 18 , an xnemudx^ mEL etM JuM after each side has been increased, 
dvmmshed, or dmded ly the tame positive quantity 

582 If a-a;>&, 

by adding x to each side, 

a>6+»; 

which shews that in an inegmli^ any term may he tranymsed from 
one Side to the other if its sign is mtmged 

583 If a> h, then evidently h<a, 

that IS, if the sides of an inequality are tranqiosed, the sign of in- 
egualiAg miM he remted 
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684 H a>&, w positive and 6-a is negative; 

that IS, IS negative and therefore ~a<~5 , 

hence, if the agns ofaU the term of an inequality are changed^ the sign 
of vneqyality must oe reversed 


686 ]ia>5, then -o< -5, and therefore -<w;<“6a., 
that 18 , a(-«)<5(-aj), 

hence, if sides of an taequality are mtdtiplted by the same negative 
quanti^t the sign of inequality must 5e itoa sed 


686 Ifsk and h are any red positive quantities a^-) 2ah 

Since (a-5)* is always positive, or zero, a*-2a6+6'*S:0 , 

a*+6«>2a5 


Thus, unless a and h are_equal, Similarly, unless 

a andy are equal, a;+y >2Vfly. 


Exaupls 1, j(]f 0 , h, 0 denote posi^tve qmnMies, prove diat 
(i) £^+&*+^S6c+co+a6j (n) a*+^>o?bToK, 

(i) Wehaveo;*+b^>2ah, J®+c?S2&c, (?+o*>:2oa 

Adding these results, on dividing by 2, we have 

a*+ft*+c*2:6c+co+ot 

(u) Since a®+h’*>:J2a6, we have (i?-a6+6®>a6, 

(o«-.ab+li?)(a+6)>;ohla+b) , that is o'+t^Sra'^+ol**. 

£xauf£S 2 Shew that a*+b*>a%-i-ab’ unless as;b 

The mequahty holds if u positive 

Now «*+ 1* - ~ «6*s={o* - 6*){o - &)= (o - &)*(o®+o&+h*), 

and each of these factors » ptmtive 

ExamfIiE 3 ]f n nay have an/y real value, find vHaeh » Sie greater^ 
xS+16i or 7x®+10 

By the Bemainder Theorem, c’-t- 16a - (7a^+ 10) has a factor x > 1 

Hence we find ai*-7**+18a; -10=5(»- l){a?- 6a:+10) 

*(«“1){{t-3)9+1} 

The second footer » always positive ; hence a?+16a; u greater or less 
than 7d-ir 10 according as sc u greatw or less than 1 

SxAUFCE 4 To find theffujasimwnvalne qf die product of two gvantilties 
dim emu ^rm 

Let a and b be the two quantities; then 4(tbs:{a+b)?~ (a-> b)° 

Bnt sinoe a+b u constant, we see that tiie product ob will be greatest 
when (a— b)^ 18 smro Thus the value of the product is greatest \raen the 
two quantities are equal. 
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EZAM*LES m INEQUALITIES 

TiTATVrPT.TiR XLVL 

[In ihefdllomng examples the student should note each case m tehuA an 
mequahtff reduces to an equality for tpeoial vdues of the symbols ] 

1 . Frovaihat (aTb)(&+e)(c+a)> 8 a&c 

2 Frove that the sum of a real positive quantity and its reciprocal 
IS never less than 2 

S. Frove that {ahTed){ae+bd)'^tabcd 

4. Shew that if a>b and x>y, it does not neoessanly follou that 
ax>byt if some ot the symbols may dmiote negative quantities 

5. Frove the inequahties 

6 . If prove that pr+gs^l 

7. Frove that (o+6+e)*>3(6c+ca+a6) 

8 . Frovethat a’-3V‘>3a%-oafi^, if a>5 

9. For whac values of x, positive or negative, will x‘+3?+2x oe 
greater than 4’ 

2x 1 1 

10, Shew that <;i, for real values of x 
arT* 2 

U If a>&, shew that {iJa+^)^>^ and <4a 

Hence shew that the difference between 7 ( 0 +&) and \fcA is less than 
j[a-b)~Pt and greater than ^{a~bffa 

12 If the product of two quantities is constant, shew that their sum 
IS moreased by moreasing their difference 

13 Under what conditions IS a*+^+c^>3a&c* 

14. Shew that 6a5c^2&c(&+c) 

15 Shew that hes between -g and g, for real values of x 

16 If a b=c d, shew that a+d>b+e provided that a>& and 
n>c 

17 If a, &, e, d are unequal quantities, prove that 

a-+lP+<?+cP>i»Jabod 

18 If p, q, r, s are positive and arranged m order of magmtude, 
prove that if q'*-r=p+8, then qr>p8 
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687 ]n pievions chapters dealing witli equations all tibe piin- 
dpal methods of solution Mve been explained and illustrated in the 
text We shall now give some further examples in most of which 
solution IS effected hj some spedal artifice. 


Equations Involmg One tTnknom 

Bxauplb 1. Sdie the equaim 

s-hc x-oa . x-ab _. 

T— T — : — T — rT“=a-*-D+c. 

b-»-o 0+8 8+b 

The equation may be written 


C<r 


x-jhc-^ea-i-db) x-{hc-^ca'^ah ) . g--(hcJ-oa-»-g^j 
J+c e^ft 0"**& * 


{*- (Jc+<»4.a5)}|^x^x-^| -,a 

Smce the second factor is not zero, we mnst hare 

a?-(6c+eaxa6)ssO, or x=5c-(a--oft 


Exoiple 2 Solie the equation 

\2i““q"“r/ 

The eqnation may be wntten 

fu-.gri-,Y,i,£z£. 

\ 2«~gxry x-rq 


i+P 

xxq 


SfP-g) (p-g)^ i>-g 
Sct gxr - {2»-q+ r)S""x-g* 

Remoring the factor p -* g, and transposing, we hare 

P~g 1 2 

(Zcxgxr)®“'*+g”2i;xq-,j. 


whence 

or 

thaCiS, 


~(XJ-g)(2,XgT.r)* 
(p-g){a!xg)«(r- g)(2a:xg- j ), 
»{p-g-2(» -g)h»^-9S-g(p-o;j 
®CPTg-a’)s=r®-jpgi 

r°-pg 

.. gg — 

p+g-2r 
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Example 3 Sclie (he equation 
ax+b^bx+a 


(a-«-b)(x-2) 


or 


ox+b^ex+a cx+a+b 
It. ngkt-Iumd odc=te±2±^^±i2:=S , 

h(bx+a) 




ex+a-^-b 
afaa+6) 


cxJ-a->-b 
0 - 1-6 


)_ a-f-6 
j cx—a~b’ 


(ca:+6)(car+a-^6) (car+o)(cx+o+6) cx+a-*-b 
By removing ex^a+b from the denominators, and transposmg, we have 
a{ax+b) ^ b(bz+a) ^ ^ ^ 
ca:-f-6 "* <a;•^o ” ' 

a,tn 2«^+Me£±U, 

* cx-f-6 ex+a 

either x=0, or (o®-ac)(ce-fo)+(6*-6c)(cx+6)=0 

Li the latter case we have 

a; ((A - a<? + 6% - 6<?) = - 0* + a% - 6* -I- 6%, 
or *{ac(o - c) +6c(6 ~ c)}=<^ (c~o) +6?(r -5J 

Thus x«0, or 


Exaufle 4 Solve (he equation ^^*-*-16s=63 4*^ 

We have 4 4®*— 65 4*-*-16=0 

By wntmg y for 4*, we obtain 

4s^-65y+16=0, or (4y-l)(y-16)=0, 
whence y=T» 

Thus 4*=;J=4“®, or ^=4®; 

a;=!-l, or 2 

f ^ 4\ 

Examfu! 5 Solve (he equation y 1 3" J /' 


Divide eaoh side by 3 , then we have 
a? I6_10/ar 4\ 
9 3 (3~xJ 


fgf.. _ a; 4 a? , 18 - 8 

Wnteyforj--, then -g+^=r +3 

y®+i-yy, whence y=| or 2 

• »_l=i or ---s2 
3 * 3’ " 3 X 

From these equations we obtain x=6, -2, 3±>/2r 
HALO 



630 


iLOEBRA. 


&!« i ^± sfe = 20±!>2 

Vx+48-i^ n^4-js/3 
By Art 427 dtndendo), we have 

“ /s/S 

Squaring and simplifying, we have 

3*+144=a?-4«; 

whence a^-7*- 144*0, oe {»“16)(»+9)ssOj 

ai*16, at -9 


[CBJIP. 


686 Before clearing an eo^uation of radicals any common factor 
which contains the unknown (mould be removed by division 


Example Solve At equcUnoa 

n/x*+ 4 x ~ 21 +n/x*“X- 6 W 6 :i^- 6 x- 39 


We have N/(a!-3)(iB+7)+*i/(«~3)(»+9)=N/{*-8)(6*+18)» 
The factor »-3 can now be removed from every term ; 
thus >Jx+i+tJx+itss>jQx+19 


This equation may now be solved in the nsual way as explained on 
page 343 The solution gives or •> | 

On trial it will be found that the second of these values does not satisfy 


By equatmg the factor « ~ 3 to zero, we have xssS 
Thus finally the required roots are 2 and 3 


689, The artifice used in the following examifie is sometunes 
useful 

Example Solve V 3 x»- 7 x- 30 -n^ 2 x*- 7 x- 6 *x -6 , ( 1 ) 

Now it 16 evident that 

Sa?- 7 »- 30 -( 2 *»- 7 af- 6 )sa !»-26 .. ( 2 ) 



thus is/^-7a;-30W^-^a?-6**+5 . (8) 

Now (2) IS on tdenitty; that is it is true for aH values of x, whereas 
(1) 18 satisfied W the iwnes we are seeking , hence also equafoon (3) is 
true for these vuues 

From (1) and (3j we have, by 8abtr8otio&, 

's/2x*-7x-5=6; 

whence we obtam a;s9, or 

Both of these values will be found to satisfy the given equation 
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690 Any equation which can he expressed in the fom 
«a^+Sa?+c+j)^/o®^+&p+c=sj 

can be solved by putting yWaa^+haf+c 

The resultmg equation S' will give two values of y, each 

of which will nve two values of x We thus have four values of x 
ultunately Of these only those which make y positive are solutions 
of the onginal equation , the others satisfy the equation 

<ufi+bx+e—p»Jaafi+bx+e=q 

Numeiical examples of this type have abready been given on 
page 344 


601. Becipiocal Equations When an equation has all its 
terms brought to one side and arranged in descendmg order, if the 
coefficients are the same when rrad from left to ngnt or right to 
left, it IS known as a reapiocal equation, and it is so called because 
it remains unaltered when x is replaced by its reciprocal 1/x 


"Example Sdte 3x*-16x*+28x®-16i+8=0 

Dividmg throughout 1^ sfi, and reamngmg the terms, we hove 


Put *+!=«, then ®®+ 3 =S®“ 2 , 

X 

8(^-2)~16y+28=0, whence ys2, or 
Thus we have «+-s=2, and x+^s=^ 

X X o 

These equations give x=l, h 3, ^ 


10 

T 


EZAllFIiES ZLm a. 


Solve the followmg equations 

1 x+a x~h_ 2(a+b) o (g+o)(a+h) _ (g+6)(x+d) 

*-o x+d~‘ X x+a+b x+c+d 

3 g-g-1 x-a _ x-b~l x-b 
x-a~2 x-a-l~'x~b-2 x-b-l 


4 


x+bc x+ea x^ab 
b-e"^ a~c a+b 


=0+6-0 


x-Sa6 g+6c a+2ac 
2a+6 "^b-c 2n-c 


=2a+J-e. 




5 





LOBAF. 




Solve the eqoatioim: 

* 6c(aa?~l) . co(te"l) , a6(ca;-l) _o 
**’ a\ft+c) 6(c+ar^ c(a+6) ’ 



0 6-i-c , c+o _ (H-6+2c 

^ «+2axt^'' se+O'+b 

U. 3^»+9=28 S*; 

13. 3^/»-8=8»“*. 

16. 3»*+*-65a28(3*-2). 

17. .?+*=16(|+i)-17i 
,0 ,y»+ i/aj - 15 - ^ _ 1 


0 g-<-tt _ /2a?+fl+c V 
* x-h^x^x-b+ej' 

-* etg+h , 6«+o (a+6)(g+2) 
' 6“» a-a a+6-* 

12. 4^-9 2*+8=0 

14, 6»^ss7*^-2»“^ 

16. 8(e*+6-*)=:S7 

10 . 3 «/» 


21. »ya?+ 14a+83+^/a^» - 6x - 27 =10*^ 

*82, ^aj*+4iiB—5— 12iB+flssN/a»®** 17*+ 16 
23. ^+3I-2-Vl8ai‘+6*-7+^/8*^-^b-i=a 


21. ^/a?+6oa!+8a^'+^/a^+3a*+8o*ss2^/ai*-4<A 

25. V4a? - 10»+ 19 - 10a;+3s2 


26. ^/2x*-ll®+89+^/(2e-7)(®-2)alX. 

27. »/4®*+8*-28+*/3a^+8x-24ss»+2 

28. ^/7a^-ll*+6+^/6**-ll{B+16=2(«+3) 

29. ^/3»-24+^/»+?==^/3*-l4+^/»^ 

30. 8>/(3»+4)(*+2) -3»* - 10»+97«0 
3L 4a?+6»-a/^-6»+2=«(15-2a!) 

32. 6atf*-35*»+e2ai»-85*+8=0 33. 2a!*-18a!9+24a?-18»+2«0 

3i 12(»«+l)+89a?s:S6»(a«+l) 35. 6»«+2&B»+12a?-2a»+6*a 

36. (»+9)(»-3){a!-7)(g+6)a:386 

tJftiUiply aUmuUifaetert to/^ther anifim a guadratie tn x^+Ss.] 

37. (g+8ft){«-6o)(a?-16a9)ssl80o« 

38. (1 - MteWl +2*ss{i + iOx)»/iT fS, 
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39. (»-4)»+(x-6)*=31{(a-4)a-{x-5)^y 

40 4{(a?— 16)^+8}=a;*+16(a?— 16}^ t^nfejrvjbr^-UL] 

41, |o+«)^+4(o-»)^=!6(a*-a^^ 

42 . is/a^+oa;“l-N/a?+5x-l=»/a~i^ 


Equations in two or more Unknowns. 

592 The principal methods of solvmg equations m two un- 
knowns, when either or both of the equations is of higher degree 
than the first, have been given in Chapter xzvr Of uis class we 
shall here only give a few Mditional examples 

ExAXiFiiEr 1 Salve X*+y^97, (1) 

x+y=6 (2) 

Ikrst Method 

SVom (2), we have {z+p)*=sG25, 

or a^+4a^+6fl^+4a:y*-*-y*=e25 . (3) 

Subtract (1) from (3), and divide the result by 2 , then 
2 j^ + 3a^y + 2a:y® as 264, 
that 18 , xy[2ifi+Sxtf+2j^s:2Si, 

or ay{2[z+yf-~3ey}=s2Bi 

Substituting for z+y from (2), we have 

a?y®-fi0iy+284as0, or (xy ~6)(xy-44)3a0 

Hence we have the two pairs of equations 

»+y=5, \ z-ry=5, 1 

xy=6,J *y=44 J 

IFrom the first ue obtain x=2, y=3 ; xsa3, y=2 

„ second „ *=^{5±v^^^l}, ys=^{6T*/-i5l}. 

Second Method 

Since z+y is given, assume z-y=z ; then 

®-y=^i} »=^(5+z), y«^(5-z). (4) 

Snbshtutmg m (I), (5+*)^+(6-s)'*=97x2* , 

Hence by ezpandmg (5+z}* and (5-z)*, 

54+6 5®i?+z‘=97x2*, 

whence z'+lSOz'*- 161-0, or (*?-l)(z®+161)=0 

Thus we have z=±l, or z=:±in/- 151, whence from equations (4) we 
obtam the same values of z and y as before; 
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ErABSjaa ScHw 

2x«+3^*270 


€ #*• 


( 1 ) 


lE'tom(l) 4(a?-^+2*?+3»y-2y®)=33(2!«?-'8a!sr+l/*)i 
A 18a?-87ay-^lS^=0, or (2®-%)(9*-6y)«0 

Hrace * 2a!“3y, (8) 

or 9zss^. . »i • •• (4) 

From (3), eqoataon (2). 

ft<»(41, |=g=^?=^liyeqiiata)n(8). 

^15^/§0 , . 27*./^ 


693 Equations of a higher degree than the involving mote 

thftft two unknowns, can only be solved in raiticsJar cases. Sndi 
equations introdnce no new principles, bat they often afford scope 
for considerable skill and ingemml^. 

Ebuimx 1 Solve the eguaiuma: 

x(8r+ty+cz)s!k, y(ax-*-l^+csl=l, 8(ax+by-rcz)s=iru 

Moltiply these eqaations by o, 5, e respeotively, and add, then 
(ox+j^+<»)*ssofe+M+cm} 

. ax+hjfJ-cx-±*J(iis+il+m 
. ^ I 

* “•jak^U-^aii ^ '~»JaL+bl+m * 

ExAMTxn 2 . Solve (he eguatma 

2xJ-Sy-3as=0, Sx^Qy+ZisO, 3^-'X+2yz-zs6 
From the first two eqaations, by cross mnltiphcation (Art 420!)y 

« - y _ g . 

6 -27"^^'’ -18-16* 

whence gss2-:|-i^ soppose; 

then 9 ;ss 2 ^ ysih, z^SL, 

Snhstitating these valnes in the third eqnation, we 
4i*-2i+6jJ^*-3h*5, 

thatis, a«-fc-l«0, or (2](?+l)(l-l)as9 

Rom i* -y, weobtain »» -1, y= — zs 
ft k**li »» ®»2, y^li z®3. 


m 


•Jak+U+ 


m 
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Exauplb 3 Solve tie eguaitotu 

(y+z)(z+x)=a®, (z+x)(x+y)=b®, (x+y)(y+a)=o®. 

3y mnltiplying the three equations together, and taking the square 
root of the result^ we obtain 

(®+y)(y+s)(£+*)= ±a6c 

Oomhuung this mth each of the given eqnatiops, tre have 

. I . .CO .ah 

»+ys=±-, y+*=±-i-» 2 +*=±-t* 

From these equations ire easily obtain 

.a8»9+JV-<fti* . iV+<Ai9-o*J® .c%®+o%®-6V 

»=± ‘ Me 


Esamble 4 Solve {he equatione 

xy+2x+y=7, yz+3y+2z=12, zz+z+3xsl5 

By smtable additions to each side of these equations, th^ may be 
\Ritten 

oy+(2K+y)+2=9, yz+(3y+2s}+6=18, za;+(s+3x)+3sl8, 

or (a!+l)(y+2)=9, (yH-2}{z+3)=18, (z+3)(a;+l)=18. 

Solving these equations, as in the last example, \re obtam 
xs=2, y=l, z=3, 
and 9:a-4, y=-5, z=:-9 

Ezauflb 6 SWie (1) 3^+y®+z?=84, (2) x+y+zssl4, (3) xysfa> 

From (1) and (2), (*+y+z)®“ (a?+y®+z*)=112 , 

zy+yz+zK=:56 

Hence from (3), i?+yz+za;=56, or e(ai+y+z)=56; 
whence from (2), z=4 

Equations (2) and (3) now become o+ys=10, a^=l6 
From these equations we obtain x=2, y=8 , or x=8, ys2. 

Hence finally x=2, y=8, e=4, 

and x=8, y=2, z=4 

Esamfi^e 0 Solve x?-yz=l, y®-zx= -5, z*-i^s7. 

Multiply the equations by y, z, x respectively and add ; then 

7x+y-5z=0, (1) 

Multiply the equations by z, x, y reqieobvely and add , then 

-Sx+7y+l=0 (2) 

From (I) and (2), i^=g^= 49 ^i multiphcation, 

whence |=|=|=X, suppose 

Subsbtutmg m one of the given equabons we get 1= ±1. 

.*• Xs±2| y~±l, z=±3 
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Solve the eqaatioos i 

1. «*+y*=337, 
a!+y=s7 

. 2»+y ar-3y _^a 
*• »-3y“2®+y“'^ 
6»+7j«19 

8, 8a;^+a!y»2»+6, 
y®+3»v«2y- S. 

8. ®*-a!y+»=36, 
fl?y-^+y=lS. 


2. jB<+y*=272, 

a-^s:2 


8. a^+2^=rlQ23 
»+2rs8. 


5. 


2a;-y 

*+jr ’ 

a?+y®s29 


7 a^+a!y+2a!+y=ll, 
y*+{sy+2y+a«7 


9. (»-y)»-8-2«-S^, 

y(»-y+l)=«(y-a;+l)i 


10. Tmd the xatioDal loots oC 

(i) {«+y)(a!*+y*)=19, 

a?+^*13, 

11. »+8y+“=16i 

3(»+y)+f«23. 

y 


(u) »-y~2, 

(a?+j|8)(a?“»^=26a 

12. ay+i+;+|-M. 

ley y X 
^ xy 'j X 


13. (»+l)P+(»+l)(y+2)+(y+2)««m, 

(a:+l)+<s/(«+l)(y+2)+(y+2)s=19 


14. 2ie(2ie+y+3z)s:34, 
y(2a!+y+3z)s!l02, 
3zf2z+y+3z)=sl53 


16 aj(y+2-af)=89-2a?, 
y(x+z-y)s:62-2j^, 
*{x+y-z)»78-2j?. 


16. S»-2y-3z=0, 17. 4a:-2!ys:78, 

»“-l(ly+6z=s0, y+esr, 

a;»+y«-z?=116. y®+3*?=4(2»+l) 

18. (»“l)(y+5)s=14, {y+6)(z+8)s=63, (z+8H*-l)=18 

19. ay4»+y=29, yz+y+z=s23, za;+z+»=:19. 

20. {e*a/®z=24, *y%®*18, *^*108 

21. a^y~2z, y^adx, ayz=6 

22. *+y+zs21, ai^*+y®+z*asl^, ^stos 

23. a?+y*+s?=133, y+z-»=7, yzsi? 

24. y+z-»=9, a?-y®-s?=16, yzsS 

25. a?‘-(y-2y«=o«, j^-(z-»)«*h*, 

26. a?-j/z=64, y»-z«=!88, z’-*y=:4 

27. a?-y®+s?a:6, {?yz-z»+2»y=:18, x-yrz»2. 
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Indeteimiliate Bqioations. 


694 An equation such as 3:p+17y=130, in which two unknowns 
are connected by a single relation, is said to be indetenninate. 
For It IB obvious that by giving any \alue we choose to le, we can 
obtain a corresponding value of y from the equation Thus in 
general the number of solutions of an indetenninate equation is 
unlimited. If, however, we are rratncted to positive integral values 
of v and y, we may sometimes have a de&nite number of solutions 

t 

Evaufle 1 A man ta to spend £130 in buying at £3 eocA, and 
ecm at £17 each how many ty eaeb can he buy ? 

Suppose he buys a; sheep and y cows , then 

3x+17y=130 

Divide throughout by 3, the smaller of the two ooefSoients ; then 

a+Sy+^=43+|; 

^^=43-aj-§y 

Now since x and y must be mtegral, we have also 

2y-l , 

— =an mteger 

Multiply by a number which will make the coefSoient of y differ 1^ 
unity from a multiple of the denominator, thus, multiplying by 2, we have 

4y-2 . 

-£_;=Bnmt^er; 


that IB, 


y+ 




an mteger; 


hence also 


^!^=an integer 
3 

sappose ; 
y=:3p-|-2 


Substituting in the original equation we get x=32-17;p 


( 1 ) 

(2) 


The required values of x and y are now found from (1) and (2) by 
giving integral values to p 

From (1) it IB evident that p cannot be negative, and from (2) we see 
thatp cannot be >1 


Thus we have p=0, 1, ' 

x=32, 16, • 
y=2,5 , 


Thus the man may buy 32 sheep and 2 cows, or 15 sheep and 5 cows. 
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The solntion may be venfied graphically as follows * 

The equation 3«+17yasl30 represents a straight line The ^itive 
values of x and y which satisfy the equation are the coordinates oif points 
on that ]p'tion of the line which lira in the first quadrant U the graph 
IS carefully drawn on a sufficiently lu^ scale, it will be found that the 
ody points m the first quadrant which have integral coordinates are 
(32, 2] and (15, 5) 

This graphical illustration is left as an exercise for the student 

ExA]iEPLa2 iVndtAeposi^tvetn^spralsdtittonso/theeipMitton 

13x-9ysl51 

Divide 9, the smaller coefficient , then 

*+^-y=16+|i 

. ^^=W-»+y 

san integer. 

Multiply by 2; then 

8x-14 

— g — ssanmteger* 
that IS, as-l-^^san integer; 

. 4 . 

• -^ssaumteger 
!=p, suppose ; 

®=^-6 


yss}3p--2L 

These two results farnish the general soltUm of the equation. 

By givmg to p any positive integral value greater than 1 we obtam 
positive mtegral values of ® and y 

Thus we have p=s 2, 3, 4, 6, \ 

*=13, 22, 31, 40, [ 

y= 2,16,28,41, ) 


As before the solution may be illustrated graphically It is obvious 
that the graph of 13*-9y=151 has a positive inrercept on the axis of * 
3nd ft Begfttive mtOFOopt on the oxse of y Hence ttae graph will lie in 
the first, fourth, and thud quadrants Since that portion which lies 
in the first quadrant can be produced to an infinite distanoe, it follows 
that there is no limit to the number of pomts which may have positive 
integral coordmates. 
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Esauelb S In how many teays may £6 be paid in half-crowns and 
sh^tngs, using both lands qf coins or only one > 

Let X be tiie ntimber of ]ialf<orowiiB, y tbe niunber of sbilbngs ; tben 

2§a+y=120 


or 

2«+|+y=120; 



X 

-=Bome integer p. 


that IS, 

H 

II 

(1) 

Also 

II 

f 



=120 -ftp 


( 2 ) 


Since the som may be paid m half-orowns alone, or in BhiUmgs alone, 
a zero value for ic or y is not excluded Hence from (1) and (2) vre see 
that may have the ^ues 0, 1, 2, 3, 2t 


Thus there are 25 ways of paymg £6, usmg no coins except half-orowns 
and nhilliwgH 


EmiFLE 4 A man sjpaA £4 Is in buying fowls a< 2b 6d , duals at 
3s 6d , and pheasants at 4s Hie number qf birds bought was 25, how 
many were tnsre qfeaeh ? 

Suppose there were x fowls, y ducks, and z pheasants , 
then 2^+3^'I'4z=81; 

or 5a;-f7y-l'8s=162 (1) 

Also x+y+z=25 (2) 

Eliminating x, we have 2y+3e=37 

This equation may be solved as before, but we shall here give a different 
method of sdution. 

The equation is obviously satisfied by y=8, z=7 

2x8-1-3x7=37. 

By subtraction, 2(y-8)-|-3(z-7}=0; 

y-8_7-g. 

3 “ 2 * 

that IB, y-Sisthesamemultiifieof 3that7-aiBofiL 

we may put y-8=^ 1-z=2p, where pis an mt^ger; 
that IS, y=^-i-8, z='J-7p 

Here p may have the values 0, 1, 2, 3 

. y= 8, 11, 14, 17; 

s= 7, 6, 3, 1 ; 
a;=10, 9, 8, 7. 


and from (2), 
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Solve m positive integers 

1. 8»+8tfs41 2. 7»+4y=85 3. 2a!+6p=36 

4. 7i+llyss58. 6. 12af +66^-640 6. lla;+13y=390. 

Solve the iolitmng eqnatioQS in positive mtegers, and venfy the 
Bolntions graphically . 

7. 0»+4j^*3fi 8. 3*+%=6a 9. 4a!+lly-70 

Find the gen^ solution in positive integers, and the least values of 
X and V which satisfy the equations. 

10 6a!-13y=8 XL 6y-7as=29. 12. 8itf-21ff-38 

13. 8«-7ya31 14. 7*-Uy«34 IS. 10»-18ys46 

16. A man spends £6 lOs in buying two kinds of books at 3s 6d and 

68 each respectively . how many of each kind does he buy ^ 

17. In how manv ways can £3 Os 6d be paid in shillings and half- 

downa, including zero solutions ^ 

18. Divide 162 into two parte so that one may be a multiple of 7 and 

the other of 12 

19. Find two fractions, having 7 and 11 for their denominators, such 

that their sum is 

20. What 18 the sunniest way for a person who has onlv florins to pay 

13s 6d to another who has only half •crowns^ In how many ways 
can the payment be made * 


2L 

22 . 


A dealer m famiture has £183 to spend m l^ng tables and sofas 
coating £4 12s and £6 each respectively. Bow many of each can 
he buy’ 


Divide 112 into two parts one of which when divided by 3 leaves 

W _ M 4fa«*a« « m ^ 


23. 2a+6y+s=:21, 

a-y+2s=sll 


24, ll{c-3(y+z)asl7, 
4a;-6iy+3zs26 


25. A former bays 36 animals conststnig of rams at £4, pig s at £2, and* 

oxen at £17 if he spends £214, how many of each does he buy ’ 

26. Given that xssh, y^lt is one solution of the equation ax+hy—Cf, 

shew that the general solution is of the form 
xsth+bp, jfsk-ap, 
where j!> is an integer. 
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MISOEUiAlTEOnS EXAMPLES X. 

[The fddawmg laxan^ are arranged m ihru eeta I may he taken 
i^erCbap su , II <ifterChap , m q/ter Chap 3a.vii J 

L (AyZerChap xu) 

1, Pind the divisor when (4a*+7a&+5&*)‘ is the dividend, 8(a+2b)* 
the quotient, and Z^(9a+llh)^ the remainder 

2 Besolve 4a‘(a^+18at^)-(32a‘+9&V) into four factors 

3 Prove that (y-s)*+(a;-y)*+3(»-y)(z-2){y-s)=(X“2)* 

L A man has a stable containing 10 staJls, in how many wa 3 s 
could he stable 5 horses * 

5 Solve (i) (a!®-5a!+2)*=a?-6a:+22, (ii) a:-16|+— ^=6 

®"lSy 

6 If a, /3 are the roots of a?+pa;+g=0, shew that p, g are the roots 
ofthe<qn.t.on rf+(a+j,-.ftx-<i?(.+«=0 

7. Simplify log^®T^+21ogi74_iogYif+log-jVr 

8 Pind the coefficient of m Ihe expansion of (2a^-3zp 


9 Pindthefaotorsof (i) a;*+2a^+9, (ii) 9(a+&)’*-4(a'i*&) 

10 If »-“a=y, prove that a:*-i=5y+5y*+y®, and find a corre* 

X 3J® 

spondmg formula for 


11 Solve the equations 

/ 1 *+a_2a;-o+6 
x+&“2a:+o-b' 


(u) x--cy=cx-yssc 


12 Wnte do\m the product of (l+a)(l-rb), and thence that of 1 01 
and 1 02 If the last term is neglected, uhat is the resulting error 
per cent * 

13 If X IS the harmonic mean between a and h, shew that it is also 

the harmonic between — and — L-' 
x-a x-6 

lA How many numbers greater than a miUion can be formed with 
thedigit8 2,5, 0,5, 1,2,5’ 

15 In an action between two battleships A and B, A fired 3 times 
as many shdls as B The total number of misses was 7 times the total 
number of hits The number of ffe misses was 357, but P’s hits 
exceeded A’e hits by 66 T^at was the number of shells fired and the 
number of hits made by each ’ 

^ — fl*— 

16 Pmd the coefficient of af in the expansion of ~ 

U-»r 
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17, Find A and B 80 that equation 

as* + a* + 0?+ as + 1 as (**+ A® + 1) (fl^ + B® + 1) 
may be an identity 


U, It ;irov. ttat 

It 0 e 

a+h+c _ atf+ln+ex 
*+y+e'“'j?+p+?' 

19. Prove that aj‘-3x+2 18 a common fkotor of 

*^-7a+6, 3**~7ai“+4, and ®*-3a?+6a-4. 

For vrhat valne8 of ® do these tiiiee expresnona mmultaneouBly vanish ? 

20. Draw the three graphs of 

yasa, yssS®, and yss(2j;-6)(®+5) 

between the values a= - 1 and sss +1 Fmd by tnal with the sraphSi 
or otherwise, the two values of a at whioh the mopes of the third graph 
are equal to those of the other two xeqNBotively 


21. Fmd Vii to three decimal places by the Binomial Theorem, and 

1- W U-- 1_ .1 K 9 


a+y+ 2 s=l, o®+6y+ass0, cfts+t^+efessOi 

28. Prove hj Mathematical Indnotaon that 

1 4+2 6+3.6+ toatermss|n(n+l}(n+6) 

24. A man receiveB a pension starting with £100 the first year, bnt 
each year he receives 90 % of what he received the previous vear. !Rnd, 
to the nearest penny, the total amount he receives in the first 6 yean j 
find alro the greatest amount he could possibly receive, even if he were 
to live for ever 


5. If (a+3+c]®s(~a+fi+c)ifB(a-h+c)0B(a+^-c)w, shew that 


& s to ® 


26. Fmd ® and y from the equations > c®)aS^.t^aa6 

27. H 0 , & are the roots of the equation a? - 10»+ 17a0, oaloulate the 
values of 

(i) (l-a)(l-6)} (u) U+tt-o>)(l+b-J»). 

^ ih a omtam town eggs are being sold at 2® pence a dosen, and in 
another town th^ are sold at ® eggs for a shiUing By huyme six doaen 
egra in the latter and selling them m the former town a prrat of la is 
made , find the buying and smlmg prices of the six dmien eggs. 
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29. A number of squares are descnbed whose sides are in G F Frore 
that the areas of the squares are also in G F ^e side of the 2ni*^ square 
IB a feet and the side of the 2n^ square is h feet , find the area of the 
(*»+«)*** square 

30 At au deotion there are 4 candidates and 3 members to be elected, 
and an elector may vote for any number of candidates not greater than 
the number to be elected In how many ways may an elector vote ’ 


SI 


If a+&+c=:0, prove that 


a*+6*+c®.2/l .l.n_ 


0 


32 Given log2= 301030, log3= 477121, and log7= 845098, find the 

/ 40 

loganthms of 0 005, 6 3, and ( gjg ) 


n {After Chap ) 

33 The manufaatnrer’s list pnce of an article exceeds the cost of 
ma^g it p er cent , and it is sold to a retailer at a discount 
of q per cent What is the mannfaotnier*s percentage profit * 

31. If xxi=lp, y+yi=2a, and xy^=x^t prove that 

2._o/2_l\ 
a? 6*\y”o/ 

35. If a^+ 3a;+4s:y, find what value of y will give equal roots for x, 
Illastrate graphically 

36. If t+ 7 =a;, prove that 

V 

iS_^=^<-lj{a?-6*»+l0a?-4a;) 

37 A man rows down a nver from a place A to a place B and back 
again from B to A without stoppmg in 2 nrs 36 mm If the speed of 
the current is lA miles per hour, and the distance fnmi A to B is 3 miles, 
find the speed of the man m still water, and the times of his two journeys 

38 I^d loganthms the number of mtegral digits m (7*2)^*, and 
the number of digits m 3" 

39 How many difierent arrangements, beginning with r and endm^ 
With n, can be made from tiie letters of the w^ rotation * 

' 40. Find the general term of , Qx~Sa? expanded m ascendmg 
powers of X 


41 « « , y -1 »_+JL 

o+p i+p fl+ff 6+q* 

findy 


shew that and 

a—o 





Auvattiuu 


42. If a^+b*+f^=3abef prove that uther 

a+h+csO, or a^bssc. 

43, If a, J3 are the roots of the equation ti^+mxs:2 - m*, shew tiiat 

tt*-j3»=2(«-/5) 


44, Pmd the square root of 

(i) 27 -7^/6 ; (n) o»+ai»+N/?+^?+s? 

45, Justify the following gmphioal oonstraotion for finding ^n»d* 
nat^y 1 414 of any number up to 10 Join the origin to a point P whose 
coordinates are 10 and 14 14 (or 5 and 7 07), tahing 1 inch as unit ; then 
the ordinate of any point on OP is 1 414 times the corresponding ab^ssa. 
Bead off &om the diagram as correctly as possible to two places of 

decimals, 1414x2, r414x3d, 1414x86, 

• 

46. J and JS, starting from the same place, make a journey of 
36 miles ; A starts 3 hours and 20 minutes aW B, but travels 3 miles 
an hour faster If they arrive at the same time, find the pace of each 

47. Shew that the number of men required to form a hollow rauare 
containing a men in the front rows and b men deep » 4b(a - b) Hence 
find the values of a and b for all the possible ways of arranging 1000 men 
in a hollow square. 

48 Find correct to three decimal places the tenth root of the sum of 
the mfinite senes 

l + l+|^+r2-| + -J 2 g , 


49. Besolve 2(a*+b*)-(ib(o*+b*)(2ob-3a?+86^) mto five simple 
factors 

50. Divide 1 -»+«?-*?+ by 1 +«*+»♦+ +a^ 

51 The pnoe of coffee being raised a pence per pound, b pounds fewer 
can be purchased for 2ab pence How much per cent, is the increase 
of pnce’ 



(11) ^/5^+^/I6+3»=»y§6^ 

53. A man can row at the rate of a miles an hour in still water He 
rows a distance of x miles down a nver, which flows at the rate of b miles 
an hour, and back again Bind how long he will take, and shew that the 
time taken is longer than that which he woidd require to row 2a; miles in 
still watei 
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64, K 2n+l quantities are m AP shew that the (n-r-rl)***, the 
(n+iPi and the (n+r+l)*'* terms are also in A P 

55 Solve the following problem graphically 
X and Y are two towns 30 miles apart A oyclist A leaves X at 2 p m 
and ndes towards Y at the rate of 12t miles an honr , a second cydist B 
leases Y at 2 d p m and ndes towards X at the rate of 13 miles an hoar ; 
a thud cyclist 0 leaves X at 2 15 p m and ndes towards Y at the rate of 
17 miles an honr Shew that G will overtake A before A meets £, and 
find to the nearest half-mile how far B will be from Y when he meets C 


66 . 


Shew that log,^-^ may be expanded m the foim 
1 aj—l 


2a- 1^3(2*- l)»^6{2a:-l)® 


67. If prove that {x+jf+zf-Zlxyz 

68 If a=a(b-c)(a-cl), y=(c-a)(b-d), s=(o-&)(c-d), find the 
talno of a*+y®+:?-3a^ 

69 If - ^+y*yo® - sii*=a®, then a;*-‘'y®=o® 


60 Divide 1 by (1 -xf so as to obtain a quotient in ascending pouers 
of z IVhat IB the remamder after n stras of the dinsion have been 
performed* Dednoethesnm of l+2a-i-33r+4z^+ ton terms 


fy® d 

61 If z may have any teal value, find the least value of 

62 Pmd the ooefiSoient of m the expansion of (1 -z)"!! -aff" 


63 A sells his motor cu, which cost him £378, to S, who m turn 
sells it to (7 for £512 Gbven that A and B each make the same profit 
per cent on their outlay find to the nearest sbillmg the pnce for which 
A sells the oar 

dx 

64 Draw a graph of yap— ^ from z=0 to z=9, paymg special 
attenhou to the shape of the curve between z=0 and z=2 


65 If a, h, c are any three numbers whose sum is zero, prove that the 

S Bue of the sum of their products tuo at a time is equal to the sum of 
c squares of these products 

66 BSxpress (z■^2)(*+3)(T+4)(»-l■6)-15 as the product of two 
quadiatio factors 

67 Prove that (»+y+s)»-(z»-J-y»+s*)s3(y+s)(E-H)(®+y) 

Thence, or otherwise, prove that 

a(a?+y*-hz*)+6{z+y)(y+s)(s+*)+c*ys 
u divisible by z+«+s if 3o-b-j-c=0 
haio 2M 
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68, If a hssc d, pro^'e that 


(u) 4(ft+5)(c+(i)=6ti^ 


(tt-6)(g-c) . 

obc ’ 
a+& , c+d\® 


69. Solve the Mow mg pans of equatione * 

(i) a:y+af+ff=ll, (a) =117, 

a?y+a5jf^=80 , a?+ay^/3+^=39 

70. Bind the IS*** tern m the ej^taoHion of (2^^+2^)^. 

71. Express partial fcaotions. 

72. Bind the sum of the mfimte senes ^+^3+1^+ •* • 


in (After Chap XLvn ) 

73. To complete a piece of work A takes m tunes as long as B and 
(/together, B takes » times as long as G and A together, and 0 takes 
p times as long as A and B together Bind the relation oetw cen m, n, 
andp 

74. Solve the equation 2p=i« +6 

75. The penmeter of a rectangular table is 200 mches; its area is 
halved when a stnp 6 inches wide is out off all round , find the dimensions 
of the original table to an accuracy of one-tenth of an mdi ' 


76. Eorm the quadratic equation whose toots are the squares of those 
of aa^+253;+e=0, and shew that tlie equation can be put m the form 
(ax+c)’=45^ Can you give a reason for this result* 


77 Plot on as huge a scale as you can the graph of y=(l 5f for 
values of x between 0 and 6, nsmg the Tables when necessary 

Birom the curve verify that (1 5)^ (1 6)^ =(1 Sf^ 


78. Express in 


79. Bind the value of 

log»3-log7, * 

,r=3142, 1=0 74> «i«694, fcj=823, »i=l-25, r3=165. 


Sc-a®”OT-6^'"ab-c®’ 
a _ 6 _ c 

7r-p3~rp-g®""^-»2* 


80. n 
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81 Express \/2a?+'ijy-6^ Vaa^+Siy-^ V6*“-lIa-y+3y® in its 
simplest form 

82 (g"+g°}fg+y)H2(;«r-gy)(gaf-py) 

83 If 93!^ - 12®^+ P®V+4a!y*+y‘ is a perfeot square, find P 
84, Eind X and y from the equations 

a^-2a^+y*+2!B+2y-3=0=y(®-y+l)+»(®-y-l) 

85 A, B, C, D are four stations on a railway, the distances AB, BC, 
CD bemg 10 miles, 10 miles, and 8 miles respectirdiy llie following is 
an extract from a time-table 


Up Tram 

A, dep , 7 57 a m 

B, dep , 8 18 a m 

C, dep , 8 40 a m 

D, arr , 8 55 a m 


Dmon Tram 

D, dep , 8 28 a m 
C, - 
B. 

A, arr , 9 10 a m 


Diaw graphs to shew the positions of the trams at any intermediate 
time, assunung that each runs at a uniform speed between the stations, 
and that the up tram stops 3 nunutes at each of the stations B, C 
When and where do the trains pass each other* Shew that the down 
train passes B jnst as the up tram reaches D 

86 A man borrows £20 from a money lender and he has to rq»y £24 
m monthly instalments of £2, the first to be paid at the end of the first 
month Beokoning simple interest at the rate of r per cent per annum, 
find the sum to which £20 amounts in a year, and shew that the sums 

repaid, together with mterest on reimyments, amount to £f 24+^j 

He unagmes that he is paymg 20 % interest , detenmne the actual rate 

87, Shew that 1030301 is a oomplete cube m any soale whose radix is 
grreterthanS 


88 If j/^+yz+^=a, z^+zx+a?=b, ar'■^®y+y®=c, 

shew that a+6-^c=<“+^l 

whore t=x+y+Zj and p=a*-F6*-f-c®-6c-cii-o6 
Solve the equations for m, y, z when 0=3, 5=13, c=:7 


If »+i=l, and y+~=l, show that 


0. If a-|-&-fc=0, prove that 
o* 5* 
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91. Find what values, if any, of te and y satisfy all three of the 
equalaoDS „ 

2»+3y=6, y=Sas+l, 


92. Simplify the following expressions 

(ii) a^+y»+a?+3{»+y+a)(y2+2»+aiy)-(af+y+e)*. 


93. Solve the equation 

2as~ll a+4_«-6 2a;+9 
x-2 »+l* 

94. A party of four people u> to be chosen from nine, among whom 
ore A and his wife and £ and his wife A, if invited at all, must bo 
invited with his wife , similarly JB and his wife must be invited together, 
if at all In how many ways can the party bo chosen * 

95 If a farthing is put out at compound interest for 1000 years at 
5 %, how many ^gits will bo required to express the amount in pounds * 

96 In a certain moohino P kilograms is the effort required to move a 
load of W kilograms The following values were obtained exponmontolly • 

P;=106, 122, 132, 184, 216, 24 6, 27 8, , 

W= 6, 10, 20, 30, 40, 60, 60 

Plot these values, and assumins the relation between P and W to be of 
the form PsaW +t, find the vmues of a and b 


97. If a:=a{6 - c), y~6{c - o), «=c{a - 6), prove that 



98. A man reooivos - of lOs and idterwaide - of lOs He then gives 
away a sovereign , shew that he cannot lose by the transaction 

99. Solve the equation 

^sB+tt—c+^aj+b— c=s^c•-®+^/c— b 

100. fiShminote x and y from the equations * 

a+yso, a?+y*=:b*, a;®+y»a:(? 

101. An express leavmg P at 3 p m reaches Q at 6 p m , a slow tram 
leaving Q at 1 30 p m arrives at P at 6 p m , if both trains are supposed 
to travel at a uniform speed, find mphioally the time when they will 
meet Shew also that the time does not depend upon the distance 
between P and Q 
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102 Prove that the sum of n terms of the senes 

1, 1+r, l+r+7^, l+r+r®+»®, 

7i-(n+l)r-^r*+* 

103 On a bookstall there are 2 copies of one nork, 3 of another, and 
4 of a third , in how many ways can a purchaser make a selection by 
taking one or more from the 9 \olTunes’ 

* 7 

104 The valne of P has to he found from the formula P=^^i where 

1 IS a constant, and Z, t, r are found by eimnment If there is an error 
of 0 4% too much in the value of Z, 1 5% too little in the lalue of t, and 
0 2% too much in the value of r, find the percentage error m the ^alne 
of P 


105 Using Detached Coefficients, find the first four terms of 

(1 +2* -4®®+a»)(2-a!*+ 3i»+»s) 

106 If *^*'“'= 0 , a:y^®=e, prove that 

(g - r) log a + (r -^)) log b + (p - 5 ) log c=0 

107 If {tt,+h+e+d){hc+ea+ajh)=:abe+ald+aed-*-hcd, 

sheu that (&+e)(e+a)(a-fb}-0 

108 Find the square root of 223141 m the scale of five 

109 Rationalize the equation 

{y+z--x)^+{z+x-y)^+{x+y-z)^=0 
Prom the resultmg equation, shea that 

(®+y+s)^- 27(a?+ +sr)®+54(a:*+y*+2(*)=0 

110 In how many ways can 5 men take their places in on empty 
railuay carnage with 8 seats, if one of tliem must aluays have a cornei 
seat, and another must travel facing the engine* 

HI If P and Q voiy respectively as y^ and y^ when z is constant, 

and as and s^uhen y is constant, and if x=P+Q, find the equation 
between x,y,z, it being known that when y=s=64, s=12; and that 
when y=4z=16, a;=2 

112 The sum of n terms of an A P is s ; shew that the sum of their 
squares is 

where d is the common difference 
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113, Given that a!*+4**+i9a!‘‘+5'A+9 » the square of »*+aa;+5, find 


all the possible values of a, b, p, and q 

114, If (»+b+c=0, prove that Sa^^^jssO 

116. Sum to n terms the senes whoso term is 2"4n(n - 1) 

116. If "Cr IS the number of combinations of n things r at a time, 


"■H0,4.1=s*0H<l+"Cr-l+2 X "0,.. 

117. Solve the equations 


( 1 ) 


_L_J L-+ 

sB+a x+b af+o+6 »+26 

(n) x-2b X 

' ' b+e~a^e+a-b^a+b+e‘ 


= 0 ; 


118. Shew that the sum of all the products in a mnltiphoation table 
going up to n times i» is • ' ^ - 


119. Shew that the coefQoient of in the expansion of 
(l+®+a?+' 

IB Venfy this Tesult when »ss3 

z 


120 To provide for his two infant sons, a man left by his will two 
sums of money as separate investments at different rates of interest, on 
the condition that the principal sums with simple interest were to be 
paid over to his sons when the amounts were the same After 5 years 
the first sum amounted to £451, and after 16 years to £633 After 
10 years the second sum amount^ to £432, and aftei 20 years to £644 
Draw graphs from which the amounts may be read off for any year, and 
find after how many years the sons were entitled to receive their legacies 

Also determine from the graphs what the ongibal mma were at the 
father’s death. 
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1ft 

. 9%® 

16 a?i^ 

16 

-37’ 

17 

-gr IS 

-4Pm 19 

7s’ 

20 - 96c® 

21 

9a'6® 

22 



28 

2a*- -j? 

2ft. 

5**+y* 

25 

3ot4 


26 

2mV-3R 

27 

**-o‘i?+3 

28 

*»-2*-l 


29 

-2a+5A3£ 

30 

0-6®- 

ra=6 

31 

-m®+3mn-4n* 


32 - 

■2)+93*t4p' 

1 


V, b Page 48 

1 

a-2 

2 

6-r3 

3 

*t2 

ft. 

®+2 

6 

b+6 

6 

s+4 

7 

®-9 

8 

y-9 

9 

p-6 

10 

6+13 

11 

*+4 

12 

3y-2. 

13 

*■‘*2 

1ft 

*+3 

15 

4*+3 

16 

6o-*-l 

17 

2m •*■1 

18 

2m -3 

19 

2c- 1 

20 

31-2 

21 

4c -r 3 

22 

36+2 

23 

j)-3 

3ft. 

2a-3 

25 

-3i+4 26 

-TyrS 

27 

3*t2 

28 

4*-3y 

39 

7y-2: 

30 

-*-9 

31 

-6c-d 

82 

Sc-5d 83 

6x^-0 

3ft 6+5z+a^ S 

15 a®+4a-21 

36 

2a=+a-l 

87 3- 

115+66® 

38 

9m®+9i«-6 

39 

4a®-12a*+9a? 40 a®T 

-2a6*=-36V 41 

7a+3 


43 

2jr+7 

43 3/)' 

-4 

4ft 

CO 

1 


VI 

a Page 49. 

1 

Sx-ry 

2 

-x-roy 

8 

3m -7 

4. 

-m+l 

6 

-a-b 

6 

2c 

7 

-3*-'-2y 

8 

-4* 

9 

2a 

10 

26 

11 

3a=-86S 

12 

-5n+ji 

13 

2<?+<F 14 

2a® 

16 

-6x-y 

16 

m-4n 

17 

2a-2b 

-2c 18 

4x+2y-llz 


19 

"c^+l^-^sP 

20 

2mnys+2Ary: 


21 

39 

23 

-64 

23 

9 

24. 

8 




VL1), Page 51 1 x-^2y-Zz 2 0 3 12a 

4 10<?-5c 6 2?-4m-*-4n 6 5a-b 7 2* 

3 y-9= 9 1 10 5a+9 11 0 

13 3-3a« IS ar 1ft 6i?-3c-37 

13 2aJ-2/-'2;® 16 5a-«-c 17 3d'^3e 18 o-3c-2d-»-2e 

19 -4j)+6g 20 2m 21 a=-li» 32 6»-10y-10 

23 2a-6b 2ft. oSx-8aa!+l2a? 26 a*-a®+2o-2 

26 *>6,16 27 10 28 1 



ALGEBRA. 


■yi 


71 . C. Page 58 . t 3 {«+%) * 7 (a- 36 ) « 6 (a«+ 2 l.»). 


ft 

2(a?-2®y+y®), 

5. 

7{c*-3d?+4e*) 

6 

2(aV-3bV) 

7 

z{a-b) 

8 


9 

aa{a+x). 

10 

5c({(cdl-2) 

U 

3ab(a-b) 

12 

3a(a*-^+b®). 

18 

a?+(a+b)» 

14 

y“-(a+b)y 

16 

7^+(a-h)%, 

16 

o«-(o+b)a? 

17 

y®-(2o+5b)y* 

18 

s?-3(a®-b)A 


19 (_p+g)a^-2(a+6)»+(a*+b*)y 

20 (c®-(^®®+{2c-d)a;-(o?-b*)a® 

21 (tt~b-c)je-(tt+b-c)y-(a-6+e)8 

22 (3-c)a?+(6“(?)a?, -{c-3)'«?-{«?-5)a;^ 

23 (a*-bV+(5*-cV, -(6*-a»)!B*~(c»-6»)a? 

Oft (l-2li*)ac?+(l~2o*)»j -(2b®-l)a?-(2«i^-l)» 

26 [2^q)^+{p+r-Z)3fii -‘{q~2ia^-’(Z-p-r)ifi 

26 (a-5+c)i?+(a+ft-c)**, -(5-c-a)a:*-((J-a-6)a5* 

27 (j»-2»i)jc?+(tt-%»)a?+{w»-2n)», 

- (2«tt - jj)a^ - ~ jb)® 

28 {tt-l)a?+(5-c)a®+(2-b)T, -(l-a)«*-{c-6)!r®-(b-2)» 


Miscellaneons Ezamides TL Page 53. i 3a«6b+6e+6(2 

2 (i) 12{*-y), (ii) 3 9a*6*+3a5+l 
4. -3a?+xy+2z-l 6 o6(a+b) 6 »+3o 

7. (i) -125, (u) 125, (m) 125, (iv) 16 8 18b* 

9 n+1, »-l, 2>-l,i?,3)+l M ^ 11c 

12 £(b-a) 13 350 1ft. 18 p+S2,2S 

17 7p5+7g* 18 15®-16y, 2250 19 o«+W+b«, a*-2ob+b> 

21 2a+5c 22 3, 0,0, 3, 8 23 62 2ft. 2-3®fa^ 

25 «*-aa!+o*, a?+*+l 26 -b 27 ^-8 

28 U) a?-9®+14, (u) a?+6»+6, (m) 2 !i?-13»+20 9t 29 6 
80 12a!y 144a?+24®y+y» 81 5a*b*, 6a*b* 32 13®- Sy 

33 a?-ab+b*, o*+ab+b* 8ft 8n 

38 (i) a?+l?+<?, (u) -4o+6b 87 420 38 400m*+40OTB+»^ 

39, 5p-2g ' 40 8a-6»-21 

41. -**-!B»+2j;«y+2ay 42 60, 180,280,140 48 y-y». 

44. 4a^+6a? 46. o*+3b* 46 2®— y 

47 10,6,4,4,6 48 (<*~b+l)®*-(b+c+3)aj*+(c-tt-l)a!. 


Vn. a. Page 57. 

5 16-8y+y® 

6 «?-18a;+81 
9 9a?+6ajy+y® 

12 a*+2ab*+b« 

18 y*-4y%+4i? 

18 1-V+i^ 

2L a^-iacd+ifPtP 


1 a?+10r+25 
4. c«+2c+l 
7 l-14b+49b« 
10 9^-4®y+4y* 
13 ai®-2*y2+y%? 
16 tt«+2o<+o« 

19 


2 (P-4(Z+4 
6 l+49+4a* 

8 »*-2a!*+l 
11 81+728+162^ 
14. o^*+2iibc+c? 


17 26o»+40ab+16b» 
o*t?-2o<P+(P 20 »y-2!ii*^+a%® 
22 9({*-24a^+16a*b* 



A^'SWEBS 


TU 


23 

25‘i^+10a:®y+x'y® 

24. 

Oc*- 12(^+468 


28 

12544. 

26 

39601 27 

9216 

28 

2490 01 

29 

o=-c® 

30 

a=-l 31 

l-4ai! 

32 

4a8-68 

33 

9a?-4j= 

34. 

16jr*-l 36 

0868-9 

36 

4®®y8-l 

37 


38 

2oi^-lba? 39 

49o=x‘-16a‘i? 

40 9991 

41 

ffilS 

42 

249375 43 

39999 75 



44. 

241x1=241 

46 

638x20=13160 

46 

500 x 74= 37000 

47 

3000 x 2462=7386000 48 

20x26= 

1 52 


49 

100x744=7440 

60 a!=-x-«-l 

61 

i?-C + l 

62 

a?-2a:y-*-4^ 


63 9-^3z+ar* 

64. 

o*-2ac+4(? 

66 

a;*+a?y®+y‘ 


66 a®-4a®+16 

67 

4a®- 

2o8+l 

68 


C9 

60 

27-6* 

61 

a:*+8y* 

63 

c«-l 

63 

64+27(2^ 64. 

ai8+70 

66 

x-S 

66 

2ab 

67 

4o®-5o6-66® 


68 

x*+45 

vn b Page 60 


1 -iV^+ly 

2 

Tffl 

8 ®fl-6 

d 



6 6 

6 


7 


ffi 

8 — •jC®— «?T 

0 

T“ 



10 -^a‘+2ab-4ae 

12 18r»y-'>#y 
14. 

16 4*^4 

m® m* 

m*w® tifirfi fifin* 

4 ~r^~^ 

23 3z-2^~4 

26 fx-Sy 

29 ^+2+1 

2^3 4 

32 


u T7^y-l»®+iy 

18 -rwiSj^-Swi’n* 

16 


17 




TS 


18 «®+**+| 


20 4a®(?-acd+^ 


22 2a-3&+4c 

24. -^a^-t2y® 26 3a?-fxy 


2b 

27 a-g- 


Tj^ Tf-y 


28 5 !!+” 55 +!^ 

“ 3 ^ 4 ^ 6 

31 -3m+n 


Vn c Page 62 L 7a-^i3a: 2 x+3y 8 7(ro+n) 


4. 46 


6 7y 


6 ^a-26 7 2(aS-6=)-8(a+6)-4, 5 


8 

8(a+6)x+(a-6)y, 

X 

9 

3a?(a ■*■ 6) -^4^(o - 6) 

10 

llx+2 

11 

iOr-45 

12 2®+33 


IS 


21 

24 

13 

5x+21 

14 

5»-*-6 

16 7®+13 


12 


JO 

15 

16 


17 

5-y 

81-86« 


36 


12 

60 

19 

25X-33 

20 

7®-36 

21 ISx-i-lOS 



VUl 

vn-d- 
6 2 
11 36 


% 


?aBe„ 

6 3 


la 


6 


1 8 
7 6 
13 


3 16 
8 12 


-192 


page’ 

6 36 6 .4 

-2 


VII e. *7' -16 


11 


13 




5 

11 

n 

33 


-a 

-5 

0 

6 


pagew* 

6 1 


13 

18 

3& 


10 


1 

7 

13 

1 

7 

13 

19 


20 

4 

-6 

2 

2 

6 


14 


-10 


-7 

-13 


’ '*9 

3 6 

14. 3| 

3 10 
8 9 
14 


S 8 

9 19 
16 
S 19 
9 ^2 
16 9 

8 22 

9 I 

16 ? 


4 1 
10 18 
16 12 

4 16 

M r 

16 3? 

4 !• 


13. 


4 


1^ 


VIII 
4 6 
9 6 
14 * 
19 1- 
24 12 


3 

5 


-I3t 

3 

7 


31 

5 

2 


4 


1^ 


39 

34 


12 
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WV 

44 2^ 


B 2 
10 1 
16 8 
30 
26 8 
80 16 

“ % 
40 

4S 


8^ 

5 


VIII*® 

4 5 
9 1^ 

19 Is 
34 '1 
29 9 

34 5 , 

» 

vio*^ 
6 8 
11 1 
17 4 
23 8t 


6 1 
10 
16 
30 


-6 


26 ^ 
80 1 
86 
40 


U 
16 
31 2 
36 20 
81 4| 

36 ^ 

41 t 
46 I 

^ -10 
6 1 
11 3 ^ 
16 Is 

31 "I 
36 8 
81 ^ 


13 2 
17 1 


37 18 
33 \ 

87 i 
•43 1^ 

47 2-S 

2 6 

7 

13 


1® 

23. "1^* 

8 4 

8 3 
18 2 
18 2^ 

28 6 
28 60 
88 9 ^ 

88 T? 

43 tS 

08 3s 


8 


3 I 


‘ % 


17 2 
23 4 
bt 41 


13 

13 

83 


15 

11 

1 


41 3? 


1 

12 ^ 

» "* 
» -i’ 


1 9 
18 2 
7 


83 

87 


‘ I 

8 -5 

5 


18 


88 

38 


11 


14 


26 7^ 

IB-Xi 


36 

6x-5 


-6 


3 
9 
16 

21 « 
37 18 




4 

10 

16 

33 


a 

2 'b 


lX.a« 




3 P '2 
8 16'® 


6 7* 
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ANSWERS 


is 


11 

{q+p) years 

t 

12 

15-^ 

13 

C 

d 

14. 

3® 

T 

16 

1% 

16 

2® 

17 

XI 

18 

fzc. 

X 



20 


19 

d* 

20 

14®-y 

21 

2240a- 1125 


22 

e{a~b) miles 

23 

• 

20jn+2n-* 

24. 

xy 

T 

25 

100 

c ’ 

26 

^ hoars 

27 

xy miles 

28 

U. miles 

X 

29 

5p 

30 

U 

X 

31 

240x+12y-z 


32 (i) 8m, 

(u) 

n 

15’'’ 


33 64, 

36 fa:, fy 


84. (i) (u) 3y, (m) 2x 


IZ b Page 80 l m(m-rl)(ffi+2)(m+3) 2 3 r-3 

3 7,-2. 1+1, i+2 4. (2i)-l)(2j)+l)(2i)+3) 

6 (2n*-2)(2n)(2n+2)=(2 6 (s->- 15} years 


7 

(n+18) years 

8 

(2y- 10} years 

9 fm+n 

10 X 

U 

o-c 

~r 

12 

3a6 13 

T 

14. 

pq 

2 

16 

xyz 

60 

16 

50 17 

P 

60a 

b 

18 

mn 

IS 

19 

2^ miles 

20 

(2+1) hoars 

8L 

100m-10n<*-r 

23 

ISmn 

24. 

20a?-2o+^ 

25 

50= 

T* 


26 

a+&=x 

27 

*y=5(c-d} 

28 

m 

-=p+q 

-12L 

29 

*-7=6(y-7) 


a: 

30 — 

4a 

=6mn 

-9 



31 o+®+5=2(o+6) , 35 , 24. 32 c+5=f(o-«-2) 

33 s=®+a:y 34. ®+4=y-4 35 o-c=^-c. 

36 20iiix=ny 37 dy=cx-9 


IZ C Page 84 l (i) 204 sq ft , (u) 16 ft , (m) 4 8 chains ; 

(it) 39 sq cm 

2 (i) 32 ou ft , (u) 12 on ft ; (m) 6 ft 

8 (i) 11 in , 14 ft 8 m , (u) 9f sq m , 17f sq ft 

4. (i) 55 44 sq in ; (u) 1 ft 2 m 
6 A=:irfR2-»®) (i) 13 86 8q cm, (u) 4"2cm 

6 (i) 5 6 sq in , (u) 107 9 sq cm 7 1 5 in 

8 (i) IS, (u) Ihr 30min, (m) 45 

9 (i) 144 9 ft, (u) 5 8008 10 A=6^ P=2(6+f), Ss=2?(5-*-0 



X 


ALGEBRA 


(i) A, 198 8^ ft, P,68ft, 8,622sq ft ; 

(ii) A, 297 sq ft , P> 69 ft lOin , 8, 838 aq ft 

10 ft 6 in 18 27flq ft 14 328. 15 S7. 

{i)aiid(m) 19 (i) 45150 , (n) 600500, (in) 465360 20 16. 

(i) 17, ( 11 ) 24 , (111) 40, (iv) 15 

(i) £62 4« , (ii) 3j, (lu) Syrs , (iv) £670 


40 21 12 
4. 6^, 6|, Ii, 8i 10 


as ( 1 ) 9780, (n) 1, (ill) 12, (iv) -40 6. 


X a. Page 89. i 


7 

14, 15, 16 
36,24 
£15, £5 
36,66 
204 


1 17,9 
6 15 
9 7,21 
13 24,26,28 
17 60 
21 45,36 
as 49, 50 


36“, 13“ , 132“ 
13 

6,7,8 U 
21, 22, 23 
45,54 
29,30 
96 


' 3 9 

7 6 

A,m, £,£16. 

15 12, 8 

19 4 
28 13,9 
27 72 


Xb. Page 91 i 

a A, £14, jB, £28, a, £24 8 

4 4 £35, P, £72, a, £81 8 

9 36 tons, 31 tons, 33 tons 7 

8 420 yds , 230 yds 9 

10 A, £9 6i , B, £2 168 11 

12 17s , 138 13 

14 A, 24 yiB , P, 8 yiB 16 

16 A, 9 yre , P, 38 yrs 17 

18 A, 15 yra , P, 5 yrs 19 

20 140 at Is 6(2 , 60 at 28 6d 21 

22 84lbs at48 , 2811)8 at28. 23 

24 A, 10 yrs , P, 26 yrs , G, lOyrs 

26 12 tea, 9 coffee A 

27 9h ors , 27 «h , 6 pcmoe 2i 

X c. Page 93 1 40 8 

4. 108 , 144 5 51 yis 6 

7 36 8 360 9 

10 2^ mi , 6 nu , per hr 11. 


A, £35,* P,£20, G,£12 
A, £16, P,£26, (7, £46 
1st, £78, 2nd, £42, 3rd, £36. 
£26; £35 
£2 58 

A, £4 108 , P, £1 lOs 
A, 16 yrs , P, Syrs 
45 years 

Mao, 33 yrs , son, 3 yrs 
180, 205 

A, £2 68 , P, 188 
A, 45 yrs , P, 48 yrs 


20 oxen, 40 dieq) 

28. 4ft 10 in, 4ft 5 xn 


X C. Page 93 1 40 8 36 s 221 

4. 108 , 144 5 51 yis 6 36 yrs ; 18 yrs ago 

7 36 8 360 9 36 yrs , 8 yrs ; 4 yrs 

10 2^ mi, 5 im, per hr 11. 8 mi, 12 mt, per hr 

12 10 mi 18. Horse, £75, carnage, £60, bamess, £9. 

15 C0mi,5pm,10pm 

16 2 bts , +18 must be changed to ~ 18 17 At noon and 2 p m. 

XI. a. Page 98 12 100 is A square; 86. 

15 36 nmts of area 18 32 

19 (i) 13; (ii) 10; (ui) 13, fpr) 15, (v) 26, (vi) 20 



ANSWERS 


21 


21 15 mi 22 5 mi 23 10 mi. 24. 10 units 

26 42 units 26 (3,7) 27 10, 13, 5, 5, 3 umts respectnely. 

28 (i) All he on a Ime thiongh the ongm , 

(ii) all he on the axis of t , 

(in) all he on a line parallel to the axis of x , 

(it) all he on a line parallel to the axis of y , 

80 At the pomt (0, 9) 

82 A oirole of radius 13 irhose centre is the ongm 


XI 

b Page. 103 

9 

(1,2) 


10 

(3.' 

-2) 

11 

y=5 

12 

21,28 5 


13 

21 


14. 

OOsq m 

16 

1 258q m 


16 

13 


XI 

c Page 107 

8 

9, 24 


4. 

20, 

184 

6 

5 m each cose 

18 5umt8 6 . 

(13,2 

0) 

7 

15 5 

XL 

d Page 109 

2 

2 56 cm , 1 56 m 




8 

(i) 11 4 htres , 

(ii) 4 6 gals 4. 

18, 40, 

,51 



6 

58 9d , 168 5d 

1 428 , 

62 days 





6 

228 3d, 368, 398 6d 

7 

Is 5d 

, 28 , 

38 8d , 51 

8 

7^, l8 8d, 28 lid , 

li, 2b fd. 

38 7d 




9 

104,72 


10 

£350, 

4250 




11 6 p m , 48 mi from London At 4 and 8 p m 

(i) 4 mi behind A, (7 6 mi behind B (ii) 4 20 p m 

12 6 p m , (i) 3 30 p m , (u) 7 30 p m 


XL e. Page 112 i (42,0) 2 25 6,0*7 

8 4 or -3, 1375. 4 15 

XI. f Page 116 7 29 8 in , 6 in 8. (i) £180 , (ii) 23 

9 17, 34 3 milhons 10 2 5 sq ft 

11 38 7d , 38 , 28 Id 12 7 6, 5 18 £1 18« , £2 15s 

14 8 6, 48 lbs 16 1880, 1896 16 9 4 ft , 13 5 lbs 

17 148 6d , £1 18 6 2 cu m 


1 

4 

7 

12 

15 

18 

20 


MiBcdlaneons Ezamples m 

8®y-4^ 2 ^ 3 


Page 120 


(a+5h)a;-8^ 
£660, £340 


6 (1)16,(11)3 

8 13y 9 

13 (i) 9 ; (u) 22 

16 7 


6 0 

3968600000 10 19 

14 8 SOTS , 16 h -cr. 

- ^ 88a6 
22a’ 3 


-10a»+24c?, llo3+6S-23c3 19 120 mi 

233 21 -2. 22 lOr+y, ^ 



AX^SiBRA 


XU 


S8 -(l+8b)-7oa,+(36-7a-26)a8.(a»j)-BS} 37 
24 2o3+2(i6-2S»+a-6 M W 2j (») I 

27. Hens’ lOd , dnoks’ Is 2d per dozen 
28 (i) £1 10s , (u) £16 , (m) 15 


xn. 

, a. Page 124^ 

1 

*=9, ys=3 

2 

»=12, y=7. 

3 

*=8, y=8 

4. 

»=3, y=2 

6 

*=2, y=sl 

6 

»=7, y*9 

7 

*=11, y=9 

8, 

<5=6, y= -2 

9. 


10 

*=“5» y”3 

11 

<6= - 16, y=8 

12 

*8=6, y=6 

13 

*=13, y=5 

14 

*=12, y=16 

16 

*=1, 3^ss-4 

18 

*=3, y=-4 

17 

*=16, y=36 

18 

*3=3, y-1 

19 

«=-9, y=-2 

20 


21 

»=7i y--\ 

22 

**-2, y=-3 

23 

a=9, y=8. 

24 

*=1, y=2 

25 

*=-2, y=S 

26 

*=2, y= - 1 

27 

*=2, ys:4 

28 

*ss4, y=-7 

29 

*=11, y=-2 

80 

*=2, y=l 

31 

6,2 

82 

a=l7, 6=2 

XII 

b. Page 126 

1 

*=9, y=4 

2 

*=6, y= -4 

8 

*=4, y=s9 

4 


6 

*=-8,y=-| 

6 

*ssl3, y=ll 

7 

*=7, y=ll 

8 

*s y«3 

9 

*=3, yss-3 

10 

*=2, y=3 

11 

»=13, y=17 

12 

*«3, y=s-4 

18 

*=12, y=-4 

14 

*=8, y»2 

16 

*s=0 02, yss29 

16 

*=|, y=^ 

17 

*=3, y=2 

18 

*=6, yslO 

19 


20 

y-S. 

21 

»-4, y^\ 

22 

*=2, y=-3 

28 


xn 

c. Page 128 

1 

*=2, y=3 


2 *=3, ys3 

3 

*=6, y=:4 

4 

*=3, y=-'2 


5 *=2, y = - 2. 

6 

*= -2, y=5 

7 

(4, -2) 



8 

(i) *=2 5, y=3 6 , 

(n) 

1 *=32, y=24, 


9 (26,17) 

10 

(-3,2), (4,1), (3,4) 

12 o=|,5=4|. 

18 7y=6'c+ll 

16 

2»+l()y=31 


16 a=2, 5=6 

17 a=J, 6=-6 

XD 

« d. Page 131. ] 

1* i 

^=021*+! 37. 2 

V= 

04*+16 92;3 

3 

54 5"F , 86 9’F , 

F= 

32+1 0 4 

P= 

!06G-144;24 

5 

7 P=008W+14 2621bs,lton 8 

a= 

6=3 2, 12 

XU 

! e. Page 133. 

1 

*=1, y=l, z=6 

2 

*=6, y=4, z=2 

8 

*=r2, y=:3, «=:l 


4 *=3, 

ys- 

2, z=4 

5 

*=6, y=s4, *ss-6 


6 *=2, 

l/=l, 

2=0 

7 

*=1, y=2, z=3 


8 9=1, 

y*=3. 

2=6 

9 

»s=8, ysslO, z=14 


10 *=12, 

, y=18, z=6 

U. 

*=sys: 2 s :12 


12 *=8) 

y=4, 

2=6 



AKSntS 


xm 


15 a;=6, y=ll| z=6 

16 x=5 4, y=4 5, z=7 6 

17 a=4, b=3 18 4x^3 


14 x=8, y— -2, z=12 
16 a,=;5, y= -1, s= -4, 10=0 
31 a=5, b=2 


22 The equations are inconsistent The equations become consistent, 
but aro not independent 


Zin a. Page 135 i 16, 9 

4 29, 13 6 60, 30 6 

9 I 10 rr 11 

13 Hotse, £27 , co\r, £15 
15 10 sheep, 5 horses 

17 Man, Ss 6d , bo} , 2s 
19 Tea, 28 8(2 , coffee, Is 6(2 


2 38,23 3 35", 17" 

30, 18 7 33,3 8 £3, £4 

V A 9 

TF 10 T 

14. Table, £7 lOs , chair, £1 lOs 
16 Tea, 28 3(2 , coffee. Is 9(2 
18 13 3 ds, 17 yds 


xm. b. Page 137 1 60 eggs, 30 apples 

2 50 penholders, 60 lead penoils 3 80 of first, 40 of second 
4 34 6 72 6 75 7 18 8 59 

9 72 boot-laces, 108 buttons 10 Larger, 4c2 , smaller, 2d 

IL 158 , B, 188 , G, 208 12 100 

IS 63,36 14 , 49 16 57 16 2/5 17 50 

18 Horse, £31 , cow, £14 lOs 19 Half-way at 5 p m 

20 2^ hrs 21 Boat, 8 mi per hr , stream, 3 mi per hr. 

22 210 mi 23 540 nu 

24 Babbit, Is 3(2 , pheasant, 3s 9(2 , chicken, 3s 
26 432 26 200 mi , SS^ mi per hr 


ZIV a Page 140 

1 

a(axh) 2 ar(a-x) 

8 2a{a- 

4, 

li=(l-6) 

6 

c((2-c) 

6 

cS(c-(2) 

7 

5a (a -2) 

8 

3a(l-3a) 

9 

3x(x-2y) 

10 

l>"-(2?+l) 

11 


12 

y*(y-i) 

13 

4a3(l-4b) 

14. 

15(2(1+3(2) 

16 

9c(2c«-(f®) 

16 

16in(l-4nin} 

17 

132/S(an+3ys) 

18 

3a?(3y8-zS) 

19 

27(3x-2) 

20 

5p*(2+5j)g) 

21 

17(3a?y=-l) 

22 

‘B(4a?+'B-1) 

23 

2o(a®-2a- 1) 

24. 

3a;((c^-2xT3) 

26 



26 3»(4y*+3iy+ar!) 

27 

2(ftf{(P-3(2+c) 


28 2a»(aS' 

-3a6- 

-b^-) 

29 



80 7o(aS- 

■a6x2l.») 

XIV b Page 141 

1 

(m+ii){y+z) 

2 

(e+(^)(^-y) 

3 

(2a-b)(j/®+8®) 

4 

(c'®-2)(x-2y) 

6 

(*-y)(6-B) 

6 

{ab+y){l+m) 

7 

(a+5)(a+c) 

8 

(o-c)(a-*-b) 

9 

(oc-^d)(oc+6) 

10 

(a+3}(a+c} 

U 

(2+c)(x~c) 

12 

(a-o)(x+6) 

13 

(5+b}(a+5) 

14. 

(a-y)(5-y) 

16 

(a-6)(a-s) 

16 

(p+g)(r-8) 

17 

(x-y)(»n-n) 

18 

{x-a){m+n) 

19 

(2*+y)(a+b) 

20 

(3(»-y)(2c-l) 





xiv 

ai (2*+y)(3»-fl) 

Zi ia?-3}(a?-y) 

27 (y-l)(»®+l) 

30 (2»+3y)(cKP-6sr) 

XIV c. Page 143. 

3 (»+l)(»+3) 

6 (f-l)(®-3) 

9 {y+3)ly+4) 

12 (y-5){y-2) 

15 {«+8){»+6) 

18 (*+4)(a+4) 

31 (tf+6)(a+4) 
a (fl+86)(<(+36) 

27 (l>+7)(b+4) 

30 (b+ll)(b+l) 

33 

36 {ab+Diab+S) 

89 (h*-*6)(ii>-6) 

49 

ZlV.d. Page 144. 

8 ((»-3)(»+3) 

6 («+3)(a-2), 

9 (6-C)(b+2) 

12 (6-4)(6+3) 

15 {c+5){c-4) 

18 {i;+8){c-5) 

31 (®~9}(®+6) 

24 (®-y)(»+fiy) 

27 (y-15)(y+4) 

30 (y»+20)(j^-3) 
53 |z^+13)(z)'-6) 
36 (24-25 )(z-3} 

39 (»-'lIy){»+7y) 
43 (x+lSvHti-yy) 
45 ((z6+9)(a6-6) 
48 {14+y){7-y) 

me. Page 144. 

3 (H4)(b~3) 

6 («*'5)(®+l) 

9 (jJ'-6y)0>+4g) 

12 (jb-6){jL-8). 


22 

25, {a»-l)(®»+2) 
28 {a+b(i){xy-t) 
SI, (a-b-c)(®-y). 

1 {ar+l)(»+2) 

4 

7 (y+i)(y+4) 

10 (y-4)(y-5) 

15 (2+3)(z+5) 

16 (2-1){z~16) 

19 {a~8)(a-l) 

22 [a+1b)ia+2b) 

26 (6-3)(6-3) 

28 (6-9c)(6-«) 

81 (aj+7y)(a+9y) 
84. (<t6“2)(ab'2) 
37 {n*+6){n»+13) 
40 (j)-17j)(jp-?) 


1 (a-2)(a+l) 

4, (o+2)(a-l) 

7 (b-5){5+l) 

10 (l»+4)(li-l) 

15 (£'3<2)((:-f4({) 

16 (c+8)(c-7) 

19 (®+12)(®-3) 

82 (i!-9y)(a+4y) 

86 {y+ll){y-10) 
28 (y+13a)(y-12z) 
81 («-17){*+6) 

34 (2~8}(s-)'9) 

87 [x-^){x+2y) 
40 (a!''l3y){»+2y) 
48 (a5-t-0}{(ib-3) 
46 (2-m}(Hm} 


1 («-l){«-2) 

4 {y'-7)(y+3) 

7 la+2){n+10) 
10 (y+ll){y-10) 
18 (a4-9&)(aH*9b} 


88 (a+6)(a?+2) 

86 (»+l)(i‘-l-2) 

29 (/®+y*}('<^-a) 

32 (a+b)(aa:+by+o). 

2 (»+2){»+3) 

6 (»-2)(®-3) 

8 (y+2)(y+4) 

11 (y-i){y-7) 

14 (z-2)(2-5) 

17. (2+6)(z+7) 

20 (a+7)(tt+3) 

38 (o-6)(a-2) 

26 (&-!){» -13) 

29 (Ii+8c)(Hc). 

83 (x+By}(x+5y) 

85 (o6+2)(«6+8) 

36 (b*-8){»*-17). 
41. (j|ti*+23){jpH3). 


2 (o-3)((2+1) 

6 (a+Slia-l) 

8 (Hfi)(ft-3). 

11 (b-6){b+2} 

14 (c-6)(c+2) 

17 (c-7rf){c+3d) 

20 (»-8y)(®+3y) 
88 {«-6)(®+4) 

26 (y+9)(y-7) 

29 (y»-7)(y®+5) 

32 (z->13)(2+6) 

85 (2*+9){2^-6) 

38 (w+8y)(ar-3y}. 
fl. (»+l7y)(®*-6y), 
44 (ab-8}(<25+7} 
47 (7+»)(2-*J 

2 («+26){ff+6b) 

5 (C + !)((!+ 11) 

8 (y+10)(y-l) 

U (2-16)(z+6) 

14. (b-27c)(b+3c), 






^iI^SWSIRS 


XV 

16 

(c+27)(c+3) 

16 

(*-7)(®-7) 

17 

{y-^7s)(yT3s) 

18 

(2+9)(2i-7) 

19 

(n+S)(?i-^3) 

20 

lP-Sg)(p-3q) 

21 

[l+12){l-S) 

22 

(o6-2)(a6-2) 

23 

(ab-r8)(ab~r2) 

2«. 

{b-9c)[b+5e) 

25 

(in+ll){?n-8) _ 

26 

(7i-15)(n-3} 

87 

[p+12){p-Z) 

28 

(i:y-9)(ay+8) ' 

29 

(z-6)(2-r4) 

30 

[x+Sy){x-1y) 

31 

{a-m){a+2b) 

32 

(a6-8)(a6+7) 

33 

(!/=+13){»/-12) 

34. 


36 

(y®-*-3)(y=-7) 

36 

(x+13y)(*-7y) 

37 

(9-y)(7+y) 

38 

(13-*-a;){4-x) 

39 

(12-^aS)(ll+o2) 

* 




XIV f Page 145 

1 

(!B+l)(a:-l) 

2 

(x-«-2){x-2) 

3 

(»+3){sr'31 

4 

(a;+5)(x-5) 

5 

(x+4)(x-4) 

6 

(3a i-ij(3a-&) 

7 

(64-e}(6-e) 

8 

(d-«-7)(rf-7) 

e 

(y-rSjlv-S) 

16 

{10+z)aO-s) 

U 

(pffTl)(pff-l) 

12 

(cdT2){ed-2) 

13 

(3-^xy)(S-xy) 

14. 

(4J-a:»){4-!F') 

16 

(5+2y)(5-^J 

16 

(9+6p)(9-3/)) 

17 

(lpnH-7){10OT-7). 


18 

(S* + 11)(2?-11) 

19 

(3o=+5l»=)(3a=-56=) 

20 

(®»^+4){®*y“-4) 

21 

{2xy-ab)l2xy-ab) 

22 

(12+aiH)(12-aa®) 

23 

(4aa:+7)(4or-7). 

24. 

(iL+13){i-13) 

25 

(a6cS-*-8)(a&c5-8) 

26 

(l+9mn)ll-9mn) 

27 

(5in>>‘8n){5m-8n) 

28 

(o<+26®)(a<-2B=) 

29 

(xioT7)(aftj-7) 

30 

(3a?+5y®)(3x5-5y®) 

31 

(4a:*+y=;{4iE*-jc) 

82 

(l+5y)(l-56»} 

SS 

(/)®g+ll)tp?g-ll) 

84. 

(7z+9)(7s-9) 

36 

(56s+9c)(56®-9c). 

36 

(aV+8)(a«y»-8) 

37 

400 38 206 

89 

400 40 6200 

41 

1,002,000 

42 

3200. 43 5000 

44. 

800 45 750,000. 

XTV g Page 146 i (a- 

l){oS+o+l) 2 (s-l){z=-axl) 

3 

(l+7n)(l-m+»i*) 

4. 

(l-n)(l+7i+n®) 

6 

(2-b)(4+2&+&^) 

6 

(ct3)((?— 3ct9) 

7 

(d+4)(d?-4(Z+16) 

8 

ll+2p}(l-2p-'-4i/^) 

9 

(3y-l)(9y«+3y+l) 

10 

(xy+z}(a^-xyzTz”) 

11 

(a6 - 2) (o*t6®+2o5+4) 

12 

(in+3R)(m‘-3inn J-9 m-) 

13 

(4 -yg) (16 + 4pg 

14. 

(5/>-2)(2^5+10p-4) 

16 

{x+10y)(a^‘- ICfccy+lOOy®) 

16 

(7-y)(49-*-7y+y=) 

17 

(5+9)(5»-96+81) 

18 

(x+5y) (a? -6iy +2oy“) 

19 

(6-ab)(36+6ab+a3&S) 

20 

(n -4)n)(n® - 4jnn — 16m-) 

21 

(5-z)(25+S=+!r') 

22 

(8a+5){64a2-Sa&+5-) 

23 

(2c-7)(4c»+14c+49) 

24. 

(xys - 3) 3a:y= - 9) 

26 

(a?+4y)(x* - 4a?y + 16y®) 

26 

(5o®Tl)(25o*-5o®~i) 

27 

(9y-2g){81i)S+18pg+4g5) 

28 

(2-10o5){4-20a5-100a«) 

29 

14*=-5y){16x*+20a!V+25y=) 

SO 

(cdV- l)(MZV-«t'e‘‘-^i). 



AIXtEBBA* 


8J. (i<*+2g)(p*-2ii*9+4g«) 82 (l-3ob)(l+3o6+9a?6^. 

33 (z+6)(*?-6z+36) 84. (7fl-66){49a*+35o6+2565) 

35 (^g*+l)(16/3*-W+l) 86 (9a^y-8*)(81aY+72a;^+6fe*). 


Xr^. L Page 147. 

3 {y*-S)(y+3) < 

6 (a-i)(4-e) ^ 

fl (liV*+l)(6c+l)(6c-l) 

11 (m?-20)(m»+6) 

13 (p-7)(2>-7) 1< 

16 a(a+7)(a-6] T 

19 (3+0{9'-3;+^) 

21 (fi»+®)(l*-a) 

23 (2z+1)(42^-2z+1) 

26 (]»?+2}(2m-l) 

27 » 

30 (a:+9)(«+12) 31 

33 (ai+17)(a5-3) 3^ 

86 (a-f-&)(a<-3Hl) 31 

39 a<~16 « 

42 4z>+2(te+100 41 

45 «-fU. « 


1 m*tt*(m-3ft) 8 5a?iSi+5xy) 

4. ia+b){p+q] 6 (a;+y)(»-x) 

7 (a?+2)(a+l) 8 x(sfi+5){a?-d] 

1) 10 (a?+9){z+3)(2-3} 

12 (a6>Il)(a6+10) 

14. (jj2+4)(h+4) 18 2(z-3)(z+2) 

17 (5+9a)(5-9o) 18 (a?5*+3)(a?6»-S). 

20 (l“4j»)(l+4m+16j»*) 

22 (i>g-l)(3i*g*+i)g+l). 

24. (l+8o)(l-8a) 

26 a’(a-5)(a~3) 

28 l{l-l)il+6) 89 (abe+9(Q(ai&e-9d) 

31 (a+13)(a-7) 38 (a;-'12y)(»-8y) 

34. e(e+13)(c-12) 85 n[n-H){m-3n) 

37 {x-ryMx-y-^Vi 38 9a;*~25. 


XV. a. Page 149 


37 («Ty)(*-y-^l) 

40 (I-49a^) 

48 l»4p 
46 a+12& 

1 2a»-3a?+3a6-l 


8 6o?+&?-21»+10 4. 12a?-Ua?-26 
6 -9!>»+15li>+8b-18 7 15** 

8 -12cP+8(P-«-13(i-7 9, *9-: 

10 o95-2alp9-6* 11 12y» 

18 aV+o6a?-aca?-oc*-5c®+(? 1 

15 :i^-9ai*+27*-27 16 -c?- 

17 1-3*-9**+47j:»- 60** 18 o«-l 

19 OT*-n9+4R-4 20 **-( 

21 o*-6*+26c-«? 22 4a?- 

23 l-9(P+6«P-<i* 24. -2x* 

26 3y9+y‘-17y*+13y9+%-12 26 i 

27 a?-3ay+y9+l 28 a* -5 

29 a?-3**^+3a:V-y« 30 2*95' 

XV. 1) Page 150 l 4a' 

8 3ji?-af*- l5a?-*-7a?-10 8 

4. 3p‘+^g-4j?g9+^-g* 6 -5 

6 a?-y* 7 gfi. 

8 l-6y+lS»^-20y*+16y*-6v®+y® 

10 1+p? 11. 6-4»+3a?-T? 


41 a959-3ab+9 

44. 8l-9y®+y* 

47 od-i-12 

8 3a*-4o*-a+2 
5 <?-6(?+3c+18 


7 15**-29a?+12a?+24*-32 
9. a?-7w«+13*-7 
11 12y»+lly8-l^+3 
? 18 c?+6» It aS-6» 

16 -(?-4Ai-5cd?-2(P 
18 o«-li» 

20 **-6a?+ll5i?-6»+3 
22 4a?-3?+6yz-929 
24. -2**+9aa?-14aV+9a'te-2a* 
26 (?-2a6+i®-<?+2ctf-d* 

28 a*-3ttfe+Ii9+<? 

30 2a959-5a®&*c+3oW-(?i»c*+oA 

1 4o»-16o*-8o»-l/ 

8 l+a-2a9-2a9+a*+a9 

6 -2**- 11*8+2*9+ 17*-6 

7 **+*T+a«+2a?-3*-2 

+y8 9 a?-6a^+6y® 

8-t? 18 j(*-3y8+V 


18. 2+»-8*». 14. (i) l-4*+10a?-iat?, (u) l+3a+6a9+10«*. 



ANSWERS 


xvii 


XV. c. Page 152 
4 2»-7 
3z-5 
in®+3/iH-2 
fl®+o+l 

6Jt»-6il+7 


8 

12 

16 

18 

21 

23 

26 

28 

31 


1 2a-l 2 2a+3 3 3b-l 

6 2y-5 6 3c-2 7 3d-4 

9 2y-l 10 6t-2c 11 2®-7 

18 2a;-y 14 4xS+3x-2 

16 4a*-aai*+2*» 17 6®+56-3 

19 5<^-2e+3 20 3 jj**-27»+5 

22 (^-2e-{‘3, rem 31e-15 

27ar*+92®+3x+l 26 3*»+6*s+4a:+2 

27 a^+*y+y* 

7^+5y-3, rem -39y+27 29 Zm‘-2m-i 

4a^+14a;+9 81 a+2&+3e 82 5a*+2a3-4a+3 


2a°+a-l, rem 3a+4 
4a?‘-2a^+y* 24 

c*+4(?+8 


XV. d Page 163 i l+o+o^-a*+o*+o® 

2 a5®-a:y+y®+a!+y+l 3 a>+ab+ae-l &°-bc+c” 

4. a^-ab-2ac+V~2bc+4ii? 6 a^+33^-2n+9y*+6yz+4!? 

6 oV-2trte‘'So*T?+4a^-10aJB+25 

7 -a?-3a3^-2i-9i^+6y-4 8 -4fl^~2iq/-2a3-y®-y2-B® 

XV e Page 165 1 2 ac*-2r+4 

3 o®+a%-»-ol^+6* 4 a?-JB^+a5y®-y* 6 9+3®+a? 

6 8-4d+2£p-d? 7 ar‘~a?y+a^®-aty*+y* 

8 o^+a’+a^+a+l 9 a?+a^+a?i^+a?yp+wy*+y^ 

10 - cW +(?<?- (ftp +cd*-eP 11 o*-a*+o*-a*+a“-o+l 

12 16+8s+4P+2s*+z* IS i?+d? 14. a^+a:*+a?+ar*+®+l. 

16 o<-4a?+16 16 4a*-2a3+l 17 o*+6» 18 c*-tP 

19 l-a:* 20 o<-l 21 x*-y* 22 8a;*+27y’ 

28 X^+l 24. (P-1 26 (P-1 26 (P-125 


XV. f. Page 157 i 4,112,0 

2 Zero in each (sase ; hence x—2, (c+2, x-3 are fdotore of /'(x) 

3 2(n+l) 4. 48 6 0 6 0 7 2 

13 11 14. p=4>, 8=9 16 11 

17 (1) («-l)(x-3)(x+2), (u) (x-2)(x-3Ki:+6), 

(m) {x-l)(x-2)(x+4), (iv) (x-3)(x+l)fa?+3), 

(t) (x+2)(x+6)(2x-3), (vi) (x-2)®(2x+6) 

18 a=21, 5=12 


XVI. a Page 159 

1. 

4a® 

2 9((^ 


8 b'P 

4 

16a^ 

5 49PiP« 6 

38o«l>« 

7 25(i!‘b“P 

8 9aW® 

9 

8W® 

10 

10a?6« 

11 


12 

647n®ii“ 

13 

9ry* 

16 

14. 

4ro<n* 

9/i*V 

16 

1 

16 

1 

16yM 

17 

4W 

18 

1 

19 

lei®!^® 

20 

121 

647;!8^ 

81oW5«(j» 

49 


2L 

pji* 

22 

8P 

23 

27i/* 

24 

216tV 


HAM J 



rvm ALGEBRA. 


26 

-27a». 26 

-SxV^* 

27. 

28. -125c“W“ 

S9 

SW’ " 

m 

„ 27a^V 

82 

Mw 


343 

125W 

88 

xV 84 


86 -3ani%” 

86 - 27i)V 

87 

»• ” 


89 1^1 

40 

7?^ 



XVI. b. Page 160 

1 o»+4(i6+46* 2 

4a?*-4o&+6^ 

8 

a?+6*j+9i/* 

4 4a^- 

I2*y+9j* 6 

;>*-10;wy+263* 

6 

16— Sx+a? 

7 fl?+14a+49 8 

c^+2mZ+1 

9 

4tt®6*-12fflJ+9 

10 l+2!B?+a!*. 11 

l+6*y+9a^y. 

12 

**-4x*+4x® 


18 a*+B^+(^+2ol>-2ac-2l>c 


14 tt*+6*+c'*-2o6-2oc+26c 16 a!*+j^+A^+2sBy+4fla+4^ 

16 !«?+4j/®+:^-4ry+2jn-4y2 17. 43}*+g*+»* 4pg-4p‘+2gr 

18 aj‘-&*-ai*+2a!+l M ^-4«®+6a?-2ar+l 

30 )fc‘+Z*+m‘-2Jl?Z*+2l*m®-2l%8 

21 

33 «*+l?+d®+eP-2aA+2ac+5&wi-2&c-2W+2cd 
28 4A^*('2^+9a^+&^+49E2f--12aa:+4&a>~6a^4-262r~6ab 
24 flt*+n*+|)*+4g*+2ni» -2»jp+4mg -2np+4»ig -'4j!>g 

“ “ f+9!i'+|-%-«+9i,. 


XVI c Page 161 

2 m’-3m*n+3nm^-n® 

4 8c'+12c*d+6c(Z-+d«' 

6 64x»-48a?+12ic-l 
8 8a>6?-38o*6*+54<*6-27 
10 j)^-9p*g*+27^?‘-27g* 

12 64a^-144*''+108*»-27a^ 


1 f+dj^q+Zp^+g^ 

8 o»-6a*&+12a&*-8l»» 

8 27c®+64«*jr+38a^+83r'. 
r l-15y+7^-12Sy» 

9 a«+9tt^6*+27a»&*+276«. 
U 27(*-54c«cP+36AP-8(?, 

» £-P+«*-CT 
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1 

ay 

2 

aAi« 

8 

4a%» 

4 


6 Sjo^s 

6 

9»» 

7 

12xV 

8 

8m“ 

9 

1 

9a» 

M 

5 

11 

4 

w®n* 

12 

%»» 

“T 

28 

17 

Ip* 

24 

10 

9^ 



16 

9fl» 

17. 
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18 

3end® 

19 

-4a^ 

20 7a® 

21 

5 

"fiV 

22 

3a* 

~W 

23 

m* 

2ft -~ 

9a® 

26 

a®5® 

26 

a?y* 

27 

2a»6= 

28 -2d® 

29 

2a* 

30 


31 

3 

"S' 


33 

2t*i» 
“ 3 hW 


XYI e Page 163 1 ar+s 2 y-9 3 11 -JM® ft 3-2*® 

6 3c+7 8 4-5y« 7 o®-36® 8 ar»-12yz 

9 m®n®+13jj* 10 7a6®-8d» U |-36 12. ~-r^ 

13 1ft IB 2+2 o- 1 16 10c«-a-& 

b d 4ar 3a 

17 x+y-2z. 18 0-26-C 19 a-b-3e 20 p-3g+2r 

XVI f Page 165. 1 a®-2o+l 2 a®J-a+2 S a*-®-l 

ft. 2 j?-*+1 6 a?-3t+2 8 2ar*-3T+4 7 2p*+2;>-l 

8 a®-3a+2 9 a-x+1 10 a?-a*-r2a® 11 2i.®-*-3ed+(i® 

12 IS o®-2o®6-6® 1ft o®-2ot7 

16 4})i®+2m<-m-, 18 l-26+36®-4b® 17 a»-2a?+3a:-4 

18 3-2*+4a?-a? 19 2o®-3a*+a-4 20 a®-4a*Ta:-3Ba?+2aA 



XVI li Page 168 l a;-2y 2 2a+6 8 3x~3y 

4. a#*+4^ 6 ^ I-’-otO® 

8 2a?+a;-3 9 a^-b-c 10 ?-l+- U a**+10i+25 

V a 

12. o®-2o6+6® 13 4(?-4 m2t<?* 14 o®-*-6®+c®+2ii6+2lic-2ac 

IB 2/i®+2g®+4pr 18 o® 17 (®+1)(»+3 )(®t7) 

18 (a-2)(a+2)(o+3) 19 2a 20 8c® 21 a=J-3o+L 

24. 2*=+2*+l, 221 26 (i) 0, (ii) y® 


XVH a Page 171 1 (2a+l)(a+l) 2 (2a+l){a+2) 

3 (3o+2)(a+l) 4. (3o+l)(a+l) 6 (2o+l)(a+4) 
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6 

(2(»+3&)(a+2t). 

7 

{i»+l)(b+3) 8 (2l»+5){b+2). 

9 

{26+l)(6+6) 

10 

(6b-2}{6-l) 11 (36-2)(5-3) 

12 

(.76-l)(6-3) 

13 

(2c-l)(c+2) 14 (3c-2)(2c+l) 

16 

(2c-3d){c“(i) 

16 

(2c+l)(c-l) IT. (2c-7)(c+4) 

IS 

(2c-l)(c-8) 

19 

(2a!-l){2»+3) 20 (3w-2)(2a!+3) 

21 

(3x-5)(»+6) 

22 

{2!»-6y)(»-3y) 28 (4»-7){a!+2) 

24 

(6®+l)(a;+2) 

25 

(2y-l)(2y-6) 26 (3y-2)(4y+3) 

27 

(3y-l){S^y+3) 

28 

(3»-2y)(4a!-5y) 29 (12a-7){2a+3). 

SO 

(15y-2)(y-6) 

81 

(3+4p)(l-%)) 82 (2+^)(3+i)) 

33 

(4+^)(l+2p) 


84 {5-2p)(i+5p) 

85 

(8-7i»)(l+j)) 


86 (7-p)(4+^) 
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1 (»+y+«){a?+y-*) 

2 

lx-j/+z)[x-!f-t) 


3 (o-b+2c)(a-6“2c) 

4 

(a+6+3c)(o+5-3c) 

6 (a-25+c)(a-26-c) 

6 

(a+26+c)(fl+2&-c) 

7 (c+(i+2a)(c+d-2a) 

8 

(c-d+l)(c-d-l) 


9 {c+2(i+3)(c+2d-8) 

10. 

{m+n+p){m-n-p) 

11 tm+»»2))(m-n+;)) 

12 

(2»»+»+jp)(2j»-»- 

■P) 

18 (l+ft+b)(l-o-b) 

It 

(2+a-b){2~a+&) 


16 (3+fl+b)(3~(i— b) 

16 

a(a+2b) 

17 

~(2(2e4‘(2) 18 y(2»-y) 

19 

m(m-6n) 

20 

21 m(fn>8n) 

22 

3a(a+2») ' 

28 

%y{Zx-9y) * 24 (8(i-c)(8o-4b+c)( 

26 

{3x-2y)(*+8y) 

26 

3m{f»-6») 27 (o+l)(a-10b-l) 

28 

(7a-13b)(a+6) 

29 

(7a-.13b)(b-a) 

XVn. c. Page 173 


1 (a+b+c)(a+b-c) 

2 

(«+c+<2)(»-c-(i) 


S (2a;-y+l)(25B-y-l) 

4 

(l+«t-3n)(l-jn+3fl) 

6 (c-d+3)(c-d-3) 

6 

(c+ei+4)(c-<J~4) 


7 (S+y-zilS-y+z) 

8 

[2p-Zq-\-9i\2p-iq 

-9) 

9 (3y+4cT2d)(3y-4c-2d) 


10 (ll+5ct+&)(ll~6a-&) 11 (a;*+a;~l)(a;’-a;+l} 

12 (a^+a^+l)(x’-a?+l) IS (6a>t+x)(5a-&-») 

It (*-?y+3a^y)(»-2y-3*y) 15 (a;^-3y+c)('i^'-%-c) 

10 (o»-36*+2o»)(a«-36*-2c») 17 (o+6+c+(i)(o+6-c-rf) 

18 (o-6+c-d)(a-l»-c+(i) w, (x-7+y-z)(»-7“y+*) 

20 (»*+»+ 10)(o*+a- 10) 21 (3o-2+6-4c)(3o-2-H4c). 

22 {7y»-2+6y)(7»*-2-6y) 28 (l+*+y-a!)(l+T;-y+») 

24 (»-y+c-(i)(a;-y-c+(i) 

26 (m*+tt®+a*+-&*)(m*+tt«-a*-6>) 

26 (o»-S+a+6)(a»-S-(*-6) 

27 (3a-23;+p+9)(3(t-2a;--j3'-g) 

28 (c+3(2+3a)(e+3c{-3a) 
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XVn d. Page 174 l [a-+ah+1P)(a”-ah+'tP) 

2 (nfl+2mn-^in"}{m--2mn+4n^ 3 (o®+a6+2&®)(o®-o&+26®) 

4 Or+8jjg+9g®)(2?-3jpg+9gi®) 6 (25r+5cd+(2®)(25^-5cd+d®] 

6 (9?+3a:y-2/®)(ar-3xy-y®) 7 (2m®+6nin+n®)(2Bi®-5nin+n®) 

8 (i?+3ary-5y®)(iii?-33Ey-5y®) 9 (a;+13)(x+19) 

10 (a+17)(a-13] U (y-ll)(y-16) 12 (a-(-23b)(a+9lt) 

13 (3c-9)(c-16) 14. (3ni-7n){9m+16n) 16 (6* -13) (2* -7) 

16 (S/i-9)(3;)t 4) 17 (6a-7b)(5a+12&) 18 6(x-S)(2a;-l) 


ZVn e Page 175 
3 (ni+17)(m-6) 

6 (6p-g)lp-2g) 

9 (a -3c) (a -19c) 

12 (4-x)(l-a;) 

16 (7x+5)(4x-3) 

18 aH(x-9)(»+7) 

21 (18->-x)(4-x) 

28 (a®+3)(a + l){o-l) 
26 
27 

29 

81. (f-17)(/-16) 

83 
86 
36 
87 

39 

40 

42 (a+9)(a-31) 

44. 2c((^-r3(2®) 

46 {x-2y){»+2y+l) 
48 (ot6)(o+6+1) 

60 (a-(-30){a-3&+l) 
62 
64 


1 (y-^8)(y-9) 

4. (2z-5}(s+3) 

7 (2ar*+3)(4a?-5) 
10 (z+17)(z+17) 

18 (3-fx)(2-x) 

16 (3‘B-4j^)(2x+3y) 

19 la+17){a-lS) 


a (c+12)(c+9) 

6 (2a-5&)(2a-r&) 

8 (2m+3)(3in-l) 
11 (x-12y)(x+6y) 
14. (4a+Sb)l3a-4i), 
17 a?(2-xj(3-x) 

20 2x(x-9)(3i;+8) 


22 (2b-3)(3I>+l) 

24 ((i»+7d®)(c+3d)(c-3d) 
2{3/)+l)(25pf*-Sy+l) 26 4(5a&®+l)(5al®-l) 

(9+cd)(81-9c(f+<ftF) 28 x(3x+2y)(3x-2y) 

(a+x-i-l)(a+x-l) SO (4+6-c)(4-6+c) 

82 (^®+8i)g+g9)(7)®-3p!/+g®) 

(o®+OT2)(o®-a+2) 84. (4t®+2^y+y®)(4a?-2xy+y®) 

a® (ax + 2y) (oV - 2oa^ + 4y®) (ox - 2y) (o®*? + 2axy + 4y-) 
ah (3o + b) (9a® - 3o6 + 6®) (3o - &) (9a® + 3ab + 6®) 

20y(6‘c+y)(3x-y) 38 {(o+6)*+l)(a+b-«-l)(o+6-l) 

(c-'-d— l){(c+d)®+c+(Z+ 1} 

(l-x+y){l+x-y+(x-y)*} (x-19)(x+13) 

43 2{5(a-&) + l}{25(a-&)®-5(a-ft) + l} 

46 y(12j*-6xy+v8) 

47 (o-6){o+6+l) 

49 (a+l>)(a.®- al»xft®+l) 

61 (x-y){2(x-y)+l}{2(x-y)-l}. 

a^y(x+y)(x-y)(x-y) 63 (x+l)(x+7)(2x-3) 

( 1 ) 3(x+2o)(x-a)9, (u) (x+3)(x+4)(x-7}, 

(m) (a+2)(3o-l)(2o-3), (iv) (a+&)(a-b)(a+26)(a-3b) 


XVn f Page 177 i 

2 a?-^-2ys-z® 8 

4. o=-6o6+96®-J 6 

6 a*-4o9-12a-9 7 


8 ar'-2ag^-^y®-o®-‘-2ali-iP 

11 a®-6® 12 x‘+4 


a?-j^ '■2yz-s9 
4o®+4ab+6®-<? 
l-SaS+o* 

a?+2xy+^- c®+2cd-<F 
c*-d* 10 c»-2c»d^+d» 

18 a«-729 14. 8a?-5x+2I 
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1,2. 
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,-4 8 

0, 3 4 0, 5 

6 

0, -8 
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-4 
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11, -9 
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3 8 
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§ 
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-f 
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1» 
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8> “7 

22 


-3 
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-3 

24 

I* “3 

25 

6.1 

26 


-f 

27 


3 

T 

28 

1 1 

T 

29 

5.-I 
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31 

1 


32 
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33 

-4 

84 

_ 6 
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86 

1 

7 


36 

6,9 

37 

13,14 

38 

3 


89 

6 


40 

15,17 

41 

39 

42 

13 

48 

24 yds , 35 yds. 

44 

55 ft, 30 ft 


Mucdlaaeons Examples IV. Page 180. 


1 (i) (as+12)(«~ll), (ii) (a+26)(2o-J), (m) (6+c+3a)(6+c-3a) 

2 31 8 2a*-3a{a!+y)-l 4 (i) 16, *^2, ys=3 

6 91 6 80 diilbngs, 16 half crowns 7 

8 a®-ll««10, 9 1 

10 (op + 69 ) miles, hoiire 66 mi, Slits 


11 (1) (2a+36)(2a+8b}, 

(ill) (o-6)((*-c), 

18 (i) 7 t3 $ (Ji) »«7, ys=9 18 

18 9a*»>-16W:«+40a6(?-25aV 
17 4(a«+B*+c») 

19 (1) (a? + aft + 1*) (o®- 06+1^), 
(ui) 10x(a;-2y)(a;+2y) 


(ii) (o*+o+l)(a?+a-l), 

(iv) (a+6-l)(a-6-l) 

225 14 Sheep £4 lOs , cow £16. 
16 (2!c+6)(23;+1)(x-3) 

18 £l lOs 
(u) (2*-3)(3a;-2), 


20 (1) »=0-25, ya-04, (11) y=3 21 68 2d , 203 

22 (i)6; (u)l,or3, (in) 2, or 7, (iv) 28 99,960,001 

24 2*»-16*l'+27®*+20®’-20a?-20a:-25 

26 (i) -1, (ii) y=2, (m) »=6, y=?, zaS 

27 240 28 18 29 52, 28 4d, 68 30 6(m*-16). 

81 (i) 4, (ii) ®a2, ya3, z=6 32 1 

38 (i) l+a!+^!e*+^®?+^a;*, (ii) ^a®-|aV+2a®li«-^6« 

84- * ,86 (i) 298 , (u) 14 4 dollars 

87 112, 168, 78 y=^»-70 


ZVm a. Page 184. iay2 2a^. 8(i6 4cd5 

6 5 7 3a6 8 a®&c, 9 7st^ys* 10 eib 

lLa^l233? IS^j^ 14 2c. 15. 4aJ 

16 6 a» 17 3*y®s 18 I7p®r* 19 6 c? 20 Ixjp? 
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1 

0+6 

2 

c-d 

3 

x{x+y) 

4. 

2xt1 

5 

n(m-2n) 

6 

2p+9q 

7 

t?{c+d) 

8 

0-36 

9 

a6(6+c) 

10 

TiJ-2jn 

IL 

(a-rS) 

12 

x-3 

13 

ax{a-x)- 

14. 

d*(c-d) 

16 

(m-n)® 

16 

a^('B+y) 17 

x-3a 

18 

2a+6 

19 

c-1 

20 

d+2 

21 

p+9 

22 

m+3 

23 

ar+ll 

24. 

x{x- 

3) 26 

3a+l 

28. 

2c+l 

27 

a+h 

28 

e-d 

29 

af+2y 

80 

0-4 

31 

2ah-S 

32 

x[x- 

3) 33 

a(6-o) 

34. 

(4^-3)* 

36 

x-2 

36 

x(x+4) 87 

x+2 

88 

2tC 

39 

3lt3 

40 

x+1 

41 

0-5 

42 

x-2 

43 

a-S 

44 

0+7 
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1 

xS-ac.t2 

2 

20*- 

0+3 

3 

c=-2c-«-l 


4. 

a®-3a+7 

6 

6*-136t5 

6 

a»-r2a.-l 


7 

0+5 

8 

6-8 


9 

a^-SxrS 


10 

m(2}n®+3»i 

1-4) 11 

a;(fl:^+4T+4) 

12 



13 

c®-2(,J.5 

14. 

0(0*- 

-3o+3) 

16 

ir+4y~20 


16 

3o-56 
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1 

a?-a-l 

2 

2a?~ 

3 

8 

2/+1 


4. 

c®+7cd+21(P 6 

2*»- 

4a?+x-l 

6 

a:*(x^-Sji?+8x-4) 7 

2a:-3y 

8 

a5(2o*+a6-36*) 

9 

2m®(2iB+7) 


10 

2a?-7 

11 

216*- 

9t+9 

12 

j/®-10y+21 


13 

1+0 

14 

3;(3+4r) 

16 

a?-2xTl 


16 

l-x*-** 

17 

®-2 


18 

a-3 


19 

sr‘-3y+2 
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4. 

OI 

m* 

5 


e 2^ 

7 

3es 

4? 

eo 
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10 
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3x 
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® 80 
a-i-b 

®+^+® 81 
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-db+V 
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83 

“ 84. 

x(2-t-x) 85 

x-*-4 
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L a^e 2 

2o*5 8 6ar^ 

4 

12x®yz 

6 

ISaSJcr* 

6 16c«cP 

7 xyz 

8 

x^® 

9 

affixtf 

10 12a&c 

11 6x*^® 

12 


13 


14 24aW 

16 340a®/<® 

16 

39cSd* 

17 

162m»n^ 

18 96aW 

19 84a®6c® 

20 

72aW 


XX. b Page 199 i 

3 a6(a+ft) 4. 

6 p(2^-4) 7 

9 (»-l)(a?-l) 10 

15 z(xt2)(x-2) 18 

16 (®+3)(a-2)(®-7) 

IT (ni+2)(m-ll)(*n+3) 

19 lx-3)(a-lo)(x-ll) 

SI* (*+y)(®-2y)(2a!-y) 

33 (2a!-»-l)(*-3)(x-*-4) 

S6 2r(2r-fl)(x-3)(3z-l) 
37 18(teV(aS-aS)» 

S9 12a=(a-3!c)^(o+SarP 


a*(o-^ 2 y{^-l) 

28c>{e+l) 6 

(x+ 2)(2<-8) B 6c^(e+2tf) 

(a-*-l)®(o+2) 11 (»-t-9)(»-9){®-12) 

x(x-^l)(x-l)* 14. (x-l)(x+2)(x-3) 

16 {o-».6)(o-2/»)(rt-3l») 

18 (c-t3tf)(c- 5rf)(c- 13d) 

20 (x-6)(x-13)(a-8) 

22 (x+2)(x-2)(3x-7) 

24. (3mT2)(in+l){m-2) 

26 9(a®-ii^)(2a-x)® 

28 

SO 8d'(2c-3d)®(8c»-27d») 


XX. & Fag8 200 1 (o-2)(o+3)(o-3)(o-4) 

2 {x-M)(x+2)®(x-2)(x-3) 8 (d-l)®(d9+d+l){d+3) 

4 . (x-2y)(x+3y)(x+4y){x-5y) 5 y®(x-2y)(z-3y)(x+3y)® 

6 (c-5)(e+7)(<?-c+l) 7 (x+y)(x*-y»)(x-2y) 

8 (2®-3)=(3x-2)(x+4) 9 x*{2x-r3)*(2®-3)®(ai-l) 

10 HOF (a?-2x+3), LCM (®+3)(x-3)(3r*-2x+3) 

IL H.OFa?+l; LOM x»(a^+l)(x+l)(x-l)(x-2) 

12 H.CP a6(3o+2&), L 0 M a*BS{o-4&)(3B-2&)(So-r2&)® 
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, tPb, 2&e 

• -sr 

I, 23 ?, 2bPx, a 
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. 5c*®, 4a® 

10 

. 2a, Stas 

_ 3aVx, 6a6®, 26c^ 
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. 3cd 

36 

g ayz, 2xz, (fty 
xys 

„ 3x-9, 4x+16 
« 12 


g 6a6+3y, 2a®-4a& 

6a% 
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(r+a)(x-a) 

„ 4a®(x+al, 

6ax(x-a)(x-La> 
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X&' * M • ?^9 

* 

1 + 1 ) ® ^ ^ 
8 ^ s?^ 

^ 4 (P 18 

11 ^ If ^ia+^) «: 2 -« 

2 ttl? 16 » ^^^W'*** 


16 

*' 84 rjr^) 

a «ilit+»W‘' j, ^ __2— B 

» 1 -^ 8 * 5 + 5 )®^ » 

« 5rf155»™ ^ r^rffer® a 

* Ir®®? « ^ to 1 

” ”* to Jbr 

« ‘^ ,, to 5 

B 0 ** 

M , « 0 * 

y 4 D * 

» 


19 


so 


99 ^ 


43 jcy 
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44. 

4xs 

45 

48a 

46 

8a= 

16-x*' 

81a*- 16' 

(0x1) (0-1)* 

47 

200ir 

48 

16(a=+5) 

49 

1 

Slin*-623 

3(16-0*) 

yxl 

60 

1 

6L 

1 

62 

a»-2J» 

c+d' 

23 ->-1 


2(o*-&*) 


XXI. d. Page 

i. 

8 


l-a> 


1-a? 


1 

5+3 

1 
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9 0 


6 1 


10 


P 

l-Bm® 

l-47n.^ 


7 
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Jl. 

4-3/= 

1 

l-4a? 

2 

1 - 0 * 
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**-81 

4 
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14. -i- 
0-1 
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17 

48 
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(y»-16)(y*-l) 

19 

0 20 0 
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** 
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93 

? 24. -1-. 
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r 

a a^-V 
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XXI e Page 210 

1 


X+5Z 

(x2-16l(r-4)' 


1 

4. 

7 0 


2 ( 0 + 2 ) 


(a-l){a-2)(a+5) 

2 

(2:/-l){y+l)(2y-3) 
2 


8 


40= 

(»-2)=(3«+4)’ 

c 

(c-2)=(c-4} 
8a^ 


(o-2)(o-3)(o-4) 


9 




10 0 11 12 0 IS 0 14 0 

(o-6)(6-c)(c-o) 

25 2(6cTCO+c5-o=-y-c=) p{y-z)+q{z~x)+r{r-tf) 

(a-6)(6-c)(c-a) (y-e)(s-a)(®-y) 
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ZZn.1i. Page 213. 

1 

J_ 

a+1 

» i:| 

a-1 

® a-1 ’ 

. 6(2a-5) 

B« 

6 

2t« 

3i-a 

6 

2x+y 

aV+o^-l 

oc'+a+c 

, a?+y* 

9 

4 

10 

i 11 

yi 
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3(x+l) 

k 


„ 6c^+8a- 1 
9oS+7ft+l 


13 

6(x-l) 

»-4 

14 

2a^ 

ZZILc. Page 216. 




‘ ^-fi 

5 


6 




10 

8 1* aj-a^+a*-**, Rem *® 


15 l4-2a;+2a^+2i', Rms 2a^ 16 

17 l+2*+8a?+4®', Rem 5a!*-4!t* 

, i V V r. 6 * 

“ «? “ 

30 81 (2a;4’5a){x-a) 
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1+x-p?-**, Rem as® 
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"x a?’ 
28 
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nn. d Page 216. 
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2x>3 


Sa+l 
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a+4 


* 
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J_ 
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1 

6 2 

8 
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4 16 
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6 7 7 
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10 3 
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-6|. 

12 I7 
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16 3| 

16 

-2^ 

17 -2 

18 

6 
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22 3^ 
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26 

11 

29 
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Page 225 

1 

a-& 

2 

6a 
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- ac 

® T 

4 

-a 

6 a-2& 

6 

he 

a 

7 

c 


8 2a+b. 
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10 — 
a+0 

11 

P'9 

12 

a+h 


13 ®a 

14 

5{m-n) 

M T R a 6 c 


16 

4abe 


17 

0 
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V AW UftfW 


he-rca+itb 


18 

a+h 
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% 

20 
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21 

c(a-J) 

a 

aa 

a?-Vi 

aa a+2b 

24 

&c+ia-^ab 

26 

-0 

36 
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27 “ 
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28 

-a..| 
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2a, 36 

80 

-m, g. 

31 

c+Sd, c-2rf 

82 

3c, 

3c 

T 

88 

18a, -a 

84 
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1^ 


35 

-2c-rf, -2c+dL 

YYTTT P. 

Page 227. 

1 

l-*-m 


m 




tmmm vt 

A 

2a 

’ 2& 




a a!=o, ys=o 8 x=a, y=2b 4 x=a, y=h 

5 a;=b, ysa 6 a;=a-&, y=0 7 a;=:eT<?i y=0 

8 »=c+d, y=d 9 xsp-q, ys.q lO a;=so, y=ft 


U 

_ a _ 6 

12 

nm’-n'm In'-Vn 

*”a+ 6 * ^~a +6 


13 

x=c(c-d), y=d(c+d) 

14. 

21a -106 206 - 9a 

*- 5 ’y" 5 

16 

’'uibs-ajhi’ * 0163 - 0^1 

16 

K=l, ye 2 

17 

3a+m 3n-m 

18 


» 

II 

«■ 

*« 

u 

*”>no-B 6 ’ ^~7nb-na 

19 

^1 

i 

1 

1 

d 

1 

i 

i 

20 

al-hm al-bm 

If' 

* cl on " 

21 

aJ-5 6 -a 

®=-r* *'=“r 

22 

x=tp~9q, ysi2p-q. 

28. 

„ 7a+8b . 80+76 
*“ 9 ■*'= 8 

24. 

xse, y=b 



ALGEBRA. 


xxm. d. Page 230. i 7 miles a 72 

8 A goes 15 miles and takes 83 hrs 4 2^ miles 

6 miles 6 60 miles 7 72 miles. 

8 £226at4%, £830at5% 9 £600at3%, £120at6%. 

10 doth, 15d , canvas, M U 16 horses, 20 oows 

18 £3000 at 3%, £2000 at 8; % 18 Currants, 5(Z , figs, Sd 

11 288 15 240 16 12 

17 £2 10s 18. £17 10s 19 £1800 


xxm e. Page 232. 

5 100 boys, 6d each 

6 30s , 18 boys 
8 660 yds 

18 323 

11 2 miles per hour 
16 240 


1 720 miles 2 20 persons, 3s each. 
4 Length, 150 yds , breadth, 50 yds. 
6 4' past 10 7 46 min 

9 600 10 27 11 36,000 

13 £140 at 2^ %: £276 at 4%. 

16 At 12 o’clock , 125 miles from Bristol. 

17 46 miles, at 5 miles per hour 


MiscellaiLeotiB Examples V. Page 231 

1 (I) lf3»+7fi*7(P*-8sa), ( 11 ) 6(%-l)(y-2), (m) 

(iv) (»+3y)(l+a?-3a;y+ V) 

8 HOF 3x-6, LCM (3x-5)(a;+2)(4a^-9) 

S. (1) -7, 3, (u) 0,-8, (ui) ±6, Ov) 0, 1 

^ 2e^-l’ ® (0 » 00 y®4. 

6 91 . 7 8-8a?+10a? 8 5y^+4j^+3y+2 

9 (0 »‘-a?“*^-4«+6, (11) 2a!*+7*+3 U 2(a?'-16)(a?-9) 

18 »=-l, yss2|, za!-i 16 -1 

18 (1) (5»+l)(2»-3}, (u) (35-c+4)(35-c-4) 

17 a-2b-c 18 (»-2)(*+3)(»+6) 

1 4* I 

^ (l-x)*’ «(2 jC+ 1)* ^ 105, (u) Ws:2^, y=sl-y 

21 23 ml per hour 22 »»-3y+l 28 2,999,080. 

2ft (0(*-4)(5*-8),(«)(2a!-I)(*»+4) 26 (i) 6p ; (u) 

26 (0 4o*-12a?&+9o?5»-25b*, (u) l-64o» 

27 £36 88 (0,2),(^,l),(-li,l). 

29 (1) 2a(l+8a)(l-3a), {tt+2&K*“o), (P+7){p-6), 

(u) (3d+2)(9d‘-6d+4), (2a 4* 5} (3a -25), (m+tt 'r)(m-n+r); 
(m) (a+3)(a-3)(a+2)(a-2), (*4 17) (a -16), (o4-6)*(a-5)« 

81 a*^a^-sfi-2x+4 38 (»-2a)(a4-a). 

3 

(»-l)(®-2)(»-3) 


S3 


84 a=s-2, y=7, *=6 



ANSWERS 


SS (4,2C),{-2,2) 36 ^ 37 36(a?-9)(a?-4)(a?-l) 

SS (i) ar=3, y=5; (ii) x=-4, y=3 

39 ( 1 ) {x+23)(r+17), (u) (p+29)Cp-19) 40 ^ 

tt — 0 
OQ(W 

41 43 persons ; 2s each 43 19*2 inches 43 

C "* Ci 

44. o®J-aT-2x® 45 Tbeexpression=0'nhen (2=1 

47 (i) (ii) *=4t 48 440 ids 49 14,27 6 

64. 3j;- 7 55 6nules 66 2 llEg , 4Kg per sq cm , 36 2 

67. (i) (4r'ty)(3lx-y), (n) (o+l)(o--*-(r+l) 68 

a (.)9i(u)£^ 60 W^, (n)^ 

61. 4 ^ f puit 63 Ss , 87 


61. f of a pint, f of a pint 63 Ss , 87 

WT V a Page 241. s y=x 

4. (1) 7 6, (u) 13, (lu) 17 6, (n) 32 

XXIV 1) Page 248 l (m) 6-25 , (v) - 16 

a W (4,4); (ii) (-1, -5) 

3 (i) 1 46, -5 46 , (II) 324, -1 24 , (m) 3 32, 0 68 , (iv) 4, -8 , 

(v) 4, -2, (Ti) 13,25 

4. 238,462, -123 6 -15 . 6 262,038,4,-1 

7 6 46, -0 46 8 Max 7, min -5 (1,7), (1,-5) 

9 -025; 3 79, -0 79 , 4 54, -134 12 2 55 13 0 6,-3 

14. 623 , 2 56, - 1 56 16 (2, 7), ( -7, -2) 

17 (i) x=12, y=3, or x=3, y=12, 

(u) a=6, y= -3, or x= -3, y= -6, 



(m) x=2'| 

x=3’ 

1 x=-3 

1 

x= - 

•2\ 




y=3J 

’ y=2. 

r y=-2. 

r 

y=- 

■3) 



XXV a Page 251 


1. 

-3, 

h 8 

a, -2a 

3 0,1 

4. 

T 5 

Si Z 

R ^ 
® 2’ 

-2m 

6 

±p 

7 


8 3 

0 

9 

-■ 2 

10 

is _9 
•^1 "0 


11 

■f, ® 

12 

- 2a— h 
0. 

13 

?»T 

14 

55 86 

3’ "3 


16 

3a, -2a 

16 

15, -4 

17 


18 

1 ^ 

7 


19 


20 

4.1 

XXV. h. Page 254 



1 

17, -5 

2 

7, -15 

3 

10 -24 

4 

8, -7. 


6 

7,-14 

6 

13, -23 

7 

3, 19 

8 

11, -8 


9 

31, -11 

10 

21, 17. 





ALGEBIU 


zm 

vu -19,13, 18 W.-l^ 

16 3,-1 W i-3‘ 

19 3, -T '80 6,1 

23 i -6 8t T, -7 

27 ^-T' 28 

31 I>-Z 8* 

86 |, -f 86 8, -7 

39 3, -T « 

43 3±s/2.441,159 

46 2iiJ2 , 3 73, 0 27 

47. -W5, 124, -324 

49 1^,116,-048 
3 

Bl -191, -087 

58 225, -049 

66 li:^, 169,-119 


18 

I.-2 

li 

f» ”3 

17 

i-6 

U 

IjI 

21. 

i s 

V "T 

22 

7>f 

26. 

1 

26 

_« 
TTi 7 

29 

14,1 

80 

8,t 

38 

1 

1 

84 

® -1 

T> H 

37 

"T 

38 

|>l 

41 

2,^®' 

a 

8.¥ 

it 

4±^/5, 624,176 

46 

3±^/3 
”~2 ■' 

237,063 

48 

6d=s/i8 

— g— , 

430,070 

50 

T 

141,030 

62 

7±-s/85 

270,- 

037 

64 

6±n/W 

339,- 

089 


56 12±N/i^, 23 71,0 29 


m.c. Page 258. 

8 3^, 356,-066 

6 :.3|Ng, -262, -038 

. 76 66 . 7« 4e 

* T-J 

l±V7i8 


0 ^ __ 
® 8’ 7 


11 


18 !.-T 


1 4, -| 8 15,8 


® T’"6 


4. 5a, -4a 
1 

7 15^^,172,1*28 

10 3^5 3 79,-0 79 


2c 4c 


13 


9±>r^ 


16 3±i^^ 3 90,-0 90 
17 -^=^*^^ ,066,-166 IB 29,-27 


14 -1±n/42, 105,- 
16 16,-17 *. 2 

W lJS,-12o 20 i -2 21 

T’ 


14±«/Im 


, 1308,092 


22 055, -OiS 28 gW6-l),-gU/6+l), 7416 -19416 
M. 18292, 2708 



JlNS^VEBS 


xxxm 


ZX7. d. Page 260 i 4^ -2 

2 (i) 1 46. -5 46 . (u) 3 24, -1 24, (in) 3 32, 0 68 

3 (i) 3, -2 , (ill) 2, -3 , the roots of (u) and (ir) are imaginaiy 

4 05,-15 6 181,069 

7 (1) 3 79, -Q 79 , (11) 1 64 , 0 6J , (ui) 2“25, -0 45 


XXV e Page 261 i :kl, ±2 2 ±2. x3 

8 ±2c, 4. 1, -2 6 3, -2 6 c, -3c 


7 

±4, ±1 


8 

±0, ±5 

9 2, 3, 

“3, 

-4. 

10 

±3, ±4 


11 

-2,4,5 

12 4a, - 

■2a, c 

t, a 

XXV f Page 262 

1 

1. 

-1, -1 2 1,- 

1,2 3 

1.2. 

-2 

4. 

1, -3, -5. 

6 

2, 

-1,-1 6 0,1, 

1,-2 7 

3,2, 

-6 

8 

1, 3, -2 9 

2o, 

o, - 

3a 10 4, -2, 

-6 11 

5, 2, 

-7 

12 

7. -3, -4 


13 

-2tt, -2o, 4a 

14 0, 6a, 1 

Bo, - 

12a 

16 

0,-2,724.276 


16 

-^,3 73, 0-27 





17 (i) 1 4, 0 6 , (u) 3 2, 2 3 18 (i) 4, - j, 3, -g , (ii) Zp, 


19 (i) and (iv) by formula , (u) and (ui) by factors 

20 4, -2, {B?-2a:-8=s0 

21 (i) unreal , (u) real but irrational , (ui) rational , (i\ ) rational 

22 -15,3 5 '28 3 30,-030 25 -5andl 


XXVI a. Page 267 

1 

»“5, y=3, x=-2, y=-4 

2 

»=4,J=1, T=5,y=2 

3 

x=3, y=5, x=— y=-6 

4. 

aj=2,y=l, x=i^,y=-i^ 

5 

x=l, y=l, x=4, y=T 

6 

a:=5, ys4, a=-l,y=I 

7 

x=6, y=;-4, x=|, y=^ 

8 

x=5, y=-2, x=^,y=4 

9 

x=3, y=2, x=-^, ys=-^ 

10 

»=5,y:=6, x=8, y=5 

U 

x=9, y=5 , x=5, y=9 

12 

»=7, y=5 , x= -3, y= -7 

13 

x=34,y=:ll, x=-ll,y=-34 

14 

x=4,ya3, x=9,y=^ 

15 

a=7,y=3, x=-4,y“-14 

16 

*5=5, y=-4, x=l, y=-20 

17 

a=l0,y=|, x=9,y=2 

18 

xs31, y=34, x=-34, y=- 

31 


19 

Xs32,ys40, a=:-40,y=- 

32 


20 

»=7,5,-6,-7, 

21 

x=9, 8, -8, -9, 


yr5.7.“7.-5 


y=8, 9, -9, -8 

22 

x=13, 14, -14, -13, 

23 

x=6, 4, -4, -6, 


y^l4, 13, -13, -14 


y=2, 3, —3, —2 

24 

Xa=12, y=9, x=9, y=12 

26 

x=15, y=12, x=12,y=15. 

26 

x=15, 2^=^2, x=-2, y=-16 

28 

x=5, y=6, x=6, y=5 

29 

x=7,y=8, x=-8,y=-7 

80 

x=10, y=5, x=5, yslO 


U AUG 


6 



xnav 


ALGEBRA 


81 ajsslS, yss4} *5 s- 4, y=-13 82 ass4, y=s3} ks= 8, y*4 

83 a»6,jr=7; a-7,y=s5 34. ®*iV i» "i» ”'rr^ 

y~h “A' 

85 as2,y=3, »ss3, y»2 36 a=:^y=2; »a:-2, y*— | 

87 (i) »=s6, y=3 , as - 9, ys -2 } (ii) a=9, y=:2 , a* - 3, ys - 6 ; 

(lu) ass6, y=s3 

XXVI. 1). Pa«e 269 1 »=16,y=:2 2 a,=:5,y=3 

3 »=:3,y=f2, »=2,ya:3 4 »=:5, y=6, xsS, y=5 

6 »asl2,ys=8, aa8,y=12 6 a»3,y=2; «a-2, y=s-3 

7 a=2,yss6j «a=-5,y=--2 8 «=7,ya3, a=s-6,y=-7 

0 a=:4,ys=2, **=0, y=4 W a=:±l,y=s±2; a5=±2,y=±l. 

11 **±3, y=!±2 , xs!± 2, ys:d:3 

12 asa±5, y-±2, **±2, yadbS 

18 *ss4,y=:3, a*-3, y=-4 14. a.=7,ys=2, a,=2, y^T 

15 as3, y^l, ys6 16 aa±6, ys±l 

17 aa±10,yss±2 18 »«x2, ya±l, »s±3,y=s±2. 

10 *ssi2, ya±l, assiS, ya±3 

30 xas±l,ys5±3, *asi;^,yss:pl2 

21 »ss±6,yss±3, *s=±-V'»y='=t§ 

22 a-±f,y-±^; a-±^,y-±| 

XXVL c Page 271. l x=:4, ysl, assl, ys4 

2 xss5,ys:2, »=a-2, y=!-5 8 a=s6, y=7, »=:-7, y=-5 

4 as4, y=3, *»3, ys4 6 a=4, y=l , a= - 1, y=-4 
6 *=s±3, y=!±6, xss±^, ysr^y 7 a=5, y=3, *=3, y=5 

8 »a=5,y=:l, a=s-l,ys=-5 9 xaB, ys -3, as3, y- -6 

10 »ss8,ys:3, »as^,y=Y 11 a=!5,ys2, aa-^,y=-^ 
12 a=s3,2,4,l; 18 »=±9, y=±3, a=±3, y*±9 

y=s2, 3, 1, 4 

lA a=:4,3,6,2, 16 *-2, 2, -3, -8, 

yssy, 2, 1, 3. 1,-3^ .4^ 3^ 

16 ass7, 5, 10, ■! These vahira are the coordinates of the points of 

y=5, 7, 10 Jinterseotionof a+y=12,and*+y=:%ti‘withaya!85 

17 as2, 1 ,1 These values are the coordinates of the points of interseo* 
ya:!, 2 /tionofa^+j^s;5,anda+y=3 Trio other roots are unreal 

18 xsb 7, y=s5; xssS, y=s7 

19 (1) »=8, 6, -6, -8 ; (11) «a3, ys=5 , x==5 8, ys -0 6 

y=6i 8, -8,-6 (m) »=3, yss4 [The bne is a tangent ] 

(iv) «s=5 2,y=-30, »s:-14,ya:58 

90 XsTrtS. Vs=^4. 21 x=d. w~1 «9-S 



Asswms 


Tnryy 


22. *=:±^.y=±^,s=±^ 23 *= ±5, y= ¥3, 2= ±8 

24. »=±5,y=±2, s=±4 26 *=±4, ys=±l, zsi±7 

26 a;=6, y=9, 2-1, ora:=6, y=-l, z=-9 27 x=7, y=2,ss4 

ZXVn a Page 274 i 11, 4 2 8, 9 s 5 4 2, 7 

6 2, 6 6 121 yds, 120 yds 1 £3S 8 £80 

9 6 mi. per hr 10 9 days 11 30 mi and 45 mi per hr 

12 5 mi and 4 mi per hr 18 10 hrs , 15 his 


14. 

15 min 1 

and 25 min 

15 48 

,28 16 15 

17 64 

XXVII b 

Page 278 

1 30 

8 100 8 

2L 4. £75 

6 

3s 4d 

6 £750 

7 £50 or £150 8 9d per doz 9 28 

10 

408 per 

doz 11 

•4, 25, B, 

20 12 18 IS 78 , 8s 9d. 

14. 

7,2 

16 91 

16 40ft 

, 30 f t 17 8 f t , 

16 ft , 17 ft 

18 

00 

£, 12 

19 6, 5 

20 15at2(Z each 21 £50 

22 

175 mi 

at 35 mi per hr 23 

20 24. 75 26 

4 mi per hr 

26 

108 mm 

, 135 nun 

27 

48 mi per hr 28 

6jnu per hr 

so 

3. 1 


80 24 

31 A 5, and 34 mi per hr. 

32 

3 7om , 

2 3 cm 

33 APs=209om, BP=129om. 

35 8 4 cm. 

36 

2 6 cm, 

1 6 cm 


37 9 cm , 4 cm. 


89 

W 3, 4, 

, (u) 6, 6.' 

(ill) 52, 08, (IV) 57, 23 

« 


XXVm a Page 281 1 2 30pm,130pm and 3 30 p m 

2 2pm;251pm 

3 6 p m , 36 mi from the stait At 3, 4, and 5pm 

4 47 mi from A’s staiting place at 12 42 p m 11 12 a m and 2.12 p m. 
6 35 mi from London at 3 33 pm 39pm; 3 57pm,36im 

6 49j mi , 6 15 p m 

7 (i) 1 p m , 28 mi from P , (n) 20 mi , (iii) 11 30 a m 

8 5 hrs from the start 9 4^00 perjir 

10 130pin.,As3tol 11 24 mm 

xxvm 1) Page *584 l 24, 3'2, 116 , 275. 230, 219 

8 5385,5745 4. 3051,3240 6 240 .6 3 53,3 92, 40,54. 

xxvm c Page 287. 

1 9 nu from Y at 12 48 p m 12 18 p m and 1 18 p m. 

2 12 12 p m (i) 11 a m , (n) 57 mi 8 27 nu.^ 

4. (i) 15 mi after C’s start, Imi from Bath; 

(ii) 45 mi „ „ 3v mi „ 

(m) half a mile hehmd A and S 

5 .4 16 yds ahead, G 16 yds bdiind 

6 B 30 yds ahead of .d 54 yds ahead of 0 27yds. 

7 B, 10 yds , 0, 20 yds 



xxxvi 


ALGEBRA 


8 17 his from tho start , IS mi , 20 mi Half an hour 

9 6mi 10 104am U. 400yds 12 £420. 20for£4S0 
18 After 10 sees 400 ft per see ; 600 ft per see 

14 At Northampton 48 4 mi , 84 8 mi The quickest run is fiom 
Willesden to Nortliampton The slowest is that from London to 
Willesden 


Iffiscellajieoiis Examples 71 Fairo 290. 1 I2li ^ 

2 14a-13&-16c 3 (1) a/®+6»-91, (11) 4y«-9, (ill) 6a®+13a+6; 
(iv) l^*-6^+32, (v) 16»i®-9»®, (vi) 409;®-69»+27 

4-13 6 The first by 6 6 ^^=*^+6 7 346 

8. Father, Son, 14 9 (i) «’-3a:+2, (u) 7^-12 

10 2a;+3,7 12 12(3jJ-y)B:l^+c 

13 288 English, 104 Fienoh, 60 Latin 14 3 11, 3 48, 8 76, 23 

U (i) (-2), (11) 1 16 A,£ 3 :i, B,m, c,m 

17 5a^+2aa^-6a® 18 (7“12a)a!®- (3a+60)a^+(4a~15)a-3 

19 0 20 16»i-4n 21 (1) (ii) (ill) ^ 

22 (1) 1296, 144 on em 23 8 

24 80 lbs at Is 6d , 60 lbs at Is 8(f 26 c 27 ^ 28 4. 

X - 


29 

80 

88 

86 

88 

40 

42 

44 

46 

46 

60 

61 

64 

67. 


60. 

83. 


(1) (p-13)(p+5), (ii) 2y(»-y)(2!c+3y), (111) 3'i?(2ar+3a)(2'C-So) 
»=:l,y*-l 81 424,5, 12,(7,6 82 133, 170 


240 34 ^days 36 aP+5x+6 

I * 

0, 42, -48, (a+2){*-3)(«+3) 87 l-2a;+3a?*-3a? 

(1) 4, (11) X- -6, y= - 10 89 £39 

3 5, y~2 5 41 0+6+c 

(1) [28(®+y)+4iqsq ft , (ii) 122, 48 1 

(1) 2a?-5a;+2, (ii) OiP-a-lS, (ui) 6'e^-4a:-16 -J 
(i) »(ii-7){»+13); (11) (3+2x){9-6»+4*»), (m) (®To)(a-a)(y+a) 
»s=-l,y=3,8=-6 47 26 49 4aa+2o6-20c+68+6c+A 

(1) (a;-2y)(2aj+y), (11) (*-1 )(t- 2 )('c- 3), (111) (o-6)(o+i+l) 


62 


88a; 

(i) 10, (11) »=:5, y=ll 66 33 9,-7 
( 1 ) a6(o6-6)(o6-4), ( 11 ) (a;+l)(»+2)(2a;-l) 




66 93. 


(»+3y)(2a!-y)(3a;-y) 61 10 62 ( 1 ) -f , (u) »=3, y=-2, 


18 shilling, 9 half-orowns. 64 



ANSWERS 


xxxvil 


66 

67 

68 

69 

72 

76 


18 5, S8 66 ( 1 ) -8, (u) 0, -6, ( 111 ) 4 , 7, (iv) 6, 4 

o(a-3){a-‘'2), a(a-r3)(a-3), a*(a+2), LOM =<^(a- 2)(a®-9} 
(i) 0, ( 11 ) 6, ( 111 ) 2(ar»-10i;-12), (a:-4)(a;-H)(a:J-3) 


(i) 18, (ii) »=!, y=-3, z=-2 

1364 miles 73 pence 

BS-«-26c ^ 


70 


15 


(o-a?)(o'*Ta?) 

74 0=13, 5 = -6 


(0 — 

* ' a — 


( 11 ) a?--!:-*-! 


76 


( 1 ) 6 , -2, 131,019 


77 

79 

81 


(i) 4 ■‘-4®+*? -4a:* -Car*, (ii) x“+4ai*®-2a?+4a:® 
45*00 per hr ‘ 80 4 3, 07 

(i)9a5-|(o+6)+^, (u)|(o+5)-^ 


83 


( 1 ) 


x-2 

a»-®-3 


, (M) 


a(l-oJ-a®) 

1-a* 


84 -13 


88 3750 tons 136 ft 86 — -rl+i^ 87 325 

y 2® 

88 (i) 4 6 Eg per sq cm , (ii) 91 lbs per sq in 

89 (i) (i!-1)(®+1)(®-3)(j;+ 3), (ii) (a+y)(®-«-y-l) 

90 (i) -2, (ii) x=2a+b, if=a+2b , 

^ <^ ^®-^-3 ) (®-7) * ^ S^nuperhr 96 305 

98 (i) a=10, y=9, (ii) ®=±6, y=±7, *=±7, y=±6 

99 12 25 100 (i) (®-y)(xry+2), (ii) (a->-5)*(a-5)* 

102 20 days 103 4 16, -2 16, - 10 

104. Walks IO 7 mi , ndes 15 mi 3 hrs from the start lot 1 

107 (i)-J-, (u)l 108 2 109 (c-d)(2c-3d)(3e4-2d) 

a. —4 


110 

111 

114 

116 

118 

120 

122 

124 

128 


( 1 ) ®=5-g, y=g-o, ( 11 ) »=-3, y=2, ®=-4|S, y=^ 

374 112 ®=0, y= -4, or x=l 5, y= -25 113 -2 

Earned income = (4A - 80T) pounds 1 .nfm »n»| 

Uneam^ income=(80T -3A) pounds 

148, 12, 13 119 ®=2, y=I , or ®=1 41, y= -034, 

4 mi from Q at 5 p m 8 mi apart at 4 30 p m , 18 im apart at 
3 18 p m , and also at 2 42 p m appro'amatcl} 

5 123 0, 3f. 

3(2a.-y)(5r+4y) 127 4yds, 5 jds 

£22 10s , £28 ( 1 ) 230, ( 11 ) 350 

1100Es4gQ+8140 , 550n=52Q-2255, 20P=G-230 




PAST n 




ZXIZ.a. Fa£eS02. l 39, gg s 0,-36 8 -32,-104 

4. 21,03 6 22a, 58a 6 -20z,-56z 7 4-2,18 6 

8 -23p, -71p 9 38 4,100 8 10 - 2(2, e- 12(2 U y^x-ciy 

18 a-b, 8a-3b. 13 a+b, 9a-f 5b 14. 22, 20, 18, 

16 5, 9, 13, . 16 35, 38, 41, 17 62^, 60, . 

18 45,37,29, . 19 asb-e, (2=b-l-c. 80 3x^ 4x-2y, 5x-4y 

81 (i)2n+li (ii)10-2»i, (iii)(^-3)z, (iv) (7r-8)y. 

82 74-14n 83 8 84. 3, 39,51,63,75 


XXiX. 1) Page 306 l (021, (u)34, (ii03fe,(>^) -6o, (t)6. (ti) a 


8 

115, 100, 85, 70 

8 

22, 19, 

-8 

4. 

9 5, 

11 6, 17-9 

. 6 

24,24, • 

34 

0 

8a, 6a, 

-10a 

7 

39 8. 37, 20-2 

8 

37. 39. 41 


9 

-113, -117, -121 

10 

SSp, 

, 61p, 67 p 

11 

-51x, -53x, -59z 12 

188 , 2058 

18 

199 

, 10,000 

14. 

-6; 0 

16 

-145 

, 45 16 

810 


17. 

652. 

18 

-345 

19 

2131 

SO 

2480 


21 

-714. 

89 

231 

88 

-21 

24 

2ar*-a^, 


86 

^(p-8). 

86 

-45b 

27 

-2S0ni-21(kl 



28 

3500 

89 

44, 13266 

; 107034 

80 23,; 

111, 3036 


81. 

2z». 

88 

22969 beanu, 103 

layers 

83 

6 or 8 


84. 

25 

86 

13 or 20 

86 

23 

87 

3 or 10 


38 

9 

89 

20 

40 

8se(» 

, 104 m, 

l(»in. 





XZIX c. Page 308 

4. 90 6 33,36,89, 

7. 1, i 9 

7, 12, 17 


x= 


U 

14. 

17 


3, 7, 11, 15 
25 weeks 


18 

16 

18 


3 

25, 37, 49 
*=5, y=15 
In 6 days 


y=- 


10 49, 56, 63, 70, 77. 



PageSlL 1 3| 8. 

6 -2, ^ f 6 

9 3, -| 10 


25 8 14orl5 8 (06440, (u) 40 

6 (0 12a+42b-64e; (u) l(^-233+35r 
2a+b a+2b 
3 

13 4, 6, 8, 10 
16 3, 7, 11, 15 
19 Between 43 and 44 yeiuB. 

-5^ * ® 


2,3 

3ab 


x+y 

7 -12,00,12. 

U. 

3ab 

'2a4b 


13 , 
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XXIX. e. Page 813 i 48,38i a 4 ^ t 67f 637| 


4 -27, 729 B 

8 -46,76,-125 
10 3a!»-8a«-3a’ 

18 6,12,24,48 
14 32,18 16 133|4 


6 16,1024 6 8,-1 7 1 6 

9 (i) 12, (ii)9; {iu)4ai* 

^ ^i) B w "h > T» IT 
IS -28, 14, -7, 3j, - 1^ ^ 

It ■§> ® 


XXIX. f. Page 314. i 

A 18*1 B 

* TTinr ® TTIT 

8 iifi 9 -68 i’t 


2 2M 


6 1^-r 


*• 77TT ® Tunr ® ^T37 

« « -S8iVt M 131^71 

19 1(1-3^) 14 {i)^,127|, (ii)- 1468, -1092 


8 42|. 

7 

11 2(2“ -1) 




XXIX. g. Page 816. 

1 13^ 

2 

f 8 7f 

A 

8^ R il 

7T 6 7T 

6 2x7. 

7 

r>l, impossible 

8 

l+» 

9 ^,ifp>l 

10 

~iff>l 
r -1 

U. 

2 a 18 } 

14 

TT 

16 

A 18 tA 

17 3y 

18 

12,6,3, 

19 

I) T> 

90 12, -6, 3, 

21 

1. 1 * 

7» ’»» 

98 

_ n n 

^n+r {»+ip‘ 

28 

a®{2*+l) 

26 

(>)%>, (11)" 


XXIX.li. Page 319. i d) (u)GP,%V'»^F* 

(m) AP , 4^, 19^ 

8 (1)36^®:^, 17] 8 (1 ) 1t7TT» (m) -18 4 343 

6 W -^+n> (n) 4(2"-l)-3«, (m) §(3"-l)-n 
- 3»(»+l) o_ 3»8-a _ afS”-!) - 


-2»si 


8 ma-zm 

11 l,ll,lf, 

lA 9,12 
17 7,13,19, 


p« 7 

9 600<i-220& 10 


19 The 48“'. v» 53 18 
16 2, ? 4, -p 4, 


17 Tj ld| 19| • 20 ]p+{2r'^l)5f t 

98 17. 24 168 1(2 27 IS^'ears 

86. (i) £1,603.160 , (u) £2,000,000. 
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3. 

20 ^ 

«■ 

21 V 

1 

22 

1 

3aV 

23 

1 

xi 

24 

xi 

4 
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SO 
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33 
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84 

1 
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37 
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88 

2 

89 


40 « 

4L -L 
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42 
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48 

4 

-3^ 
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Page 327. 

1 O^- 

2a»-3 


2 x"^ 

-16 
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6 a^-Sai-^lO 7 aS-S 8 2ai-3 

• 9 12r»-20tiT41-15x"iT24*"i rlO 7a»-2o^+l 
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13 It a;+xiy^-2y^' 

#18 2i^-l+x"i 16 8o”®-*-7o"^+6 
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7 1 

>8 

1 

oi 

ft9 

ah^- 

TIO 

^ U <? 12 

fti. 

13 a»i» 

xi 

It 

y 

«16 

1 

2^-su 

16 

1 17 -i- 

2*V 

6 

18 

16ae* 

19 

1 

TS 

yi 

20 

xi 

21 

5“ 22 x^* 

28 

I 

X“ 

2t 

1 

a3bi 

25 

x*+i 

26 

-L 27 aci 

xi 

28 

8 

• 89 

a-b 

SO 

1 

(xS-Jf=)’" 

8L i *82 ji 

a* 

*SS 

xi 

84 

a+b 
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3 (r-+7)(»?-7) 
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9 2a+*yo“6 
IS a:+3»^J-9 
15 a*lr»-ar*Vf 
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U 4 42 864 43. 1 
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4 (3aU2)(ai+l) 6* (»-‘+5)(»“«-4) 

7 «-»--42 8 4af-25. 
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It -1 It (1)1, It -Si 

3iW+5 

17. I8|l-^gj"j 30. n(»+l)(ft-6)(n-6), 1 

31 2, 4^ . 14^. 22 5, -8. 



A2/SWERS 


3dv 


23 (i) bJ^, Z=: - 3S»-i , (u) S= -2n, ?=1 - 4n 


SiL 54 minutes after stait 26 22 

28 (i) I-, (n) (0+6)® » (m) (0+5) 

31 a =- B , h=1 S3 £l£±.?j5 

0+6 

34 (i) \^, (ii) Ts-ll, y=13, rc=9, y=-12 

35 a-2y, y-2a!-*-2, y - z-2 37 5 

^ 0+6’ 0-6’ ^ 0-^6 

41 9 50 m , 2 50 m Let AB be the line ; find a point X m BA pro 

duced so that BX=:43 5 approx Then AX~=3AB BX 

42 5^ 43 (l) 1961, (u) 1577 44. 2it+5 

45 £3 15s fid. 46 (i) • Ja + 2x ~ iJa ~ ix , (ii) ija ^ b — ~ — 

Vo -6 


27 ar'+a;-*-! 
30 21 miles 
„ M(3n-7) 

33 __g_ 

88 iS, 0882 

o 

40 10, 12, 15 


« (1) 7. (u) h I 
XXXTII {L Page 373 
2 s 2o® 3 5 tons 5 cut, 8 tons 5 cut 

6 (1)2, (II)* 6 2 

9 6 0 or 36 2a 10 

!)• Pago 378 


48 111^ }ds 

1 (1)4, (u)Tfe, (m>?|E, (iv)g 

4 5 21 

1 7 13 or 21 8 51 or 25 

15 11 5 1 12 14, 21 13 52, 91 


13 


6n-cm cf-on am-U 


6 52, 78, 91 yards 
5 3 2 


18 


16 jb= 3, y=4. 17 0=41, y=f| 

19 a;=2, y=l, e=l , »= -2, y= -1, c= -1 


16 5=??== 

6 3 4 
e=fzPr v = B2f 

qt -yS’ ^ q } 

!0 *=3, y=4, s=l 


XXX ITT c Page 382 l 6e? 2 6o* 3 9 6 lbs 

4. 6 45aW 6 12^/2 7 x= 8 0 126 

9^/3 10 3 15 tons 11 2S0 mi 12 4 13 r=9, y=12 

30 13 28 34 ±2 35 0, 5 36 37 3a 

42 40, 20 43 ^ £6000, .6, £4000 44. 20 1 

45 3, 6, 5, 10 46 4 lbs from A , 5 lbs from B 47 5 4 

48 3 1 49 11 60 Copper725%; tm27 5% 


XXXIV. a. Page 388 

4 IS, 


a (i) T. (Ji) ±4 

6 Sy, 14, 7 


7 s=16U^ 16ft, 145ft 8 04, 35, 64 

11 ysiljx , uhere JL=24 12 6 in 

14. 6y=:5x+5>/T 16 64 cm 16 10 


3 218,5 76 
6 SS^sqft 
10 3 125 cn. ft 
18 87 

17 i, a6 
n 


16 10 



ALGBBBA. 


XXXIV. b Pagea92 i (i) |f , (u) 1944. 2 9, 

S280oucm 120miper]ir 6 2S6 62. 

7 27 35 8 £11 148 5(2 9 8 5 10 15, 57, 87. 

11 £136 ‘12 198 2(2 18 a=06, 5»08 68 lbs 

16 80 16 1 212 17 30 mi p(3r hr 18 1503 

19 £80, £45 20 897 1000 21 770 

XXXV. a Page 399 l and 2 Rational and unequal 

3 Real, but irrational i Rational and equal 

6 Ima^naiy 6 ISqnal, bnt opposite m sign 


XXXV. a Page 399 l and 2 Rational and unequal 

3 Real, but irrational i Rational and equal 

6 Imaginaiy 6 ISqual, bnt opposite m sign 

7 (i) 0nreal: (u) real, but irrational, (m) rational; (iv) unical 

8. (i) X, (u) 1, or 10 ±4 11 5, or -7. 12 7, or -9 

13 a?+e-20=;0 14 ai2+20*+91s0 16 !t*-o«-42o*=0 

16 a?-2(»4-(j*-(2»=:0 17 18a!»-27®+10=0 18 a!*~19a:+30=0 

19 3o5aa-(a«-9t*)»-3o5 =0 20 a^-8»+13»0 

21 2ji*-6»+l=0 22 -253?+ 75**0 

23 a*+6a:+7s=0 24 a?-2ni*+ro®-«s:0 

n. i.\ 1 /..» 1 a+h+c . i-ae , . , 194 

” W W -iTfF' '> IT'' <"> "T 

as (i) (l-c)«+4«., ( 11 ) (®-i)«t4c> 

XXXV. b Page 401. i (i) 33, -175, (n) (ui) “§f, 


8 ( 1 ) 




4. a83?+4flc-i»=:0 6 26»+9ac=0 6 2***+32ma:+2j»»+2B*a 

1 (1) 00, (U) (lU) (IT) 

8 ‘E*T(»»+«)»+jB*-»in+n*=0 9 -2, or -4f. 

IS 125a?-28*+27=0 


XXXV c Page 406. * Between -4 and 3 

2 Between 2| and 4 8 Between -Sand 

4. Between -2 and 3 6 Between and 3 

6 Between -8 and 4^ 7 (i) Fositnc , (ii) negative 

9 (i) Positive except when * hea between - 2i and 3 , 

(ii) negative exe^t when a; bra between o and - 6 (m) positive 
10 Mat valno=6j Man valne=14 4+3»-a? is negati\e exc 
when * hea between - 1 and 4. 43?-4»+16i8dwa}spoatiie 
14. (i) Any value except between -4 and 10 , (n) between i and 3 , 
(m) between -1 and j 

16 (i) Positive; (ii) positive, (ui) negative 


18 11 and 3 



ANSWERS 


xlvii 


ZXXVl a Page 410 l x+c 2 x-q S 2^-3z+Z 
i. o®+(6-'-c)o+(Ii"-7jc+c®) 6 aa^-6x-*-c 

6 a?-(m+»t)j;y+m(m-ji)y® 7 a(C‘ 2)a^->'2(Sa-l}a;-(a--i) 

8 (m®-9)a?-«-2(jn®+3)*y+(m®-l)y® 

9 a?-9aa?-r{cP+ajlt-lP)x-ao[a-b) 10 x-2a 

11 (m-3)T-(m+l) 13 2*-*-3 

13 ITCF=a!®-l L C M =(a!®-l)(a^-pa+g)(aS- 5 a:J-^j) 

14. H OF =px-'(j9-l) 

LC jVI ={px-(p-l)}{(pTl)x+p}{(pJ-2)vJ-p-^l} 

IB 23a!*-lia^+81y‘ 16 afi-^ 17 a^-64 

18 163?{l-4a!®) 19 64m<(9w=-l) 20 7x+y-rz 

21 x+5 24 a^-16 {ar*T2ry+2y®)(a?-23.y-t2y®) 

2B [hx-a)[ax-b) 26 {3a;-I))(s-'2a) 

27 (in-«)(m+n+x){m+n-x) 28 (a+t)(c+a-ft)(c-o-«-6) 

29 [xh?+j^){xy+z){xy-z) 80 (2iT3y){o®TTy) 

81 {ax+(a+2)}{{a-3)a:-a} 82 {(a-rl)x-(&-l)}(aa;-*-b) 

88 (i) {a*-4a%"-V)(a-+1r){,a+b){a~b), 

(u) (a+6+c-rf)(a+6-c+rf){a-6'^CTtZ)(-o+6+CTrf) 

84. -(l»-c)(c-o)(a-5) 38 {6-c)(c-o)(a--6) 

86 (ftTt)(ffl-^6)(<r+ff) 37 -•(6-c)(c-o)(o+B) 

88 -(5-c)(e-a)(a-&)(a+l+c) 

40 (a+d-«-2c)(a®-^6®+4^-aft-2ic-2ca) 

41 (o-36+c)(a®-*-96"-*-c®-*-3a6+36c-coJ 

42 {l+3a:-2y)(l+9!t®+4y®+6a;yT2^-3i) 

43 (a-2y-3)(‘j^*+4y®-r9-6y+3aj+2a;y) 46 0 67 0 


XXXVI 1) Page 413 i 

8 — ^ t B + 

abe 

7 £ 

{x-ra)[xj-b)[x+e) 


(i) 0, (u) 1, (ill) 1 2 1 

id 6 - 

('i;-o)tx-6)(»-c) 

a+6+c 9 be-^ca-ab 


XXXVI c Page 416 i 20 2 -7 

8 as -10, 6= -21 4 a=:3, 6=6 

6 (i) -{6-c)(c-o)(o-6), (ii) -{6-c)(c-o)(o-6)(a-*-6+c), 

(ill) {b-c){c-a){a-b){be+ca+ab) 

14. (i) (ii) bc+ca+abt (lu) ^{3fi-i-t^+:?-yz-zx-xy) 

o 


XXXVI d Page 420 l A=8. B=-6, C=-8 
3 2~3(x+l)-^4x(x+l) 3 7=3, ra=-4, n=o 

4. A=C=1, B=2 6 A=3, B=-2. 6 A=5, B=-SL 

7 A=3,B=-2 8 A= -2, B=l, C=10 

9 A=3, B=-2, 0=4. 10 A=4, B=-3 C=-5 



zivui 


AL6EBBA 


U 

15 

16 
16 

22 


3(»+l)®“9(x+l)®+8(a!+l) 12 (x-^+l)(«+4y+8) 

(2a;+y+2){x-^+10) 14 -O 

(i) 2+3»“4a?+3i»*, (n) 4x*-2*“+*-5 

ba?-x+6 17. IBa" 18 26 


(nj^^ «l -0-c)(c-a)(a-W 
f F 


13 


SXXVILa. Pagd425. i 

2 n 8 

. 4 




4 {2tt-l)2«“i, {2n-3)2'«+3 


1 - 1 +8® 

® (Pop 


7 


SK 


"S7 


8 A 


6r-»« 

(1-r)^ 


10 


l+» 

ll-xy 


18 (2b“1)®, ^(4b®- 1) 18 n*+n; ■jtt(n+l)(»+2) 

14 n(2B+l), ^(«+l){4ft+6) 15 (3»-2)(3»+l); tt{3n“+3B-2) 

16 n(n+l)(n+2), ^(n+l)(n+2)(tt+3) 

17 ft(»+3)(n+6), itt(«+l)(«+6)(»+7) 

18 in{»+l)(n+6) 19 2n(n+l}» 20 ft(»+l)(2»+l)-2{2»-l)i 

21 •|«(Tt+l)(2j^-l) 22 

23 n(n+l)“(n+2) 


mvn b. Page 428. 

8 14ts/3+l). 

J, Jgji-y) 

x-yv l-x 1-y 


, 140-i•99^/2 
8 

9 1 and 7 




14 461 yds 16 £1912 16 b 19 18 

20 il and B will ht togtiHuT oa tbs 10^ and 33^ days Thsy meat on 
the lO*** day , on the 11*'’ B does not walk at all, but on the 12**' 
he begins to walk haUe 2 nil ; on the 13**' 4 nu baeH, and so on 
On the 33"* day he overtakes A 


21 

26 

27 


44 hours 22 (1) A®(«+l)(3n^+19»+26), (u)2»-2+~g 
!•* term=(6+ »)*, common diff * - 2te, n* tenu=B*+a? -2(n - 2)hx. 

PQ(j='-g) 

j)Q-gP 


ZXXVm. a. Page 486. is »s 3 , y=; 2 , y«-2 

20 -1, 1,2 21 -2,M ^28 (i)lj(u)1.2.-3. 

35 137. 26 (i) 15, (u) 10 j (in) 2o; (jv)0. 

27 The gradient of the tangent is zero 



XXXVUL b. Page 44a 
2 n=l 5, e=79500 
5 a=l 78, &=31 5 


ANSWERS 


1 ns:3, 6=27x10^ 

3 n=^ 4 fl=086, ea:207. 

6 T=36 31A*.*; V=1271A” 


MisceUaneons Examples Vm. Page 441. 

1 a+2 3 a®+2a;+3 

B W 0| 0, (ii) «=^(fl+i), y=j{a4 b), oo, to, 2y 
7 (i) 1625 , (ii) 9 093 8 66 mi 9 1 

U (i)9«(7-n). (11) 162{1 -(§)"} 


13 

16 

17 

18 

83 

84 
86 

30 

31 


28,27 14. (af+l)(i-l)(y+l)(p®-y+l) 

£120 at 4%, £80 at 3^ % 16 259, 621 

(i) {a^b)(a+b+x){a+b-x) , (ii) 2(.3a^+4)(4a^-3) 


-7 


19 


pr 




ounces 


20 ( 1 ) 0 , ( 11 )^ 


4 616 33 (i) 7 , (ii) x=i, or f 

i;=6, p=45 36 3a^-a!-y^J-2®*y^-4a^-4y* 

(i)f, (ii) x=4, y=6, x=6, y=4 88 500 89 96 

Just before 11 30 a m , rather mote than 167 miles from A 
o»+6®=(? 32 £700 


83 (l) »a3, yal, «a!l|, y=l|i, (ll) -1, -i 

86 (a+b-2c)(a-b-2c), /is-6 36 £12 158 

87 1 88 5« 6(f 39 3 1415 40 2 


41 


( 1 ) 


»+y’ 


(«) 


X 

(x-n)(»+n+l) 


49 W y=7. (U) x=y=4a6 44. ^ 

46 (3c-2d)(2c-3rf)(c-f5d) 46 aP-tiz+mL=0. 

47 2-18a?+27a»-18x‘ 48 -2,0, 2, 4, 6 

60 13 61 l-2aM+2a^^ 68 -0 9916 


63 (i) 527, (11) 20 64. - ^ 66 Max height=64ft ; 4sec& 

68 (1) 35 ; (11) 4 60 827 in , 88 in 62 11 

64 -0 382, -2 618 66 »J2x^+>Jx^ 

66 x=5, y=3, x= -3, y= -5 67 48,^4 68 13 in 

71 42 73 1 74 2,5,8,11 76 (1) 3, 4, -2, -3, (11) 1, 2, 3 

77 13^+5^, 79 5^ 81 82 ,^+1 

8 ®— o 


83 6=-3, c=-2 
86 2xl®+4ax-3a® 
natG i-u 


84. (3a®+5®)(a®+3&®) 
88 iix'-2inx+in=l) 
(( 



1 


ALGEBRA. 


87. a=s5^ y=4, z=»6; a;=!-2, y=-4, z=-6 

89 90 A«38, B:^24, 0=6 

95 2m 9R % 06, >2*6 97 as2|, h=6 9& 6666i 

99 0 02995. 100 29. 102 108. I‘5 

6 

101 2, 2,-1. 106. 2 109. 1978 m 

110 46 miles from the starting point 

111 62n(R+ 12) and 26n(2n+2S) shiUmgs 

112. 3 mohes from the point of sospcnsion 118. a+b 

114. 2a-&, -(2a-3&) 

119. 22 lbs, 16^ lbs, 14-J lbs , 13| lbs , 11 lbs, 9^ lbs, Bibs, 7} lbs. 
The enrve is a reotangnlar hyporbola whose equation is xysi2Z x 12 

120. E=:084W+102, R=232W-30‘6; P=148W-40 7 (i) 40: 

(u)2& 



PART III 


XX 

'ITTX, a. 

Page 453 

L 12. 

3 

18 

8. 120 

4. 

(1) 144, 

(ii) 132 

6 720 

6 

840 

7. 24, 1& 

8 

120, 24, 

96, 6 

9 72 




XXXIX. 1) 

Page 455. 

L 5040, 120, 

, 2520, 40320, 

, 3024, 60480 

a 

(1)720, 

(u)720 

8 6 4. 

120, 24 

6 60 

6 

(1)120, 

(ix)600 

7 144. 8 

696 

9 

144 10 48a 

13 

6720 

18 

10368000 

14. (x)144 

, (u)72 

XXXIX c. 

Pagi' 458 





1 

(x)1260, 

, (u)3360, I 

[xix) 166320, (XT) 64864800, 180, 83160 

3 

12, 18 

8 420 

, 360 4. 

302400 


6 (x)40, (u)8. 

6 

420 

7 120 

8 2520 

9 

48 

10 243, 48 

11 

1296 

18 81 

18 624 

14. 

30 

16 64 


xxm d 

5 12250 

6 8 

22 1485 

17 1023 


Page 464. 1 20, 84, 65, 1225, 105 2 1140 

4. (i) 210 : (u) 63 , (in) 35 6 (x) 126 , (u) 63 , (m) 203 

7 13 9 55200 10 327600 11 24000 

13 1000 14. 35, 201600 16 255 16 246 


18 611 


19 


dOHl ‘ (lisrii 


; (11) 


(H? 


81 480 32 80 


2803040 84. 2880 



26 315 87 (1)40, (u) 116 88 6760 89 (n-2)|n-l 

SO (1)60, (ix) 15120 81 (1)378, (u) 120 82 (n+l)»-l 

83 (1)15, (u) 208 84. 70, 35 86 (n-2)(n~3)|n-2. 

86 18480 87 (i) 113 , (xx) 2190 88 1343 


XU a. Page 476 i (x) *»+5a?+2»-8, 

(XX) ®‘+6i*-21a?-74a!+168, (xxx) a:*-4W+400, 

(XT) o»+6o»6-37ofi»-90B* 

3 s*+8zi+24i3+323;+16 3 x>+15x*+90z>+270x^-f-405x+243. 

i. o*“6B^+10aV-10aV+5aa!*-a:* 

6 a’+7oV:+21a®a?+33oW+35(AB*+21oV+7oa^+a?. 

6 l+86+2853+566>+70ft«+566»+285«+8&T+5» 

7 l-10y+40ji*-80i^+80y«-32y» 

8 l+3*+^a5+fa?+I|*«+^a?+^a:: 

H ALG d2 



hi 


algsiera* 


9 

10 

11 

12 

13 


16»‘+18a!^+6a¥+««»*+^ 

64-96a,+6(hi®-20Jc®+^~^+P 

, 21af 1890® 9460*^28350? 5103fl? . 6103o ^37 

^ F“*’“6* Ifi hf‘ " Jf 

. 5a?^5se 5.5 1 

2 ’*'2 "4a;'’'i6?”32x® 

o«T?+9a’a^+36o®»V+84a»a,Y+ 126oaY 

126»*v® ^84»y ,30j,y . 9a:y8 «» 
o o^ o’ o’ fl? 


14 

16 

19 

20 
21 
22 


27 


2(5o*5+10o?6®+6®) 18 2(729+486ac®+216a«!*+64a"). 

2(t*+18a!*+9) 17 140^/2 

aj®-3a;®-3»*+ll!B®+8t* - 129;-8 
1 + 4t! + 10»* + 16x* + 19** + 16*® + + 4a:’ + a?. 
l-6fl+21o*-44o*+630*-64o®+27o® 

(i) o*+4o’*+4o%:®-4o*a(®- 10o***-4oV+4o®a®+4o*’+a^j 
( 11 ) l+a-8a!®-2a!®+25a:*-ll«®-26»"+28j!’-8*» 


28(ta? 

210 

■F 

128*. 

X 


-448V® 

6ia3i^® 

16 

-252 


26 43750a*&* 


26 5440*®. 


29 (1) 20*®, (11)5^*-^ 


31 


Z|006» 

~u 


84 - 


lOOlo® 

256 


86 70, >56 86 7920 


88 3360 


XLI. b. Page 480 1 The20«‘ 

8 The 12*®* and 13® 4 The 6®, 

6 Tho4®and6® 7 The 4^=8048 


2 The 6®. 
b The 6®. 

11 22 


9 (1)^,(11)4725000 10 6 

12 4096 13 3125 22 - 285 

28 729-2916*+4860a:®-432(]Lc®-(-2160**-676*®+64a^ 24 -167960/. 


28 


, , , ,*-l , (*-l)(ar-2) . , , I* 1 


6/ 


r|»-r 3f 




27 -105 
82 840/ 


29 1061 
86 


81 56 


» 


|^(3w+r) 11(271^7) 


ZLLc. Page 486. 

2 i+^-^y+T^ 

4 l“6»+27/-10^ 


1 l+^-jjfl'*+yr** 

8 1“|*-7V“T§T®^' 
6 l-3*»+6**-l(te« 



ANSWERS 


111 ! 


6 

8 

10 


l-12a:+90i«-540ir» 


12 4(l+a-|a2-*-^a3) 


14. 

16 

17 

18 
19 




7 

B -■•/, ,3r loi? 35r’\ 

® “ -0+a + &X+ Wj 

U. 3(l+^x— I^-;:a?+yj\^a?) 

13 ‘ 

16 -4a?, (-l)'(r-»-l)a? 


1 3 5 (2r-3) 


, ai - « 

Tim » 2 y|y 

(r+l)(t+2){r+3)(r+4) 

li 


20 


Ll 

(_l)r(!±l^Lt^aar 

iM 


21 (- 1 )' 


, 1 3 S 7 (2r-l)^ 

¥\r 

(r+l)(r+2) (i +9) af 
^ 2'+“ 


22 (-ly 


.2 5 8 (3)-l) 

Sr\r ® 


24 ( ^j, j»(P+g)(P+2^ {p+r-lg) ^J 


26 (-!)»’ 


1 8 S (2r-l) 


27. - 


2 1 4 


(3r-^. 


26 


2 5 8 (3r-l). 

i j ■•"'fl 

Ir 


3-1^ 


(1) -fas*; (») -A®*» (™) “%”** 


TT.T d Page 487 l The 7* 2 Tho»>« 3 The 38“* and 39«* 

4 Thol*‘and2^ 6 The3«« 6 The4tt 7 (i)|, (n)lf3* 

8 (i)4, (11)201, (ill) -5050 

9 (i)3j, ( 11 ) A(»®Tr-*-2) , (in) (-l)’^M2r-l) 

11 (-])r (*'-^l)(*'+2)(5>’+3) 12 ^^/3 IZ ^ 

18 ® , the senes is the e-cpanston of (l - ^)“® x ( j)* 

“ 1 3 5 (2r-l) 


22 ( 1 ) 


(ir) 


|2n 




\r |2?i-r 


XLI e Faee 
4 10 0100 
8 9 9933 
12 1*0013 


1 10S243 2 0 85873 3 7 07106 

6 0092 6 19743 7 4 9900 

0 1459 10 0 1995 11 125 1500 

13 1414214 14. 1+V® M 4-||x 


6 

9 



liv 


ALGEBRA. 


16 ^ l-l'S* 

20 16(1 -ft*) I'llfe* 


19 1+23? 

23 10032 24 09974 26 10054. 26 100017 27 

*28 ip48 29 10076 80 0878 81 10002 82 1017. 

33 106 84. 10016 86 0 9988 86 4 6 % 87. 06fiq cm. 

88 lOOSsqft 40. 00000009. 41 300 42 ISinexc^ 

48 26%mdefeot 44. 78%inexoefls 46 — gjj — . 

46 |»i(n-l)(»-38) 47 

48 (i)-73, lu)-l8BHl6n+9) « 

61 A{2a-(tt+l)6} 82 ^=3162, s/56« 6 099, n^123«11 091. 

2 ar 


3 

6 

8 

10 

12 


JL+A. 

a;+4 *-8 
3 . 2a;~l 
2 -!c^a?+x + l 
2 1,3 

+i 


1 - 2 .,+-^^ 

*+5 »“3 

4 JL + J - 
l-2x^l+3a; 


16 ll 
«-l »--2 
- 3 3 


1 


1 I * 

jc-l »-2 i+o 
3 


»+ 2 ”»-l'’^(«-l)' 

J 2 4 _ 

»+2~«+.l"(»+3)“ 
15a! +2 12 

*"*+6 


, ixJ 

' »*»+l (I+tf 

9 *+ 2 +ir 5 +jfi 

„ 1 6 4 

“ "3(l+2a!)‘*'3{!r+2)"(»+2f 

" T^+ra' 


**■ ip 6 "*- 8 ’ 


17 


rs-rls-ra- 


jg p 1 

2{l-x)^6ll+») 3(2-*)* 12 3 6 / 

iirai+CT' (-ini 2 +Ur) 4 r->.^ 

(-ir( 3 ^+ 6 -^y 

4 9 7,1 /3r-6 1 1 J_U 

2 ^“l( 3 ^)'' 4 (i-x)‘*' 2 n^’ \nr‘^ 2 '“i "4 r-y • 


19 

20 
21 



ANSWERS 


Iv 


1 2 3 . 1 8 2 . 4 

a.-4'*^(a;-4)“ (a,-4)®* x+2 {a:+2)-~(a:+2)®'*^(a:+2)** 


23 lU L.) _JL. 

3\3»-2 3ii+iy' 3n+l 


Miscdlaneons Examples ES. Page 499. i 30 

2 Ifcl® S 174, 16a:-4, 8a:+7 

19x4- IS’ l-19y II , lo* oK-i-# 

4- 167,1^ 6 -5103 6 fljssl, ys=2, a=^yss| 

7 y=4, when a!=§ a-=-^, y=^ 

8 {i) (ii) {a?+3Ty+y=)(a?-.3ajy+y®) 

9 (i) in first, £^^t£Z^iQ second; 


.2c-a+2ft 


.c+a-26 


{ 11 } 3" " ** ** 2 >» 

10 (i)?! (11) a=l 23 , e=l 11 7 8125 gallons 18 9 . 

14 . m+l 16 ? shillings 17 1*24 secs 

4 b 0 ( 12 g-jp) 

18 2 ar-fij;- 12=0 19 91+5 81 A= 2 , B= 3 , Cb- 4 . 

82 £{(a- 5 )a;+a} 28 (i) 0 , (n) 

at 64 {(-i)"-l}; 16 27 1 , 1414 , 2 , 2 828 , 4 , 5 057,8 

29 (1) , (11) ^/6 - ^/2 33 0-002 too small (1) 1 809 , (11) 0 691 

84 Imile; A, 4 ' 57 '; B, 5 ' 30 ’ 36 37 0 ,^ 


88 7+4^/3; 2+^/3 


40 n®(6-a) 


41 7 or 14. 


42 -0 97 43 0=.^ 44 1,2,4,8,16, 


ae-lfi 

o+c-26 


47 42 48 AhoDtl74jis 49 7, 


XLm Page 510. 1 (i)^'(l+r); (ii)i^g^ (ar-6) 2 

4 -^^{l+2r-H) 8 1 9 e-1 10 ^e. U c“*-£**. 

LH 

12 “ 069316. 

17 2a:-102a+~-68z* 




£0 3*-?^+.3a?-l^+.... 



Ivi 


ALGEBRi 


a 0 0020000007 22 ^+log4l-4 

1“*U 


22 logl3=l 11394) log 17=1 23045 [Forlogl3,pntn=12mtliesencs 
of Art 552 for log 17, pot «=60 in tho sonos (1) of Art 554 
This gives logSl, or fogHlogl? ] 

25. 5669 


mV Fage6ia 1 £985 2 £737 3 £1793 i SOyrs. 
6 £2184 6. 9 6 nearly 7 £9868 2 £3755 12i U 

10 £11708 88 11 £588 12 £1548 Oa 13 £2231 12» 4(1 

11 i^% 18 16 16 £1020 17. £1340 h Hi 16 £4200 


XLT. Page 624. 1 22220 2 1380755 8 28001 4 251021. 
6 (1)244332343,(11)14320241 6 564,26 7 345,3024 

8 32552, 3552, 216312024 9 1342, 34705 10 30523 

11 123456 12 12’+12»+12 18 27 14 (i) 0208, (ii) 10b3li 
16 132 12 16 26 17 200 211 18 (i)^^(ii)^^ 

19 1892) 292 20 Five, Nino a Nino 22 Twelve 

28 7e 34 llb,21}s,32]bs,641lN, 1281ln 26 

mi Fage5Z7. 9 All 01 oopt snoh oe lio hotwcon - 2 end +L 
13 Unless o=5=c, or o+i+c=0 


ZLTEa. FagoSSl, i 

j g+5+3 
7 


'di 
6-a 

4 (A-k-ea 6 


t-5c-2c8 6 


ci(fl-fi)-flli(e4-d) 
o5-cd 
abik+ca 


die 


JL 
P-9 
U 2,-1 


8 9 -2{a+i+c) 10 0, 

tt-o-2c ' o+6+a*+i» 


B+5+a*+i* 

12 0, 3 13 9 i 14 I) J 16 0, -3 


16 ±1 17 1,2,^4 18 3.-1, J 


19 16, 


ir 


20 


21 25,-3 22 20, 1 


2, A 24-21. 


26 3,4 26 6 ,^ 27 28 8 , A 29 ^ 

80 7,-^ 81 2, 82 2 , ^, 8, 1 38 2 , 2 d:s /8 

» 2,^4,! 36 -2,|,-3,J 36 2, -4, -l±is/7r 

87 -B,2»,-6a,6o 38 0,±^ 39 10, -1 

to ±4J2 41 0 ,®^ 49 1 {^/»-^if')*+4 



ANS\VEBS 


Ivii 


SLVILf). Page 536 i *=3, 4, 4{7±i/-S95)j 


3, « 


2. 

xs 4, -2, l±is/-16; 


3 

»=4, -1, ^(3±N^i; 


y=2, -1±*/^ 



y=-l, 4, ^(3-F>r"43) 

& 

3r=0, 

• 

5 

t=5, -5, ±f\lASj 


mi— 1 



y=-2, 2, ^|<s/i45 

6 

»=2, y=-l, a;=-|, y= 

,3 

T 

7 

»=2,y=l,a=-.^,y=-V 

8 

x=7, y=3 , »= y= 

T 



9 

‘»=y=Tj *=0, y=l, «= 

1. y 

=0 


10 

(i) x=3, 2, —3, —2, 


(ii) x=3, y=l, a=-l, y=-3. 


y=-2, -3, 2, 8 




U. 

a=5, y=l , x=^\ y=| 


12 

■»=2, »=-2,-f, 





y=5 , y= -5 

£8 

«=8» y=2, x=3, y=7 


14 

a:=±i, y=±6, s=±S 

15 

®=±3, y=±4, a=±6 


16 

a=±l2, y=±6, 2= ±8 

17 

a=10, y=6, 2=4, a=-^ft y 

S i 

-"T» *-“Tr 

18 

z=3, y=% 2=1, ®=-l. 

y= 

-12, 

2= -17 

19 

*=4, y=5, 2=3, T--6, 

y= 

-7. 

c=-6 

20 

*=±2, y=il, 2 = ±3 


21 

x=±Ay2, y=±^/3, 4-±^6 

S2 

p!'S!l2, y=6, 2 = 3 , xsS, ; 

y=6, 

, 2= 

12 

23 

i:=6, y=9, z=4, r=6, y 

=4. 

2=9 


24. 

s=-5, y=3, 2=1, »=- 

a, y 

=1, 

2=3 

25 

, o(6=+(?) . 6(c=+o8) 

».-* ac ■»-* aa • 

_ . c(a-+6®) 

*==*= 2at 

26 

*=±4, y=± 8 , 2 =t 6 




27 

*=3, y=2, 2 = 1 ; a=l, y 

=2, 

2=3 

• 

9 


~l±'JS a -iWa 

®= 2 y= -3. s= 2 — 


ZLYH c Page 540 1 »=7, 4, 1 , y=2, 7, 12 


2 

a=ll, 7, 3; y=2, 9, 16 

3 t=3, 8, 13 , 

y=6,4,2L 

4. 

»=2, y=4 

5 a=10, y=8 


6. 

a=26, 13 , y=8, 19 

7 x=3, y—2 


8 

»=17.12,7,2,y=l,4. 

7,10 9 ®=12, l,y: 

=2,6 

10 

a=13y-3, 10, U 

x=5p-2, 3, 12 

a=21y+10, 10; 


y=6p-2, 4 

y=7p+3 , 10 

y=8y+2, 2 

13 

®=7yT3, 10, 14 

z=lly-3, 8; 16 

a=13p+I5, 15; 


y=8y-I,7 

y=7p-5, 2 

y=10i>-L8,8 

16 

Of the first 28, 16, or 4 , 

of the second 2, 9, or 16 

■i 8 

T>1T 

17 

13 18 

140,12 , 56,96 19 

20 

8 floruiB, 1 balf-croTm 

Aa infinite number 




ALQXBEA 


Iviii 


« 


21 30 taoles, 9 sofas ; or 5 tables, 32 solas. 

32 89 , 65, 47 , 41, 71 , 17, 95 28. «= 9 , Bab. 

, 24. as4, 7, 10, , 

7, 12, , 
aa7, 13, 19, 

26 26 rams, 4 pigs, 6 oxen ; or 11 rams, 17 pigs, 8 oxen 


Miscellaneons Examples X. Page 541. t (2a->35)(a‘i-6) 

2 {2«+3&){2o“36)(»-2a)(ii?+2fta+4a®}. 4 30240 

6 (i) 2 , 3, (ii) 20|, 16|. 7. log2 8 2449440 

2 

9 (i) (a?+2a;+3)(a?-2«+3), (ii) {tt+5){3(a+5)+2}{3(o+5)-2}. 

M jr'+3y. U 12 OOaneany 

14 360 16 2080 i4,97,j5, 163 16 4r+l. 

17 Aai(l+s/5), Ba}(l-^/5) 19. 1, 2 20 -1, 

21 3742 22 ®a5fiy(a-6){o-c), ^acoy(5-c)(6-a), assa&/(c-o)(c-5) 
21 £468 11s 2(Z , £1000 26 x=i-i, ysa 27 (i) 8, (ii) 81. 

28 Cost prioe Ss , Sale pnoe 9s 29 ob s(i ft 80 14. 

82 3 698970 , 0 799340, 1785248 33 35 f 

87. 3; mi per hr ; 2 hrs , 36 nun 38 14, 22 39 18(X 

40 {2 3'+(-l)‘+»}a?', 41 

*t W!^(7-^/S)i (u) 

46 2 83, 4 95, 12 16, 5 5 46 7 nn *pcr hr , B, 12 mi per hr 

47 0=261, bal, 0=127,6*2 , 0*65,6 =6, o=35, 6=10 

48 1105 49 (o+6)(a-6)(o«+6*)(2tt-6)(2o+6) 50 l-». 61 100 

® 0) “j5 (n) “2 68 ^ ^ !nn8>’^, or ~ 66 14 miles 


61 

66 

70 

73 

76 


68 0 60 1+2»+3!i?+ , ln+l)«»-jw"+^ l“(it-i-l)g"+i«"*V 

(l-a)"* 

j, 62 -^(ji*-15«*+2») 68 £439 19& 

{a?+7»+16)(a?+7»+7) 69 (i) a=3, 2, 5, 1 , (ii) a* d:2^/3, ±3, 

y=2,3,l,6 y*±,3, ±2>/3. 

231^ „ 2 ^2b+ 3 „ e«-e-* 

* nri+I?? ”• “T' 

m+I‘*‘n+I‘''^+l“^’ ” mnp:sm+n+p+2 74 o+6 
69 7 in , 30 3 m. n a*a?+(2oc-46»)a+(?=0 

81. (&-3y)(a+2v)(Sa-¥) 



A^S^^'£BS 


llX 


82 -£±5 8d -2 8^ »=y=|, «sO, y=l, a:=l, ysO 

p-q 

85 8 40aiu atC 86 31% 88 3;s;±3, ^=72, £=±1, 

11 1 7 

Jfs=±-7=:i Z— ±“7= 

n/IS •' n/19 

91 None 92 (i) 4, (u) 3xys 93 9i 26 96 10 

96 a=0 32, AsSS 99 2c-a--6 100 a’-3a{r+2(^»0 

101 412pm 103 SO 104. 2 8%toomiioh 105 2+4x-9:i^+3a^« 
108 324 110 1680 111 8x=:\^-<-2<3p 

113 a=:2, b=;3, pslO, 0-12; a^2, b=-3, ^=-2, g=:-12. 

116 2»+^-2+ ”^~^^ 117 ( 1 ) -2:^, (ii)a+i+c. 

120 SOveazs. £410, £320 
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WOBES B7 E. S HALL, MA 

A SCHOOL AIXxEBBA With oi uithont Answers Croirn 
8 to Pirtl, 3t 6d Fnrtll, 2i Partel andll, 4t W Partlll. St 
^ta II and 111 , 3i M Complete, it Bd Key to Part I , Ti Key to 
Pttrta II and III , 7a Key to ^mjAete, ISi , w 

EXAMPLES IN ALGEBRA Taken from Part I of “A School 

Algebn TTith or mtbont iknaven Crami Sro Si 6d eich 
ALGEBRAICAL EXAMPLES Supplementary to Hall and 
Kmghtre ^KBRA FOB BE6IKKERS and ELEMENTARY AL- 
bEBRA (Chaps I KXVII), With or without Anewen Globe Sto 
Si Sd 


A SHORT INTRODCCHON TO GRAPHICAL ALGEBRA. 

Four th Edition, tensed and enlarged Globe Sro li Sd 

SOLUTIONS OP THE EXAMPLES IN HALL’S GRAPHI- 

CAL ALGEBRA. Ctown Sro 4t 

EASY GRAPHS Cr 8vo Is 3d SOLUTIONS Or 8vo 4a 

WORKS BY P. H STEVENS, M A 

ELEMENTARY MENSURATION Globe 8\o 4s 

hlENSU RATION FOB BE6INNESRS With or without Answers 

Globe Svo St 


WORKS BY E. S HALL, M A, and S R KNIGHT, B A 

ELEMENTARY ALGEBRA FOR SCHOOLS (containing a fnll 
treitment of Graphs) New Edition, ranked and enlamd Gfobo b\o 
(bound in maroon cuouted <doth), 4s With Ansaora ^ound in green 
cidoured doth), it 

ANSWERS TO EXAMPLES IN ELEMENTARY ALGEBRA 

Fcap Sro Sewed, Is Sd 

SOLUTIONS OF THE EXAMPLES IN ELEMENTARY 

ALGEBRA FOR SCHOOLS Crown Sro 10s 

ELEMENTARY ALGEBRA FOR SCHOOLS (Cbaptcn 

AXVIII XLIV X Wi^ Answers Globa Svo 8s 

HIGHER ALGEBRA A Sequel to Elementary Algebra for 

Sdiools 4th Edition, revised and cnlixged Crown Sro 8s 6d 

SOLUTIONS OF THE EXAMPLES IN HIGHER ALGEBRA 

Crown Sro iSs bd 

AIXxEBRA FOR BEGINNERS Globe 8\o 3s With 

Answers .Si 6d 

ANSWERS TO AIGEBRA FOR BEGINNERS and EASY 

GRAPHS Globe Sro Sewed, 6d 

ALGEBRAICAL EXERCISES AND EXAMINATION 

PAPERS With or Without Answers Thud Edition, tensed and 
enlarged Globe Sro 8i 

ARITHMETICAL EXERCISES AND EXAMINATION 

PAPERS With an Appendix eontainmg QuesUona In LOGARITHMS 
AXD UEHSURATIOX With or wlwut Answers 3id Edition, 
tensed and enluged Globe Sro Ss 

ELEMENTARY TRIGONOMETRY Fourth Edition, revued 

and enlarged Globe Sro it 

SOLUTIONS OF THE EXAMPLES IN ELEMENTARY 

TRIGOHOMETRY Crown Sro lOi 

WORK BY H. S HALL, M A., and R. J. WOOD, B A. 
ALGEBRA FOR ELEMENTARY SCHOOLS Globe Sto 

Barts I, II, and III, Sd each Cloth, lid. each. Answers, 4d each 

MACMILLAN AND CO, Lid, IDNDON 



WOSKS B7 H S. HALL, M.A», and F. H. STEVENS, M. A. 

A SCHOOL OEOMETBT Crown 8vo 

Parts I and n —Part I limes and An^es Iteotilineal Tlgures Fiat II 
\iea8 of Bectibneal Figures Containinff the substance of Euclid 
Book 1 2s Kst, Is Fart I —Separately Is Od Fact II — 

part^In^^clM^ fimitJtimng the substance of Eudid Book ni 1*34, 
and part of Book IV Is id 
PaTtsI.n.nilnoiieTolume 3s 

Port Iv— squares and Bectangles Geometrical equivalents of Certain 
Ai fflhwMftfti PonnulB. ContoiDing tiie substonce of Euclid Book II, 
and Book 111^36^7 8d 
Parts I, n and IV 2s 6d 
Farts m and IV m one volume 2S 
Ports I -rv to one volume 8s 6d Kby. Ts 
P art V — Contatolng, tiie substance of Euclid Book VI Is Od 
Parts m, IV andv to one volume 8s 
FartsIV andV to one volume 2s 6d 
PartsI'V monevcdume 4s 6d « ..j. 

Port VI — Cratatotog the snluitance of Enclid Book XI , 1*21, together 
witii Theorems rebiting to Ihe Snrfaces and Volumes of the simpler 
Solid ngures Is Qd 
PortslV, V^VI toone vdame 8s 
Parts V and VI m one volume 2s Od 
XBTtoPartsV andVI 4s 
Parts 1 'VI m one volume Ss Eet, 10s 

LESSONS IN EXPERIMENTAL AND FBACTICAL 

GEOUETBT, Crown 8vo 2s 

A SCHOOL GEOMETRY, PARTS I AND II , WITH LESSONS 

m EXPEMMEKTAL AEB PEACHCAL GEOMETBV crown 8vo 

8s 

A SHORTER SCHOOL GEOMETRY Part I Crown 8vo 

A TEXT-BOOK OF EUCLID'S ELEMENTS, including 
Alternative Proob, together with Additional Theorems and Exercises, 
dassifled and atrangad Third Edition enlarged Books I -VI XI 
and xn Props 1 and 8 Globe 8vo 6s Also in parts, separately, 
08 follows 


Book I. 

BooIcbI andll. 
Books n andlU, 
Books I -in , 
Books I -IV, 

Books m and IV, 


Is 8d 
Is Sd 
2s 6d 
8s 

Ss 6d 
2s 6d 


Books in -VI , . . . 3s 6d 

Books IV -VI. Ss. 

Books V, VI, XI, and xn, 

Props 1 and 8, . 3 b 

Book XI , . Is 3d 


A KEY TO THE EXERCISES AND EXAMPLES CON 
TA^D IB A TEXT-BOOK OF EUCLID’S ELEMENTS Crown Svu. 
Books I -VI and XI 10s BooksI-IV 7s 6d Books VI and XI 4s 

AN ELEMENTARY COURSE OP MATHEMATICS Com- 
prising Arithmetic, Algebra, and Euclid Globe 8vo 8s 

AN ELEMENTARY COURSE OF MATHEMATICS Com- 
pnmig Anthmetu, Algebra, and Geometry (New Edition, farfwdinir « 
full treatment ot Easy Gra^s) Globe 8vo 6<{. 

A SCHOOL ARITHMETIC Crown 8vo 

Answers, 8s _ Without Answers, 2s 6d Kbt. 6s Part 
Answers, 8s Witiiout Answeit, 2s 6d Kbt, 7s Complete 
With Answers, 5s Sd Without Answers, 6s Ket, 12s 6d Answeta, 
oompletOt If 3a 

examples IN ARITHMETIC Taken from “A Sohool 
^thmetto " With or without Answers Crown 8vo Part I 2s 
Kst,5s Partn 2s 6 d Kst,7s Complete 8s Sd Ket, 126 Sd 
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